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1. Introdution

1.1: Normal Form and Solutions. An n!*-order linear ordinary differential equation
can be brought into the linear normal form

dny dn—ly

T s Yt aa Y+ aumy = ). (1)

dt
Here a1(t),-- -, a,(t) are call coefficients while f(t) is called the forcing or driving. When
f(t) = 0 the equation is said to be homogeneous; otherwise it is said to be nonhomogeneous.

Definition: We say that y = Y (¢) is a solution of (1.1) over an interval (t1,tg)
provided that:

e the function Y is n-times differentiable over (¢r,,tr),

e the coefficients a;(t), as(t), - -+, an(t), and the forcing f(¢) are defined over
(tln tR)?
e the equation

YO ) +a ()Y V@) + - 4 a1 ()Y () + an(H)Y () = f(2)

is satisfied for every ¢ in (tr,tR).

The first two bullets simply say that every term appearing in the equation is defined over
the interval (¢1,tg), while the third says the equation is satisfied at each time t in (t1,tR).

1.2: Initial-Value Problem. An initial-value problem associated with (1.1) seeks a
solution y = Y'(t) of (1.1) that also satisfies the initial conditions

Y(tr) =yo, Y'(tr) =y, e YOrU(tr) = y,1, (1.2)

for some initial time (or initial point) t; and initial data (or initial values) Yo, y1, -+ Yn—1-
You should know the following basic existence and uniqueness theorem about initial-value
problems, which we state without proof.

Theorem 1.1 (Basic Existence and Uniqueness Theorem): Let the func-
tions aq, as, -, a,, and f all be continuous over an interval (t1,tr). Then given
any initial time ¢t; € (t1,tr) and any initial data yo,y1, - ,Yn—1 there exists
a unique solution y = Y (¢) of (1.1) that satisfies the initial conditions (1.2).
Moreover, this solution has at least n continuous derivatives over (t1,tg). If the
functions a1, as, -+ , a,, and f all have k continuous derivatives over (t1,,tr) then
this solution has at least k 4+ n continuous derivatives over (tr,tg).

Remark: For first-order linear equations (n = 1) this theorem was essentially proved
when we showed that the unique solution of the initial-value problem

dy

—+ at)y=f(t),  Y(tr)=wo,



is given by the formula

Y (#) :exp<—/tj als) ds) {yo-i-/:exp(—/: a(sl)dsl) £(s) ds}. (1.3)

Because there is no such general formula for the solution of the initial-value problem when
n > 2, the proof of this theorem for higher order equations requires methods beyond the
scope of this course.

Remark: Later in this chapter we will see that for special choices of coefficients one can
construct explicit formulas for the solution of the initial-value problem when n > 2. Even
in such cases we will appeal to this theorem to assert the uniqueness of the solution.

Remark: This theorem states the “counting fact” that solutions of any n**-order linear
equation are uniquely specified by n additional pieces of information — specifically, the
values of the solution Y and its first n — 1 derivatives at an initial time ¢;. It is natural to
ask whether one has a similar result if one replaces the n initial conditions (1.2) with any
n conditions on Y. For example, can one use n conditions that specify the values of Y and
some of its derivatives at more than one time? Such a problem is a so-called boundary-
value problem. In general solutions to such problems either may not exist or may not be
unique. In this course we shall therefore focus on initial-value problems, which are simpler.
Boundary-value problems are very important and are studied in more advanced courses.

You should be able to use the Basic Existence and Uniqueness Theorem to argue that
certain functions cannot be the solution of a given order of homogeneous linear ordinary
differential equations. This is usually argued by contradition.

Example: sin(#?) cannot be the solution of any equation of the form

@—f—a(t)@—i—a(t)%
WWoarz 778 g

dt?’ +CL3(t)Z:0,

where a1, as, and ag, are continuous over an open interval containing 0. Suppose otherwise
— namely, suppose that Z(t) = sin(¢®) satisfies such an equation. Because

Z'(t) = 3t? cos(t?), Z"(t) = 6t cos(t®) — 9t* sin(t3).
we see that Z(t) satisfies the equation and the initial conditions
Z0)=2'(0)=2"(0)=0.
However the Basic Existence and Uniqueness Theorem implies that Z(¢) = 0 is the only

solution of the equation that satisfies these initial conditions, which contradicts the fact
that Z(t) = sin(¢3).



1.3: Intervals of Existence. You should also be able to use the Basic Existence and
Uniqueness Theorem to identify the interval of existence for solutions of (1.1). This is
done very much like the way you identified intervals of existence for solutions of first-order
linear equations. Specifically, if Y (¢) is the solution of the initial value problem (1.1-1.2)
then its interval of existence will be (¢, tr) whenever:

e all the coefficients and the forcing are continuous over (tr,tg),
e the initial time ¢; is in (¢1,tR),

e either a coefficient or the forcing is not defined at each of t = ¢, and t = tg.

This is because the first two bullets along with the Basic Existence and Uniqueness Theo-
rem imply that the interval of existence will be at least (¢1,tr), while the last two bullets
along with our definition of solution imply that the interval of existence can be no bigger
than (t,tr) because the equation breaks down at t = t;, and ¢ = tg. This argument
works when t;, = —oo or tgp = 0.

Remark: This does not mean that every solution of (1.1) will become singular at either
t =ty or t =tr when those endpoints are finite..

Example: Consider the initial value problem

. M. a)=3. JN=0. 1)=0

— 4+ ———x = cos x(1l) = x = x =0.

dt3 2 —4 ’ ’ ’

The coefficient and forcing are continuous over (—2,2); the initial time is ¢ = 1, which is in
(—2,2); and the coefficient is not defined at ¢t = —2 and at ¢ = 2. The interval of existence
of the solution is therefore (—2,2).

Example: Consider the initial value problem

d*y 1 dy et

LT T =1/ — _ _
at T r—4dt 2+’ y(0) =y'(0) =" (0) =y"(0) =0.

The coefficient and forcing are continuous over (—2,4); the initial time is ¢t = 0, which is

in (—2,4); the coefficient is not defined at ¢t = 4 while the forcing is not defined at t = —2.
The interval of existence of the solution is therefore (—2,4).

Example: Consider the initial value problem

dy 1 dy et

4 — = — — M _
at Tr—adt 2+t y(6) =y'(6) =y"(6) =y"(6)=0.

The coefficient and forcing are continuous over (4, 00); the initial time is t = 6, which is in
(4, 00); the coefficient is not defined at ¢ = 4. The interval of existence of the solution is
therefore (4, 00).



2. Homogeneous Equations: General Theory

2.1: Linear Superposition. Before we examine the general case, we study the special
case of homogeneous linear equations. These have the normal form

dny dn—ly dy

—= t)— + - - n—1(t)— n(ty=0. 2.1

() a0+ an(ty (21)
We will assume throughout this section that the coefficients a1, ao, - - - , a, are continuous

over an interval (t1,,tr), so that Therorem 1.1 can be applied. We will exploit the following
property of homogeneous equations.

Theorem 2.1 (Linear Superposition): If Y;(¢) and Y5(t) are solutions of (2.1)
then so is
61Y1 (t) + CQYQ (t) s

for any values of the constants ¢; and cy. More generally, if Y7 (), Ya(t), ---,
Y, (t) are solutions of (2.1) then so is

Y1 (t) + C2Y2(t> R CmYm(t> ,

for any values of the constants ¢y, ca, -+, .

Remark: This theorem states that any linear combination of solutions of (2.1) is also a
solution of (2.1). It thereby provides a way to construct a whole family of solutions from
a finite number of them.

Suppose you know n “different” solutions of (2.1), Y1 (t), Ya(t), - - -, Y,,(¢). It is natural
to ask if you can construct the solution of the initial-value problem as a linear combination
of Y1(t), Ya(t), - -+, Y, (t). Set

Y(t) = Clyl(t) —+ CQYQ(t) + -+ CnYn<t) .

By the superposition theorem this is a solution of (2.1). One only has to check that values
of ¢1, o, -, ¢, can be found such that Y'(¢) satisfies the initial conditions

Yo = Y(t]) = 61Y1 (t]) + C2Y2(t]> —+ e+ CnYn(t]) s
+ ...

y1= Y'(t;) = caY{(t;) + eYi(t) + Y (1),
(2.2)

Yn_1 = Y(n_l)(t]) — Clyl(n_l)(tl) + 62Y2(n—1)(t1) N Cny;gn—l)(tl)'

This is a system of n linear algebraic equations for the n unknowns cq, co, -, ¢,. It seems
likely that one can often solve this system.
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Example: One can check that e?’ and e~! are solutions of

Let’s find ¢; and ¢ such that Y () = c1e?t + coe™t satifies the initial conditions
Y(0)=y, Y'(0)=y1.

Because Y (t) = c12e%" — coe™t, these initial condition become

Yo = €1 + c2, Y1 = 2¢c1 —ca.
These can be solved to find

o oty o — 2Yo =

1 3 2 3 .

Hence, for any choice of yg and y; the solution of the initial value problem is given by

2 _
Y(t): yO‘;‘yl e2t+ y03 Y1 e—t‘

Example: One can check that cos(2t) and sin(2t) are solutions of

d2y
— 4+ 4y =0.
dt2+ Y

Let’s find ¢; and c¢o such that Y (t) = ¢ cos(2t) + c2 sin(2t) satifies the initial conditions
Y(0)=w, Y(0)=u.
Because Y'(t) = —2¢ sin(2t) + 2¢q cos(2t), these initial condition become

Yo = C1, y1:262.
These can be easily solved to find

U1
1 =Yo, 0225-

Hence, for any choice of yg and y; the solution of the initial value problem is given by

sin(2t)

Y (t) = yocos(2t) + y1 5



Example: One can check that ¢ and 2 — 1 are solutions of

2 d
(1+t2)%g—2td—i+2y20.

Let’s find ¢; and co such that Y (¢) = ¢t + co(t? — 1) satifies the initial conditions
Y1) =y, Y'(Q)=uy.

Because Y'(t) = ¢1 4 2¢at, these initial condition become
Yo =C1, y1=c1+2c.

These can be solved to find

_ Y1~ Y%
¢1 =1%o, C2 = B .

Hence, for any choice of yg and y; the solution of the initial value problem is given by

Y (t) = yot + & ;yo (2 —1).

3 t

Example: One can check that e*, ¢3!, and e~* are solutions of

Let’s find ¢1, cq, and c3 such that Y (t) = crett + coe3t + c3e! satifies the initial conditions
Y(0) =yo, Y'(0) =y1, Y"(0)=y>.

Because
Y'(t) = c14e* + cp3e3" — czet

Y"(t) = c116e* + c29e® + cze

these initial condition become

Yo =cC1 +c2+cC3,

y1 =4c1 + 3c2 — c3,

y2 = 16¢1 + 9cp + c3.
These can be solved to find
_ sy MewSimye o o 120 Tty

) 4 20

Hence, for any choice of yq, y1, and ys the solution of the initial value problem is given by

C1

_ —3% —52y1 + Y2 A 4yo + ?:lyl — Y2 3 12y —27Oy1 + Y2 ot

Y (t)
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2.2: Wronskians. System (2.2) will have a unique solution for every set of initial data
Yo, Y1, -+ ,Yn—1 if and only if

Y1/(t1) Yzl(tl) ne Yﬁ(h)
det Yl(:m Yz(:m Ynfm £0. (2.3)
v ) v ) - ()

This follows from Theorem A.1 which is given in Appendix A on linear algebraic systems.
In this section we explore this condition further. We begin with a definition.

Definition: Given any n functions Y7, Y5, -+ .Y, that are n — 1 times differ-
entiable over an interval (f1,tgr), a new function W[Y7,Ys,---,Y,], called the
Wronskian of Y1,Ya, -+, Y, is defined over (t1,tr) by

Yi(t) Ya(t) e Y, (¢)
WY1, Ya, -, Ya](t) = det Yl,‘(t) YZI:@) N Yéft) (2.4)
IR ORI Al
Condition (2.3) can then be recast as simply
WY1, Yy, -+, Ya](tr) # 0. (2.5)

It is natural to ask whether condition (2.5) can hold for some initial time ¢; but not
for other times. The following result will allow us to show that this is not the case.

Theorem 2.2 (Abel’s Theorem): If Y7,Y5, -+ .Y, are solutions of (2.1) then
WY1,Ys, - ,Y,] satisfies the first-order linear equation

d
%W[Yla Y27 T 7Yn] + a‘l(t)W[Yl7 Y27 T 7Yn] — 07 (26)

whereby formula (1.3) implies that
¢
WY1, Yo, -, Yol(t) = WYy, Ys, - Y, ](t1) exp( - / a(s) ds) : (2.7)
tr

Proof for Second Order Case: We will not give a proof of Abel’s Theorem in its general
setting because to do so would require more properties of determinants than we will cover
in this course. We will however give a proof for the second order case, which is the case
that you will encounter most often in this course.



Let Y7 and Y5 be two solutions of the second order homogeneous linear equation

d?y dy
dt2+ ()dt+a2()y_0.

Their Wronskian is given by

WY, Yal(t) = det(%,g; 222) — Vi()Y(t) - Y{(t)Yalt)

Differentiating this formula and then using the differential equation to eliminate Y{’(¢) and
Yy (t) yields

%W[Ybyz]( t) =Y/ (t)Y5(t) + Vi)Y' (t) — Y (t)Ys(t) — Y, (t)Ya(t)
= Y1()Yy'(t) = Y{'(t)Ya(2)
=Yi(t — ax(t)Ya(t)) — (— ar1(t)Y{(t) — az(t)Y1(t)) Ya(2)

)Y
)Y;
)(—a1(t)Y5(t) — az
al(t>( 1(B)Y5(t) = Y{(£)Ya(t)) — aa(t) (Y1()Ya(t) — Yi(t)Ya(2))
—a1 (WY1, Y2(t)

which is equivalent to the first-order equation (2.6) asserted in Abel’s Theorem. O

Exercise: Give a proof of Abel’s Theorem for the third order case along the lines of the
one above for the second order case.

An important consequence of Abel’s Theorem is that the Wronskian of n solutions of
(2.1) is either always zero or never zero.

Theorem 2.3: If Y7,Y5,--- Y, are solutions of (2.1) over an interval (¢;,tR)
then their Wronskian WY1, Ya,---,Y,] is either zero everywhere in (¢,tgr) or
zero nowhere in (t1,tR).

Proof: Suppose that W[Y1,Ya, -, Y,](t;) = 0 for some t; in (fz,tg). Then formula
(2.7) immediately implies that W{[Y1,Ya, -+, Y,](t) = 0 everywhere in (fz,tg). On the
other hand, suppose that WYy, Ya,---,Y,](t;) # 0 for some t; in (t7,tr). Then be-

cause the exponential factor in formula (2.7) is always positive, the formula implies that
WY1, Ya, -+, Y,|(t) # 0 everywhere in (t,tr). O

2.3: Fundamental Sets of Solutions and General Solutions. Theorem 2.3 shows us
that either condition (2.5) holds everywhere Y7, Ys, - -+ | Y,, are defined, or it holds nowhere.
This means that when the Wronskian W[Y7, Y3, - -+ ,Y,,] is nonzero you can always find the
unique solution of any initial value problem for any initial time ¢; and any initial data vy,
Y1, -+, Yn. This fact motivates the following definition.

Definition: A set of n solutions of an nt® order homogeneous linear ordinary
differential equation is said to be fundamental if its Wronskian is nonzero.
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The importance of this concept is evident in the following.

Theorem 2.4: Let Y7, Yo, ---, Y,, be a fundamental set of solutions of equation
(2.1) over the interval (t,tr). Then every solution of (2.1) over the interval
(tr,tr) can be expressed as a unique linear combination of Yy, Ys, -+, Y,,.

Proof: Let Y (t) be any solution of (2.1) over (¢, tr). Consider the n-parameter family
aYi(t) +caYa(t)+ -+, Yu(t). (2.8)

Because Y7, Y3, - - -, Y, is a fundamental set of solutions, we know W[Y7,Ys, - Y, ](t;) #0
for any time ¢; in (t7,tg). There is therefore a unique set of values for ¢y, co, - - -, ¢, such
that (2.8) will match the initial values Y (¢7), Y'(t1), ---, Y(»=D(t;). Because both Y (t)
and (2.8) for these values of ¢, ¢z, -, ¢, are solutions of (2.1) and they satisfy the same
initial values at t;, the uniqueness assertion of Theorem 1.1 implies they are equal. [

Theorem 2.4 motivates the following definition.

Definition: If V7, Ys, ---, Y,, is a fundamental set of solutions of an n** order
homogeneous linear ordinary differential equation then the n-parameter family
(2.8) is called a general solution of the equation.

Example: You can check that Y;(t) = e and Y5(t) = et are solutions of

d’y  dy
— — = —-2y=0.
a2z~ at Y
They are a fundamental set of solutions because
WV, Yal(t) = det [ 100 Y2(D)) _ g0 (€7 e
btz Y{(t) Y3(t) 22t et

—e?tet —2e%e™t = —3et £ 0.

A general solution is therefore c;e?* 4 coe™t.

Example: You can check that Y7(t) = cos(2t) and Y3(t) = sin(2t) are solutions of

d?y
— +4y=0.
az Y
They are a fundamental set of solutions because
B Yi(t) Ya(t)\ cos(2t) sin(2t)
Win, Ya(t) = det(yl'@) v2(t) ) = 9\ Zosin(2t) 2cos(2t)
= 2cos(2t)? + 2sin(2t)? =2 # 0.

A general solution is therefore ¢ cos(2t) + co sin(2t).
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Example: You can check that Y7(¢) =t and Y5(¢) = t? — 1 are solutions of

2
Y0 9 0.

1+¢t2
(1+ )dt2 dt

They are a fundamental set of solutions because

WYL, Ya(t) = det(Yl(t) YQ(“) _ det(t t22; 1) — o2 (12

Yi(t) Y3(t) 1

A general solution is therefore ¢t + ca (2 — 1).

Example: You can check that Yi(t) = e*| Yo(t) = €3!, and Y3(t) = e~

&y
s

They are a fundamental set of solutions because

2y d
Y4159 119y =0,

— 02 Ty

Yl(t) Yg(t) Yg(t) 64t
WY1, Ya, Y3](t) =det | Y{(t) Yi(t) Y{(t) | =det| de*
V() Y3 YY) 16e*

t t

= 3ette3le™t — 16e*e3tet + 36ettedte !

- 48e4t63t6—t + 964te3t6—t . 4e4te3t6—t

= (3-16+36—48+9 —4)eb = —20e% #£ 0.

A general solution is therefore ciet + coe3t + cze™?.

~1)=t+1+#£0.

t are solutions of

e3t e—t
363t e—t
963t e—t

2.4: Linear Independence of Solutions. In the last setion we defined fundamental
sets of solutions of a homogeneous linear ordinary differential equation in terms of nonzero
Wronskians. Here we develop another characterization of fundamental sets of solutions

based on the following notions.

Definition: Functions Y7, Ys, -+, Y,, defined over an interval (¢,tr) are said
to be linearly dependent if there exists constants ¢y, co, - -+, ¢, not all zero, such

that

0=c1Yi(t) + c2Yo(t) + -+ ¢ Yin(t) for every tin (tr,tg).

Otherwise they are said to be linearly independent.

(2.9)

If Y1, Yo, ---, Y, are linearly dependent then for any c; that is nonzero, one can solve
(2.9) for Yj(t) as a linear combination of the other functions. For example, if ¢; # 0 then

Yi(t) = —2Va(t) — - — Ty, (1) for every tin (tr,tR).

C1 C1

Because there is at least one nonzero cg, this can always be done for some Y.
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Example: The functions cos(2t), cos(t)? and 1 are linearly dependent over (—oo,00)
because
cos(2t) = cos(t)? — sin(t)? = 2cos(t)? — 1.

Remark: If one of the functions Yi, Ya, -+, Y, is identically zero over (t1,tr) then the
set is linearly dependent. For example, suppose that Y;(¢) = 0 for every t in (t1,tr). Then
(2.9) holds with ¢y =1 and ¢g = --- =¢,;, = 0.

Remark: Two functions Y; and Y3, neither of which is identically zero, are linearly
dependent if and only if they are proportional to each other.

Example: The functions ¢ and t? are linearly independent over (0,1) because they are
not proportional to each other. If you think graphically then there is clearly no constant
k such that t2 = kt for every t in (0, 1) because the parabola y = t? is not a line. Hence,
these functions are not linearly dependent.

A good way to generally approach establishing linear independence is the following.
A set functions Yy, Y3, -+, Y,, defined over an interval (fz,tg) is linearly independent
if the linear relation (2.9) can only hold when ¢; = ¢co = -++ = ¢, = 0. When a set of
functions is linearly independent there are many ways to show this.

Example: The functions 1, ¢t and 2 are linearly independent over (—oo,00). We show
this by supposing the linear relation

0 = c1 + cot + cat? for every ¢ in (—o0, 00).
If weset t=0,t=1, and t = —1 into this relation, we obtain the linear algebraic system
0=0c )
0=c1+ca+c3,

0=c —co+c3.

This can be easily solved to show that ¢; = ¢co = ¢3 = 0, whereby you conclude that 1, ¢
and t? are linearly independent. A similar argument works if you had chosen to evaluate
the linear relations at any other three distinct points, say t = 2, t = 4, and t = 6. We
chose touse t =0, ¢ =1, and ¢t = —1 because they led to a simple linear algebraic system.

An alternative approach to the above example is to differentiate the linear relation
twice with respect to t, thereby obtaining

0261+62t+63t2,
0 =co + 2cst, for every ¢ in (—o0, 00).
0= 2c3 s
If we set t = 0 into these equations we immediately see that ¢; = co = ¢3 = 0, whereby

we conclude that 1, t and ¢? are linearly independent. We can generalize this approach as
follows.



13

Theorem 2.5: If Y7, Y5, ---, Y, is a set of m — 1 times differentiable functions
over an interval (tr,,tg) such that W[Y7,Ys, -, Y,,|(¢t;) # O for some ¢t in (t1,tR)
then they are linearly independent.

Proof: We show this by supposing the linear relation
0=c1Yi(t) + c2Yo(t) + - -+ ¢ Yo (t) for every tin (tp,tg).

If we differentiate this relation m — 1 times with respect to ¢t and evaluate the resulting
relationships at ¢t = t;, we obtain the linear algebraic system

0= aYi(t;) + Ya(t;) +---+ enYnl(ts),

0= aY{(tr) + Y3(t) +-+ u¥u(t),

0=c V" V) + Y™ V) + -+ en Y,V (t)) .

Because W[Y1,Ys,---,Y,](tr) # 0, it follows from Theorem A.1 of Appendix A that
c1 = cyg = -+ = ¢y, = 0 is the only solution to this system, from which we conclude the
functions Y7, Ys, - - -, Y, are linearly independent. [

It is natural to ask if linear independence implies having a Wronskian that is nonzero
somewhere (or what is the same, if having a Wronskian that is zero everywhere implies
linear dependence.) The following example shows that this is not the case.

Example: Let Yi(t) = t? and Y5(t) = |t|t over (—00,00). Because Y{(t) = 2t and
Y5 (t) = 2|t| over (—o0,0), we have

B Yi(t) Yao(t) ) _ £ |t
W[Yl,Y2]<t)—det<Yl/(t> Ygl(t)) —det(% 2|t|)

=2|t[t* - 2/t|t* =0 for every ¢ in (—o0, 00).

However, it is clear that Y; and Y5 are not porportional, and therefore are linearly inde-
pendent even though their Wronskian is zero everywhere. Alternatively, you could argue
they are linearly independent by first supposing the linear relation

0= c1t? + colt|t for every t in (—o0, 00) .
If we set t =1 and ¢t = —1 into this relation, we obtain the linear algebraic system
0=ci+co, O0=c —co.

This can be easily solved to show that ¢; = co = 0, whereby you conclude that Y; and Y5
are linearly independent.
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The above example shows that a set of linearly independent functions can have a
Wronskian that is zero everywhere. However, as the following theorem shows, this cannot
happen for sets of n solutions of an n'® order homogeneous linear ordinary differential
equation.

Theorem 2.6: If Y7,Y5,---,Y,, are solutions of (2.1) over an interval (tr,tR)
then the following properties are equivalent:

(i) WY1,Ys, -+, Y,] is nonzero everywhere in (t1,tg),

(ii) W[Y1,Yas, - ,Y,] is nonzero somewhere in (t1,tg),

(iii) Y1,Y5,---,Y,, are linearly independent.

Remark: This is the same as saying that following properties are equivalent:
(i") W[Y1,Ys,---,Y,] is zero somewhere in (t1,tR),
(ii") WY1,Yas,---,Y,] is zero everywhere in (t1,tR),
(iii") Y7,Ys,---,Y, are linearly dependent.
The above properties are simply the negations of (i), (ii), and (iii) respectively.
Remark: This theorem shows that properties (i), (ii), and (iii) are all equivalent to

Y1,Ys,- -+, Y, being a fundamental set of solutions to (2.1). The equivalence of (i) and (ii)
was already established by Theorem 2.3. Below we give an alternative proof of this fact.

Proof: It is clear that (i) implies (ii). The fact that (ii) implies (iii) is just Theorem 2.5.
Neither of these implications requires the hypothesis that Y7, Y5, -- .Y, are solutions of
(2.1). All that remains to be proved is that (iii) implies (i). We will do this by contradiction.

Suppose that Y7,Ys, - Y, are linearly independent and W[Y7,Ys, -+, Y,](t;) = 0
for some t; in (tz,tr). Because

Yi(tr) Ya(tr) e Yo (tr)
Y/(tr) Yy(tr) - Y)(tr)
det " 2 , ) — WY1, Ys, -, Y] (tr) =0,
V) v ) - v )

Theorem A.2 of Appendix A implies that the linear algebraic system

0= Clyl(t]) + CQYQ(t]) + -+ CnYn(t]),

0= Clyll(t]) + CQYQI(tI) + -4+ CnYé(t[) ,
(2.10)

0=c V" V) + V" V() + -+ e, Y D (),
has a nonzero solution c¢q, cg, - -+, ¢,. Now define

Y(t) = a1 Vi(t) + caYa(t) + -+ cnYa(t). (2.11)
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Because Y7, Ys, - -+, Y, are solutions of (2.1), Theorem 2.1 (Superposition) implies that ¥
is also a solution of (2.1). By (2.10) we see that Y satisfies the initial conditions

Y(tr)=0, Y'(ty)=0, o YD) =0,

The uniqueness assertion of Theorem 1.1 then implies that Y (¢) = 0 for every ¢ in (t1,tR).
Hence, by (2.11) we have

0= 61Y1 (t) + CQYQ(t) —+ -+ CnYn<t) N

where the ¢y, co, -+ -, ¢, are not all zero. But this implies that Y7,Y5,--- Y, are linearly
dependent, which is a contradiction. We therefore conclude that WYy, Ys, - - Y,] is
nonzero everywhere in (¢1,,tg), thereby showing that (iii) implies (i). O

2.5: Reduction of Order. While there is no general recipe for constructing any solution
to the n* order linear differential equation (2.1) when n > 1, if you are able to find a
solution then you can reduce the problem of finding other solutions to that of solving an
(n — 1)*" order linear differential equation. This technique is called reduction of order. It
is particularly useful when n = 2 because in that case the second order equation is reduced
to a first order equation, and there is a general recipe for constructing solutions of first
order equations.

Suppose you know that Y (¢) is a solution of (2.1). If you set y = Y (¢f)u and compute
its first n derivatives see that

dy du

i Y'(t)u+Y(¢) i

d?y du d*u

— =Y 2V () — + Y (t)—

2 (u+2Y"(t) o + Y () s,
A"y ) (n—1) /5 U , o d Ty d"u
T = Y™ (t)u+nY (t) 7 + -4+ nY'(t) g1 +Y(t) TR

When these expressions are substituted into (2.1) all the terms involving u will drop out
because Y (t) is a solution of (2.1). The result will be an linear differential equation of
order n — 1 for du/dt.

We will illustrate this technique by using it to construct a fundamental set of solutions
for some second order equations when one solution of that equation is given to you.

Example: Given that Y () = e?! is a solution of
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2t

you can find a fundamental set of solutions by setting y = e**u, whereby

% = 2%ty + th% ,
d2y 2t ot du 2t d*u
ﬁ = 46 u + 46 a + e ﬁ .

Upon substituting these expressions into the equation you obtain

2
o= Yy _dy _,
a2 dt
du d?u du
_ 2t 2t 2t 2t 2t 2t
= (46 u + 4de E—f—e W) — (26 u—+e E) —2e“'u
d? d
= thﬁg + (4e*" — e*) d_ttb + (4€*" — 2% — 2e*")u,
which is equivalent to
d’u du
p7el 35 =0.

Because u does not appear in this equation, it is equivalent to the first order equation

dw
— +3w =0,
dt
where w = du/dt. A general solution of this first order equation is w = c1e~3!, whereby
you can integrate to obtain u = —%cle_gt 4+ ¢2. You thereby find that
y = ey = ezt( — %cle_?’t + 02) = —%cle_t + cpe?t .

~tis also a Solution of the equation. It is easy to check that it

—t is a fundamental set of solutions of

In particular, you see that e
is linearly independent of e!. Therefore, e?! and e
the equation.

Example: Given that Y (¢) =t is a solution of

dy dy
(1+t2)ﬁ—2ta+2y 0,

you can find a fundamental set of solutions by setting y = tu, whereby

dy du
t—
PR T
d2 B du d?u

@— @ Tt



Upon substituting these expressions into the equation you obtain

0= (1+t2)% —2t%+2y
= (1+1t%) (2% - t%) — 2t<u + t%) + 2tu
=(1+ t2)t% +(2(1+¢%) — 2t2)2—? :
which is equivalent to
(1+t2)t% +2% =0.

Because u does not appear in this equation, it is equivalent to the first order equation

dw + 2 w=0
dt 1+t
where w = du/dt. By the partial fraction identity

2 2 2t

(1+2)t t 1+t

we see that

2 (2 26 2 o ¢

The first order equation for w thereby has the integrating factor form

4 iw =0
dt \ 1+ t2 -

A general solution of the first order equation for w is

1+t ( 1)
w=C =cll+=5]),

t2 t2

which you can integrate to obtain

1
u:/wdt:q(t—;)-l-@.
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You thereby find that y = tu = ¢, (t? — 1) + cot. In particular, you see that t2 — 1 is also a
solution of the equation. It is easy to check that it is linearly independent of ¢. Therefore,

t and t? — 1 is a fundamental set of solutions of the equation.
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3. Homogeneous Equations with Constant Coefficients

3.1: Characteristic Polynomials and the Key Identity. In Section 2 we saw how
to construct general solutions of homogeneous linear differential equations given a funda-
mental set of solutions. While there is no general recipe for constructing fundamental sets
of solutions, it can be done for special cases. Here we will study the most important such
special case — namely, the case where the coefficients are constants. In that case (2.1)
becomes

dny dn—ly dy
W—l_aldt”—l -l-----l-an_lﬁ-i-anyzo, (3.1)
where aq,as, - - ,a, are constants. We can express this compactly as
Ly=0, (3.2)

where L is the n'” order differential operator

n n—1
L—d—+a d

d
= 2m +o T an_1 3 +an. (3.3)

V=1 dt
We will sometimes write

d
p(D), where D=,

and p(z) is the n*"* degree real polynomial
p(2) =2"4a12" P+ a2+ ay. (3.4)
This is the characteristic polynomial associated with the n** order differential operator L.

Repeated differentiation of the function e*! yields the identities

i zt zt d_zezt 2 =zt . d_kezt k _zt
dt dt? dtk

for every positive integer k. Hence, we find that

d
dt_n dtn_lezt 4+t an_laezt + anezt
zt

=" f a2V et a1z Fanett = p(z) e,

We have derived the KEY identity
Le* = p(D)e* = p(z) e*". (3.5)

In the remainder of this section we will show how to use the KEY identity to find a recipe
for a general solution of homogeneous equation Ly = 0.
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3.2: Real Roots of Characteristic Polynomials. If r is a real root of p(z) (i.e. if
p(r) = 0) then the KEY identity (3.5) implies that

Le™ = p(r)e” =0,

whereby e is a solution of the homogeneous equation Ly = 0.

It follows from the above observation that if a characteristic polynomial has n simple
real roots ry, ro, ---, 1, then one has n solutions of the homogeneous equation Ly = 0.
It can be shown that these solutions are independent. For example, when n = 3 one sees
that the Wronskian is

rit rot r3t

€ € €

det | remt  rge™t  rze’! | = (r3 —ra)(re —r1)(rs — rl)e(””ﬁ”)t #0.
rZemt pler2t pZerst

The argument for independence when n > 4 goes similarly, but will not be given here
because it is more complicated. Given this independence however, one thereby concludes
that a general solution of Ly = 0 is

y=cret 4 cpe™ 4. cpe™?.

The most difficult part of applying this recipe is often finding the roots of the charac-
teristic polynomial. Of course, for quadratic polynomials this can be done by completing
the square or by using the quadratic formula. In this course characteristic polynomials of
degree three or more will generally have some easily found root like 0, +1, +2, or £3. If
the coefficients of p(z) are integers, you should first check for roots that are factors of a,,.
Given that you have found a real root r, the characteristic polynomial can be factored as

p(z) = (2 =7)q(2),
where ¢(z) is an (n — 1)*" degree real polynomial
q(2) =2"" 4 b2 b by 0zt by

One thereby reduces the problem of finding roots of p(z) to finding roots of ¢(z). If a
characteristic polynomial has n simple real roots 1, r9, -+, 7, then this procedure is
repeated until you have completely factored p(z) into the form

p(z) =(z—ri)(z—r2)- - (2 —rp).
Of course, if p(z) is given to you in factored form, you can just read off the roots!

Example: Find a general solution of

Py d*y dy
G908 Y9 —0.
ae oz Ty =0
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The characteristic polynomial is
p(2) =22 422 —2-2=(2-Dz+1)(z+2).

Its three roots are 1, —1, —2. The solution associated with the root 1 is e!. The solution
associated with the root —1 is e~%. The solution associated with the root —2 is e72t. A
general solution is therefore

y=cret + coe 4+ e 2.

Of course, polynomials of degree n do not generally have n simple real roots. There
are two ways this can fail to happen. First, a real root might not be simple — that is, a real
root might have multiplicity greater than one. Second, polynomials might have irreducible
factors which correspond to complex roots. We first examine how to treat cases with real
roots of multiplicity greater than one.

Recall that 7 is a double real root of p(z) when (z — 7)? is a factor of p(z). This is

equivalent to the condition p(r) = p’(r) = 0. Differentiation of the KEY identity (3.5)
with respect to z gives
L(te*') =p(z)te* +p'(z) e*.

Evaluating this at z = r shows that
L(te™) =p(r)te™ +p'(r)e™ =0.

Hence, €™ and te™ are solutions of the homogeneous equation Ly = 0. Because

%ert:,rert’ %(tert>zrtert+ert,
the Wronskian of these solutions is
ert tert rt rt rt rt,. Tt 2rt
det(re” rte”-l—e”):e (rte" +e™) —tere™ =" #0.

These solutions are therefore independent.

Recall that r is a triple real root of p(z) when (z — r)3 is a factor of p(z). This is
p"(r)

equivalent to the condition p(r) = p/(r) = p”(r) = 0. Differentiation of the KEY identity
(3.5) twice with respect to z gives

L(t%e*) = p(2) t?e*" + 2p(2) te™ +p"(2) e*".
Evaluating this at z = r shows that

L(tze”) = p(r)t2e™ +2p'(r) te™ +p"(r) e = 0.
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Hence, €™, te", and t2e" are solutions of the homogeneous equation Ly = 0. Because

%e” =re, %(t ey =rte + et %(t%”) = rt?e" 4+ 2te",
and
& o ? 2, rt rt > 5 2,2 rt rt rt
gpe =re, ﬁ(te ) =rte"™ 4+ 2re™, ﬁ(te ) =rte" +drte” +2€",
the Wronskian of these solutions is
ot tert 2ert
det[ re™  rtert 4 et rt?e’t 4 2t et =2e3T £ 0.

r2e™  r2tet 4+ 2ret r2t2e™ 4 drtet + 2"t

These solutions are therefore independent.

More generally, recall that r is a real root of p(z) of multiplicity m when (z — r)™ is
a factor of p(z). This is equivalent to the condition p(r) = p/(r) = --- = p(™=V(r) = 0.
Differentiation of the KEY identity (3.5) k times with respect to z gives

L(t*e®t) = p(2) the™ + kp'(2) " Le™ + - + kp* =D (2) te* + pM(2) e
Evaluating this at z = r when £k =0,1,---,m — 1 shows that
L(tke”) = p(r)the™ + kp/(r) tF e 4o 4 k:p(k_l)(r) te + p(k)(r) et =0.

Hence,

rt

et tert ’ tm—lert

)

are m solutions of the homogeneous equation Ly = 0. These solutions are in fact indepen-
dent, but we will not show that here.

Example: Find a general solution of
6 5 4 3 2 d
D"y — 5Dy + 6Dy + 4Dy — 8D“y =0, where D:E'

The characteristic polynomial is
p(z) = 2% — 525 462 +42° — 822 = 22 (2 + 1)(2 — 2)3.

Its six roots (counting multiplicity) are 0, 0, —1, 2, 2, 2. The solutions associated with the
double root 0 are 1 and t. The solution associated with the simple root —1 is e”t. The
solutions associated with the triple root 2 are e?!, te?!, and t?e?*. A general solution is
therefore

Yy =rc1 + cat + C3e_t + C462t + cs5t e?t + C6t262t .
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3.3: Complex Roots of Characteristic Polynomials. Consider the problem of finding
a general solution of

d
Ly =D%+9y =0, where D:%.

The characteristic polynomial is p(z) = 22 + 9, which clearly has no real roots. However,
this can be factored over the complex numbers as

p(z) = (2 —i3)(z +143)

where i = /—1. Its roots are the conjugate pair i3 and —i3. We claim that e?3! and e=*3¢

are independent complex-valued solutions of Ly = 0. We must first recall what is meant
by such complex-valued solutions. We must then see how to generate real-valued solutions
from them.

You should recall the Euler identity from your study of calculus. It states that for
every real # one has '
e = cos(0) + isin(f) .

This identity is the key to making sense of complex exponentials. In particular, for any
real number s one has ‘
"' = cos(st) + isin(st).

The derivative of this function with respect to ¢ is then
De”** = D( cos(st) + isin(st)) = D cos(st) + iDsin(st)
= —ssin(st) +iscos(st) = is(cos(st) + isin(st)) = ise’™" .
More generally, for any real numbers r and s one has

(T Tio)t = gritist — orteist — o1t (cog(st) + isin(st)) .

By the product rule and our result that De®? = ise’s?, the derivative of this function with
respect to t is
De(r-l—is)t _ D(erteist) _ D(ert)eist + ertD(eist)

— retelst + ise"tetst — (T’ + is)e(r-‘rzs)t )

We thereby see that for any complex number z we have De*t = ze*!, from which it follows
that for any polynomial p(z) one has

p(D)e*t = p(2)e*. (3.6)

In particular, the KEY identity holds for any complex z!
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Let p(z) be the characteristic polynomial of the differential operator L given by (3.3).
Because p(z) has real coefficients, it has the property that

p(Z) = p(z) for every complex z,

where the bar denotes complex conjugate — i.e. X +1Y = X —¢Y for any real X and Y.
Thus, if p(r +is) = 0 then

p(r—is) =p(r+is) =p(r+is)=0.

Hence, roots of p(z) come in conjugate pairs; if r + is is a root then so is r — is.

By the KEY identity (3.6), if p(z) has a conjugate pair of roots r +is and r — is then
er+i9)t and e("=)t are a pair of complex-valued solutions of equation (3.1) — namely,
they satisfy

Le(" i)t — Le(" )t = . (3.7)

Because e(" %)t = ¢ cos(st) + ie" sin(st), its real and imaginary parts are
Re (e(r+i5)t) =" cos(st), Im(e(r+i5)t) = e"sin(st).
Recall that for any complex Z its real and imaginary parts can be expressed as

:Z—i—Z’ Im(Z):Z,_Z.
2 22

Re(Z)

We therefore have

e(r—l—is)t +e(r—is)t
2 9
e(r—l—is)t _ e(r—is)t

12

et cos(st) = Re(e(’dris)t) =

et SiH(St) _ Im(e(r—l—is)t) _

It then follows from (3.7) that

(T+i8)t (T—is)t 1 ] '

L(e” cos(st)) = L(e —;—e ) =5 (Le(TJrZS)t + Le(r—zs)t) ~0,
(T+i8)t _ (T—is)t 1 ) .

L(@Tt Sil’l(St)) =1L <6 ) € ) — E (Le(r-l-zs)t . Le(r—zs)t) —0.

In other words, when the characteristic polynomial p(z) of the differential operator L has
a conjugate pair of roots r +is and r —is then e” cos(st) and e sin(st) are a pair of real-
valued solutions of equation (3.1). You can easily check that they are linearly independent
when s # 0.
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If p(z) has a conjugate pair of roots r + is and r — is with s # 0 then it has the pair
of complex factors (z — r —is) and (2 — r +is). Because

(z—r—is)(z —r+is) = (z —r)% = (i5)* = (z — r)? + 52,

we see that p(z) has the irreducible real factor (z — r)? + s2. Conversely, if p(z) has the
irreducible real factor (z —r)? +s? then it has the conjugate pair of roots  +is and r — is.

Example: Find a general solution of

d
Ly = D%y + 2Dy + 5y =0, where D:E'

Solution: The characteristic polynomial is
p(2) =22 +224+5=(2+1)2+4=(2+1)*+2%,
which has the conjugate pair of roots —1 +i2 and —1 — 2. A general solution is therefore

y = cre” " cos(2t) + cae " sin(2t).
Example: Find a general solution of

Ly =D% +9y =0, where D:%.

Solution: The characteristic polynomial is
p(z) =22 +9=22432,
which has the conjugate pair of roots ¢3 and —i3. A general solution is therefore

y = ¢1 cos(3t) + cosin(3t) .

Example: Find a general solution of

d
Ly=(D+5)3D?+4D +5)(D*+4)y=0,  where D= -

Solution: The characteristic polynomial is
p(2) = (2 4+5)3(22 + 42 +5)(22 +4) = (2 +5)>(( + 2)% + 1) (2% + 2?),

which has the real roots —5, —5, —5, the conjugate pair of roots —2 + 4, —2 — ¢, and the
conjugate pair of roots i2, —i2. A general solution is therefore

y = cre % 4 cot et + czt?e ™ + cqe? cos(t) + cxe 2 sin(t) + cg cos(2t) + crsin(2t) .
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The fundamental theorem of algebra says that any polynomial p(z) of degree n can
be written as the product of n linear factors:

p(2) = (2 = 21)(z = 22) - -~ (2 = zn) ,

where 21, 22, - - -, 2, are complex numbers that are roots of p(z) — i.e. p(z;) = 0 for each
zj. Conversely, if p(r +is) = 0 then r+1is = z; for some z;. We say r +is is a root of p(2)
of multiplicity m if r +is = z; for m of the z;. In other words, r + is is a root of p(z) of
multiplicity m if (z —r —is)™ is a factor of p(z).

If all the coefficients of a polynomial p(z) are real then it is called a real polynomial.
Characteristic polynomials of linear differential operators in the form (3.3) are real polyno-
mials. If p(z) is a real polynomial and r+is is a root of p(z) of multiplicity m its conjugate
r —is is also a root of p(z) of multiplicity m. If s # 0 then this means that (z —r —is)™
and (z —r 4 is)™ are distinct complex factors of p(z), which means that ((z —r)? + 32)m
is a real factor of p(z). Conversely, if ((z —r)? + 32)m is a factor of p(z) for some real r
and s and some positive integer m and if s # 0 then r + is and r — is are distinct roots of
p(2) of multiplicity m.

Example: Find all the roots of p(z) = (23 — 22?)(2% — 22 + 10)3(2% + 42 + 29).
Solution: Because the degree of a factored polynomial is the sum of the degrees of its

factors, you see that the degree of p(z) is 3+ 6 + 2 = 11. Because p(z) has degree 11, it
must have 11 roots counting multiplicities. Because

p(z) = 2z =2)((z = 1)2 +32)°((2 + 2)* + 52),,

the 11 roots are 0, 0, 2, 1 £33, 1 43, 1 43, —2+ 5. Here each r £14s denotes two distinct
roots. The real root 0 has multiplicity 2 while the complex roots 1 4¢3 and 1 — 3 have
multiplicity 3.

Now let p(z) be the characteristic polynomial of an n'* order linear differential oper-
ator L in the form (3.3). We know that p(z) has n complex roots counting multiplicities.
We already know that if r is a real root of p(z) of multiplicity m then Ly = 0 has the m
linearly independent real solutions given by

et te™, e tmtert, (3.8)

Below we will show that if r +-is is a conjugate pair of roots of p(z) of multiplicity m then
Ly = 0 has the 2m solutions

e cos(st), te™ cos(st), e tm1ert cos(st)

3.9
e sin(st), te ™ sin(st), e t™ et sin(st) . (3.9)

The n roots of p(z) therefore generate n solutions of Ly = 0 by recipes (3.8) and (3.9).
Moreover, it can be shown that these solutions are linearly independent, and thereby are
a fundamental set of solutions for the problem.
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Example: Find a general solution of

d
D%y 4+ 8D%y + 16y =0, where D:E'

Solution: The characteristic polynomial is
p(z) = 2" +822 + 16 = (2% + 4)2 = (> + 22)2 :
Its 4 roots are +i2, +i2. A general solution is therefore

y = 1 cos8(2t) + cosin(2t) + cst cos(2t) + c4t sin(2t) .
Example: Find a general solution of

(D? — 2D?)(D? — 2D 4 10)°(D? +4D +29)y =0,  where D = % .

Solution: The characteristic polynomial is
p(2) = (23 — 22%) (2% — 22 + 10)3(22 + 42 + 29)
= 2(2=2)((z=1)>+3)*((+2)2 +5%).
Its 11 roots are 0, 0, 2, 1 4¢3, 1 143, 1 43, —2 +¢5. A general solution is therefore
y = c1 + cot + c3€? 4 cqel cos(3t) + cxe’ sin(3t) + cgt ef cos(3t) + crt el sin(3t)
+ cgt?e’ cos(3t) + cot®e’ sin(3t) + croe” " cos(5t) + cse” ! sin(5t) .

Recall that recipe (3.8) was derived by evaluating the KEY identity and its first m —1
derivatives at the root z = r, and using that fact that p(r) = p'(r) = --- = p™=D(r) = 0.
Recipe (3.9) is derived in a similar way. If r + is is a complex root p(z) of multiplicity
m then (z —r —is)™ is a factor of p(z). One can differentiate polynomials and e** with

respect to the complex variable z exactly as if it were a real variable. Because (z—r—1is)™
is a factor of p(z), you can show that

pr+is) =p'(r+is)=---=p"m™ V(r4is) =0.
Differentiation of the KEY identity (3.6) k times with respect to z gives
L(t*e®") = p(2) the™ + kp'(2) t* e + - + kp* I (2) te* + pP (2) ™.
Evaluating this at z = r +is when £k =0,1,---,m — 1 shows that
L(t*em i)t = p(r +is) them 198 4 k! (r 4 is) tFLer Tt 4o
oo kpF Y (r ds) t et 4 p(R) (p ps) Tt =

Similarly you can show that L(tk e(T_iS)t) = 0. Recipe (3.9) then follows by the taking real
and imagingary parts of these complex-valued solutions.
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Appendix A. Linear Algebraic Systems and Determinants

A.1: Linear Algebraic Systems. In all of the examples in section 2.1 we were able to
find a unique solution ¢y, ca, - - -, ¢, to the linear algebraic system (2.2) which enabled us
to solve the general initial value problem for any choice of initial data yo, y1, -+, Yn—1-
In this section we will characterize when a linear algebraic system always has a unique
solution.

A linear algebric system of n equations for n unknowns x1, xs, - - -, =,, has the general

form
a1171 + a12T2 + - -+ a1, Ty = by,

a2121 + a22T2 + -+ + agnTy, = ba,

(A.1)

Ap1T1 + Gp2%2 + - + AppTn = bn .
Here the n? numbers {a;j - 1,7 =1,2,--- ,n} are called the coefficients of the system and
the n numbers by, by, - - -, b, are called the forcing. The system is called homogeneous if

by = by =---=b, =0, and nonhomogenous otherwise.

There are two questions regarding the existence of solutions that we want to address.
The first is:

When does system (A.1) have a unique solution for every forcing by, ba, -+, b, ?
The second is:
When does system (A.1) with by = by = --- = b,, = 0 have a nonzero solution?

Here “nonzero solution” means a solution with xj # 0 for some index k — i.e. a solution

that is not the “trivial solution” 1 =29 =---=x, =0.

These questions are clearly related. Let us suppose that system (A.1) has two different
solutions for some set of numbers by, bo, ---, b,. We denote one of these solutions by x1,
T9, -+, Ty and the other by y1, yo, -+, yn. Set

21 =T1— Y1, R2 = T2 — Y2, T, Zn = Tn — Yn -
Then one can show that zy, zo, - - -, z, is a nonzero solution of

1121 + a1222 + -+ aipzn =0,

a2121 + a2222 + - -+ agpzy =0,
(A.2)

Ap121 + Ap222 + -+ + Qpp2n = 0.

But this is system (A.1) with by =by=---=10b, =0.
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Conversely, if system (A.2) has a nonzero solution 21, 29, - -+, 2, then no solution of
(A.1) is unique for any forcing by, ba, - -, b,. To see this, let y1, yo2, - -+, y, be a solution
of (A.1) for some forcing by, by, - -+, by:

a11Yy1 + a12y2 + - -+ a1pyn = b1,
a21y1 + ag2y2 + - -+ + a2pYn = b2,

An1Y1 + ap2y2 + -+ QupYn = bn .
For any nonzero real number a set
T =y t+az, T2 = Y2 + a2z, Tn = Yn + Q2 -

Then one can show that x, x3, - -+, =, is a solution of system (A.1) for the same forcing
b1, ba, ---, b, that is different than yi, yo, ---, y,. Hence, the existence of a nonzero
solution z1, 2o, -+, 2z, of (A.2) implies that for any given forcing by, bg, - -, by, system
(A.1) either has no solution or has many solutions. It therefore does not have a unique
solution for any forcing.

A.2: Determinants. Answers to our questions can depend only on the coefficients

{a;j + 4,7 =1,2,--- ,n}. It is helpful to write these coefficients as an nxn matrix A:
aix ai2 -+ Q1n
a21 Q22 - Q2p
A=
n1  Gp2 Qnn

The answers will be given in terms of a quantity det(A), called the determinant of A. For
n =1, 2, and 3 the quantity det(A) is given by

det(a11 ) = ali,

ail a2
det = ai1a22 — 412021 ,
as1 a2

(A.3)

ail aiz2 ais
det| a21 a2 a3 = 11022G33 + A12023031 + G13G21032
as1 a3z ass
— Q13022031 — 0110230432 — 412021033 -

The best way to remember these formulas is visually. The formula for the 2x2 determinant
can be remembered as the product of the terms on the \, diagonal minus the product of
the terms on the ,/ diagonal. (Draw these two diagonal arrows on the above 2x2 matrix
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as was done in class.) The formula for the 3x3 determinant can be remembered by
first augmenting the matrix by repeating the first two columns, thereby creating the 3x5
augmented matrix

a1l a2 a3z ail a2

a21 Q22 Q23 a21 (22

aszr az2 asz asr as2
The formula is then the sum of the products of the terms on the \,\\, diagonals minus
the sum of the products of the terms on the " diagonals. (Draw these six diagonal
arrows on the above 3x5 augmented matrix as was done in class.) You can also use the
“spaghetti” drawing on the 3x3 matrix.

In general the determinant of the nxn matrix A

aii aiz2 - A1n

a21 Qg2 - A2n
A=

anl  ap2 o Ann

can be expanded in terms of the determinants of (n — 1)x(n — 1) submatrices of A. Let
Aji denotes the (n — 1)x(n — 1) submatrix of A obtained by crossing out the j*" row and
k" column of A. Then for any j we can expand det(A) about the j** row of A as

det(4) = 3 (~1)7* ay, det(A;0) (A.4)
k=1
while for any k we can expand det(A) about the k" column of A as

det(A) = zn:(—l)jJrkajk det(A;i), (A.5)

j=1

These are called Laplace formulas for the determinant. Typically, one uses either (A.4)
with 7 =1 or (A.5) with £ = 1. For example, for n = 2 and j = 1 formula (A.4) gives

a1l a2
det(a21 Cm) = a1y det(agz) — ajpdet(asy) = a11a92 — ar2as; .

For n =3 and j =1 formula (A.4) gives

aix; aiz2 ais

a a a a a a
det a1 Qg2 423 = a1 det 2 2z — a2 det 21 2 + ais det 21 22
a3z a33 az1 a33 azr G32
asy asz2 ass

= a1 (axeass — azzass) — ar2(asass — aszas:)
+ a3 (a21a32 - a22a31)
= a11022G33 — 11023032 — 112021033 + 1223031

+ a13a21032 — A13022G31 -
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For n =4 and j = 1 formula (A.4) gives

a1 G2 a1z a4

Q91 Gy Qo3 Ggg A22 Q23 (A24 a21 Q23 A24

det = dall det as2 azs asgq —algdet as31 azs as4
a3; aszz as3 as4

a42 Q43 Q44 a4q1 Q43 Q44
a4q1 Q42 Q43 Q44

a21 QA22 Q24 a21 Q22 a23

+aizdet| as; ase ass | —asdet| as1 asx ass

Q41 Q42 Q44 Q41 Q42 Q43

Each of the 3 x 3 deterninants above can be expanded further. The resulting formula for
the determinant of a 4 x 4 matrix is the sum of 24 products. Fully expanded, a similar
formula for the determinant of an nxn matrix is the sum of n! products. There is no
simple “diagonal” picture that can be used to remember these formulas visually when
n > 3. However the Laplace formulas (A.4) and (A.5) allow you to compute determinants
without difficulty provided that either n is not too large or A has a simple structure.

Exercise: Prove the following evaluation of the determinant of a triangular nxn matrix

ail 0 Ce 0
Ga21 022 .
det = a11a22 " Qnn -
0
ap1  **°  OGp(n—1) 0Qnn

Hint: Use the Laplace formula (A.4) and induction on 7.

A.3: Existence of Solutions. The answers to our questions are as follows.

Theorem A.1: System (A.1) has a unique solution for every forcing by, bo, - - -,
by, if and only if det(A) # 0.

Theorem A.2: System (A.2) has a nonzero solution if and only if det(A4) = 0.

Remark: Half of Theorem A.1 is implied by Theorem A.2. Indeed, Theorem A.2 implies
that if det(A) = 0 then system (A.2) has a nonzero solution. As we showed earlier, the
existence of such a solution implies that for any given forcing by, b, - - -, by, system (A.1)
either has no solution or has many solutions. It therefore does not have a unique solution
for any forcing. Hence, once Theorem A.2 is established, all that one needs to show to
establish Theorem A.1 is that if det(A) # 0 then system (A.1) has a unique solution.

We will not give proofs of Theorem A.1 and Theorem A.2 for general n because they
are beyond the scope of this course. They are covered in sufficiently advanced linear algebra
courses. However, we will give proofs of these theorems for the cases n = 1 and n = 2.
While you will not be expected to know these proofs, you will be expected to know both
theorems.
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Proofs: When n =1 system (A.2) is simply the single equation
a1121 = 0. (AG)

Clearly, if det(A) = ay; # 0 then z; = 0 is the only solution of (A.6). Conversely, if
det(A) = a1 = 0 then every z; satisfies (A.6). Hence, Theorem A.2 holds for n = 1.

When n =1 system (A.1) is simply the single equation
a11T1 = bl .
If det(A) = a11 # 0 then this clearly has the unique solution

by
xrKE = —.
aii

Hence, Theorem A.1 holds for n = 1.

When n = 2 system (A.2) is the two equations

a1121 + ajpz2 =0, (A7)

(2121 + agz2 = 0.

First eliminate zo by multiplying the first equation in (A.7) by ag2, the second by a2, and
then subtracting the results to obtain

(a11022 — a12a21)21 = 0. (A.8a)

Similarly, eliminate z; by multiplying the second equation in (A.7) by a11, the second by
as1, and then subtracting the results to obtain

(a11022 — a12a21)22 = 0. (A.8b)

It is clear from (A.8) that if det(A) = aj1a22 — ajza21 # 0 then z; = z5 = 0 is the only
solution of (A.7). Conversely, if det(A) = aj1a22 — aj2a21 = 0 then both

21 = ag, 22 = —a21, and 21 = —a12, Z2=0a11,

give solutions of (A.7), at least one of which will be nonzero unless a11; = a12 = ag; =
aso = 0. However, when a11 = a12 = a1 = age = 0 then any values of z; and z, satisfy
(A.7). Hence, (A.7) has a nonzero solution in either case. Therefore, Theorem A.2 holds
for n = 2.

When n = 2 system (A.1) is the two equations

a1171 + 1272 = by, (A.9)

a2121 + a22r2 = by .
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First eliminate o by multiplying the first equation in (A.9) by asa, the second by a2, and
then subtracting the results to obtain

(allagg - algagl)xl = b1a22 - a12b2 . (A.lOa)

Similarly, eliminate z; by multiplying the second equation in (A.9) by a1, the second by
az1, and then subtracting the results to obtain

(CL116L22 — CL126L21).§C2 = CL11b2 — b16L21 . (AlOb)

It is clear from (A.10) that if det(A) = aj1a22 — a12a21 # 0 then for any choice of b; and
by the system (A.9) has the unique solution

biazs — aizbs o a11b2 — bras:
9 2 — .
a11G22 — A12021 a11G22 — A12021

Ir1 =

Hence, Theorem A.1 holds for n =2. [



