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7. Variable Coefficient Nonhomogeneous Case

7.1: Introduction. We now return to study nonhomogeneous linear equations for the
general case of with variable coefficients that was begun in Section 4.1. An n'* order
nonhomogeneous linear ODE has the normal form

L(t)y = f(t), (7.1)

L =L L e (0L 4 an) (7.2)
~ o M\ g =10 T i) '
We will assume throughout this section that the coefficients aq,as, - - -, a, and the forcing

f are continuous over an interval (t1,tr), so that Therorem 1.1 can be applied.

Recall the following strategy for constructing general solutions of the nonhomogeneous
equation (7.1) that we developed in Section 4.1.

(1) Find a general solution Y (t) of the associated homogeneous equation L(t)y = 0.
(2) Find a particular solution Yp(t) of equation (7.1).
(3) Then Yy (t) + Yp(t) is a general solution of (7.1).

If you can find a fundamental set Y;(t), Ya(t), ---, Y, (¢) of solutions to the associated
homogeneous equation L(t)y = 0 then a general solution of that equation is given by

YH(t) =Y (t) + Yy (t) i CnYn(t> .

In the ensuing sections we will explore two methods to construct a particular solution Yp(t)
of equation (7.1) from f(¢) and the fundamental set Y7 (t), Ya(¢), - - -, Y,,(t). One method is
called variation of parameters, while the other is called the general Green function method,
which is an extension of the Green function method presented in Section 4.3 for constant
coefficient equations to the case of variable coefficient equations. We will see that these
methods are essentially equivalent. What lies behind them is the following.

Important Fact: If you know a general solution of the associated homogeneous
equation L(t)y = 0 then you can always reduce the construction of a general
solution of (7.1) to the problem of finding n primitives.

Because at this point you only know how to find general solutions of homogeneous equations
with constant coefficients, problems you will be given will generally fall into one of two
categories. Either (1) the operator L(t) will have variable coefficients and you will be
given a fundamental set of solutions for the associated homogeneous equation, or (2) the
operator L(t) will have constant coefficients (i.e. L(¢) = L) and you will be expected to
find a fundamental set of solutions for the associated homogeneous equation. In the later
case the general Green function method reduces to the method presented in Section 4.3.
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7.2: Variation of Parameters: Second Order Case. We begin by deriving the
method of variation of parameters for second order equations that are in the normal form

Lty iz a(®)5 +as(t)y = £(1). (73)

Suppose you know that Y (¢) and Y3(¢) are linearly independent solutions of the associated
homogeneous equation L(t)y = O A general solution of the associated homogeneous
equation is therefore given by

YH(t) = 61Y1 (t) —+ CQYQ(t) . (74)
The idea of the method of variation of parameters is to seek solutions of (7.3) in the form
In other words you simply replace the arbitrary constants ¢; and cg in (7.5) with unknown
functions wu;(t) and ug(t). These functions are the varying parameters referred to in the
title of the method. These two functions will be governed by a system of two equations,
one of which is derived by requiring that (7.3) is satisfied, and the other of which is chosen
to simplify the resulting system.

Let us see how this is done. Differentiating (7.5) yields

d
=i (OY] () +us (Y5 (8) + uh (Y (1) + up() Ya(t). (7.6)
We now choose to impose the condition
uy (B)Y1(t) + uh () Ya(t) =0, (7.7)
whereby (7.6) simplifies to
d
=7 =w(OY/ () +us (Y5(0). (7.8)
Differentiating (7.8) then yields
d2
T — a0V (1) (1)Y3(0) i (VY1) + u(0)YE (1) (7.9

Now substituting (7.5), (7.8), and (7.9) into (7.3), grouping the terms that multiply (),
u)(t), ua(t), and uh(t), and using the fact that L(¢)Y71(¢) = 0 and L(¢)Y2(¢t) = 0, we obtain

£ =Lty = 2+ a2 + antyy
— Tun ()Y (£) + uz(£)Y3'(£) + 4 (£)Y] (1) + ub () V5 (8)]
+ a1 (t) [ur (6)Y] (t) +uz(t)Ys (8)] + a2 (t) [ur () Y1(t) + uz(t)Ya(t)]
— ()Y (1) + a1 (1)Y, o+@mnwh-twm> (7.10)
+ ua(t) [Y5' (t) 4+ a1 (t)Y; (¢) + az(t)Ya(t)] + us(t) Y5 (1)
+u )

= uy (t) [L(1)Y1(1)] + uh ()Y (1) + ua(t) [L()Y2(1)] + u5(1)Y3(2)
= ur (Y] (8) +up(t)Y3(t) -
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The resulting system that governs uq(t) and us(t) is thereby given by (7.7) and (7.10):

’ 7.11
W (OYI(0) + 5 (VH(0) = () T
This is a linear system of two algebraic equations for ) (t) and u5(t). Because
(Vi()Y3(1) ~ Ya())¥{(1)) = WY, Ya](1) #0.,
one can always solve this system to find
/ Ya(t) f(2) son . i) f (@)
U’l(t) - _W[Yl,YQ](t) 9 U’Q(t) - W[Yl,YQ](t> ’
or equivalently
[ ) f) [ )f@)
up(t) = WYy, Val @) dt, us(t) = Wiy, Val @) dt. (7.12)

Letting u1p(t) and usp(t) be any primitives of the respective right-hand sides above, one
sees that

up(t) =1 +urp(t), us(t) = co + uap(t),

whereby (7.5) yields the general solution
y=c1Y1 (t) + Ulp(t>Y1 (t) + coYs (t) + ng(t>Y2(t> .
Notice that this decomposes as y = Yy (t) + Yp(t) where

YH(t) = 61Y1 (t) =+ CQYQ(t) s Yp(t) = U1p<t)Y1 (t) + U2p<t)Y2<t) . (713)

There are two approaches to applying variation of parameters. One mentioned in the
book is to memorize the formulas (7.12). I am not a fan of this approach for a couple
of reasons. First, students often confuse which of the two formulas gets the minus sign.
Second, and more importantly, these formulas do not cleanly generalize to the higher
order case. The other approach is to construct the linear system (7.11), which can then
be rather easily solved for «) (t) and uj(t). The work it takes to solve this system is about
the same work as it takes to generate the integrands in (7.12). The linear system (7.11)
is symmetric in w}(t) and u5(t), so is less subject to sign errors. Moreover, it also has a
clean generalization to the higher order case. Whichever approach you take, you will be
led to the same two integrals.

Given Yi(t) and Ya(t), a fundamental set of solutions to the associated homogeneous
equation, you proceed as follows.



1) Write the form of the solution you seek:
y = ur(8)Y1(t) + uz(t)Ya(t).
2) Write the linear algebraic system for v (t) and u}(¢):

i ()Y1(t) +uy(t)Ya(t) =0,
i (YT (t) + uy(t)Ys(t) = (1)

The form of the left-hand sides of this system mimics the form of the solution you
seek. The first equation simply replaces uq(t) and uq(t) with «f (¢) and u(t), while the
second also replaces Y7 (t) and Y5 (¢) with Y{(¢) and Y5 (¢). The f(t) on the right-hand
side will be correct only if you have written the equation L(¢)y = f(¢) in normal form!

3) Solve the linear algebraic system to find explicit expressions for ) (¢) and u5(t). This
is always very easy to do, especially if you start with the first equation.

4) Find primitives uyp(t) and usp(t) of these expressions. If you cannot find a primitive
analytically then express that primitive in terms of a definite integral. One then has

ul(t) :Cl-l-ulp(t), u2(t) :Cg+u2p(t>,

where ¢; and ¢ are the arbitrary constants of integration.

5) Upon placing this result into the form of the solution that you wrote down in step 1,
you will obtain the general solution y = Yy (t) + Yp(t), where

YH(t) =Y (t) + Y5 (t) , Yp(t) = ulp(t)Yl (t) + UQP(t)YQ(t) .

For initial-value problems you must determine ¢; and co from the initial conditions.

Example: Find a general solution of

d2
Wg +y =sec(t) .

Before presenting the solution, notice that while this equation has constant coefficients,
the forcing is not of the form that would allow you to use the method of undetermined
coefficients. You should be able to recognize this right away. While you can use the Green
function method to solve this problem, here we will solve it using variation of parameters.

Solution: Because this problem has constant coefficients, it is easily found that
Y (t) = c1 cos(t) + cosin(t) .
Hence, we will seek a solution of the form

y = uq(t) cos(t) + ua(t) sin(t) ,



where
u} (t) cos(t) + ub(t) sin(t) = 0,
1

—u) (t) sin(t) + ub(t) cos(t) = sec(t) .

Solving this system by any means you choose yields

w0 =S, w -1,

These can be integrated analytically to obtain
ui(t) = ¢1 +log(| cos(t)|), us(t) =co+t.
Therefore a general solution is

y = c1 cos(t) + cosin(t) + log(| cos(t)]) cos(t) + tsin(t) .

Remark: The primitives uq(¢) and wus(t) that we had to find above are the same ones
needed to evaluate the integrals that arise when you solve this problem with the Green
function method. This will always be the case.

Example: Given that ¢t and t? — 1 are a fundamental set of solutions of the associated
homogeneous equation, find a general solution of

dy .dy
1+ t3) =5 — 2t— + 2y = (1 +t*)%e".
(427 2 2y = (14 2)
Before presenting the solution, you should be able to recognize that this equation has
nonconstant coefficients, and thereby see that you must use either variation of parameters
or a general Green function to solve this problem. You should also notice that this equation
is not in normal form, so you should bring it into the normal form

d?y 2t dy 2

2 1iea 1aelT

(1+t%)et.
Solution: Because t and t2 — 1 are a fundamental set of solutions of the associated
homogeneous equation, we have
YH(t> =cit+ Cg(tz — 1) .
Hence, we will seek a solution of the form

y = ur(t)t +ua(t)(t* — 1),



where
uh ()t +uh(t) (2 —1) =0,

uf (1)1 + ub(t)2t = (1 4+ t?)e!
Solving this system by any means you choose yields
uh(t) = — (12 = 1)et, uh(t) = te'.
These can be integrated analytically “by parts” to obtain
up(t) = ¢ — (t —1)%e, us(t) = cg + (t — 1)et
Therefore a general solution is

y=ocit+ca(t* —1) — (t — D%l + (t — 1)e! (1 — 1)
=t +e(t? —1)+ (t—1)%".

7.3: Variation of Parameters: Higher Order Case. The method of variation of
parameters extends to higher order linear equations in the normal form

dn dn—ly
L(t)y = ﬁ +aq(t )W

dy

+ - +an 1()dt

an(t)y = f(t). (7.14)

While this material was not covered in class and you will not be tested on it, a summary
is given here for the sake of completeness.

Suppose you know that Yi(t), Ya(t),---,Y,(t) are linearly independent solutions of
the associated homogeneous equation L(t)y = 0. A general solution of the associated
homogeneous equation is therefore given by

Yu(t) =ca1Yi(t) + coYa(t) + - - + e Ya(t) .
The idea of the method of variation of parameters is to seek solutions of (7.14) in the form
y=u1(t)Y1(t) +u2(t)Ya(t) + - - - + un(t)Yn(t), (7.15)
where uf (t), ub(t), - ,ul (t) satisfy the linear algebraic system

uLOYI(E) + ub()Ya(t) 4o+
WY + ubO)YS(E) A+

ul ()Yn(t) =0,
ul, ()Ya(t) =0,

(7.16)
u (YT () +ub ()Y TR () + -+l ()Y () = 0,

uy (YY) +uh ()Y TV () 4l (YY) = (1)
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Because
Y1 (t) Ya(t) Y, (t)
Y{(t) 3t o YRt
det . : . . :W[YLYQ,"' 7Yn](t)§£07

the linear algebraic system (7.16) may be solved (by any method you choose) to find
explicit expressions for v} (t), uh(t), ---, ul (). For example, when n = 3 you find
s WIY2, Ya)(t) f(2) s WIYs, Y)(t) f(2) b WYL Ya|(2) f(2)
u (t) = , o up(t) = ;o ug(t) :
WYi, Ys, Y3](1) WY1, Ys, Ys5)(1) W(Ys, Ys, Y3](1)

Find primitives uyp(t), usp(t), -+, u,p(t) of these expressions. If you cannot find a

primitive analytically then express that primitive in terms of a definite integral. One then
has

ui(t) =c1 +urp(t), wu2(t)=co+usp(t), -+ un(t)=cp+u,p(t),

where ¢y, ¢, - -+, ¢, are the arbitrary constants of integration. The general solution given
by (7.15) is therefore y = Yy (t) + Yp(t), where

YH<t) = Clyl(t) =+ CQYQ(t) + - 4+ CnYn(t) s
Yp(t) = ulp(t>Y1 (t) + ng(t>Y2(t> + -+ Unp(t>Yn(t> .
For initial-value problems you must determine ¢y, ¢, - - - , ¢, from the initial conditions.

7.4: General Green Functions: Second Order Case. We now derive a Green function
for second order equations that are in the normal form

Lty = 22 + a0 + ax(t)y = 1), (7.17)

Suppose you know that Y7 (¢) and Y5(t) are linearly independent solutions of the associated
homogeneous equation L(t)y = 0. The starting point of our derivation will be the particular
solution Yp(¢) given in (7.13) — namely,

Yp(t) = ulp(t)Yl (t) + ng(t)Yg(t) y

where w1 p(t) and ugp(t) are primitives that satisfy

D Ya(s)f(s) ;o Ya(s)f(s)
u1P<t) - _W[Yl,YQ](S) ) U’ZP(t) - W[Yl,YQ](S) :
If we express u1p(t) and usp(t) as the definite integrals
Ulp(t> - — M ds 5 UQp(t> = M ds 5 (718)

¢, WY1, Ya|(s) —Jiy, WYL, Yo(s)
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where ¢; is any initial time inside the interval (¢1,tg), then the particular solution Yp(t)
can be expressed as

Yp(t) = /t G(t,s)f(s)ds, (7.19)

where G(t, s) is given by

det(Yl(S) Y2(S>)
G(t.s) = Yi(s)Ya(t) — V1 (t)Ya(s) _ Yi(t) Ya(t) (7.20)
’ W[Yl,YQ](S) det(YIES; YQES;) '
Y/(s) Yi(s

The method thereby reduces the problem of finding a particular solution Yp(t) for any
forcing f(t) to that of evaluating the integral in (7.19), which by formula (7.20) is equivalent
to evaluating the two definite integrals in (7.18). Of course, evaluating these integrals
explicitly can be quite difficult or impossible. You may have to leave your answer in
terms of one or both of these definite integrals. Formulas (7.19) and (7.20) have natural
generalizations to higher order equations with variable coefficients.

We will see that (7.19) is an extension of the Green function formula (4.12) from Sec-
tion 4.3 to second order equations with variable coefficients. As with that formula, (7.19)
generates the unique particular solution Yp(t) of (7.17) that satifies the initial conditions

Yp(t;) =0, Yh(tr) = 0. (7.21)

We therefore call G(t, s) the Green function for the operator L(t).

Before justifying the foregoing claims, let us illustrate how to construct and use this
Green function.

Example: Given that ¢t and t? — 1 are a fundamental set of solutions of the associated
homogeneous equation, find a particular solution of
d*y . dy

(1+ tQ)W — 2 2 = (14 t%)%et.

Solution: You should first bring this equation into its normal form

d?y 2t dy 2

w2 1iea 1red”

(14 t%)e’.

Because t and t> — 1 are a fundamental set of solutions of the associated homogeneous
equation, the Green function G(t, s) is given by (7.20) as

2 _
det(s S 1

Glt, s) = t t2—1) _ (12 —1)s — t(s®> — 1) _ (t2_1>3_t(82_1).

2 _ 2 _ (g2 _ 2
det(s 3281) 252 — (52 —1) s2+1

1
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Then formula (7.19) with ¢; = 1 and f(s) = (1 + s?)e® yields

Yp(t) = (t* = 1) /lt se® ds — t/lt(s2 —1)e®ds.

Notice that the same two integrals that arose when we treated this equation by variation
of parameters on page 7. As was done there, a little integration-by-parts shows that

t t
/ se®ds = (t — 1)e, / (s —1)eSds = (t —1)2%e".
1 1
The particular solution is therefore
Yp(t) = (2 = 1)(t — 1)e’ —t(t — 1)%e! = (t — 1)%e".

It is clear that this solution satisfies Yp(1) = Y/ (1) = 0. Had we chosen a different value
for the initial time ¢; we would have obtained a different particular solution Yp(t).

Next we show that formula (7.19) generates the unique particular solution Yp(t) of
(7.17) that satifies the initial conditions (7.21). It is clear from (7.19) that Yp(t;) = 0.
To show that Y} (t;) = 0 we will use the fact from multivariable calculus that for any
continuously differentiable K (¢, s) one has

t t
i/K(t,s)dSZK(t,t)-i—/8,5K(t,s)ds.
dt tr tr

We see from (7.20) that G(¢,t) = 0. Upon differentiating (7.19) with respect to ¢ and using
the above calculus fact, we see that

Yh(t) = G(t,t)f(t)-i—/t OG(t,s)f(s)ds :/t OG(t,s)f(s)ds.

It follows that Y/ (t7) = 0, thereby showing that Yp(¢) satifies the initial conditions (7.21).

The Green function G(t, s) is defined by (7.20) whenever ¢ and s are both in the interval
(tr,tr) overwhich Y; and Y, exist. At first it might seem that G(¢, s) must depend upon
the fundamental set of solutions that is used to construct it. We now show that this is not
the case. Let us fix s and consider G(¢, s) as a function of ¢t. It is clear from (7.20) that
G(t, s) is a linear combination of Y7 (¢) and Ya(t). Because Y () and Y>(t) are solutions of
the associated homogeneous equation L(t)y = 0, it follows that G(¢,s) is too — namely,
that L(¢)G(t,s) = 0. It is also clear from (7.20) that G(¢, s)‘t:S = 0. By differentiating
(7.20) with respect to t we obtain

det<Y1(8) YQ(S))
0.6t - YO - Vim0 Vi) _—
) W[Yl,YQ](S) det(Ylgsg YQEsg) .
Y/(s) Yi(s
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It is clear from this that 0,G(t, s)‘ ., = 1. Collecting these facts we see for every s that
G(t,s) as a function of ¢ satisfies the initial-value problem

L(t)G(t,s) =0, G(t,s)|,_, =0, 9G(t,s)|,_ =1. (7.23)

This is really a family of initial-value problems — one for each s in which s plays the role
of the initial time. The uniqueness theorem implies that G(¢, s) is uniquely determined by
this family of initial-value problems. Thus, G(t, s) depends only upon the operator L(t).
In particular, it does not depend upon which fundamental set of solutions, Y7 and Y5, was
used to construct it.

When L(t) has constant coefficients then it is easy to check that the family of initial-
value problems (7.23) is satisfied by G(t,s) = g(t — s), where g(t¢) is the Green function
that was defined by the initial-value problem (4.13) in Section 4.3. Formula (7.19) thereby
extends the Green function formula (4.12) from Section 4.3 to second order equations with
variable coefficients.

When L(t) has constant coefficients the fastest way to compute the Green function is
to solve the single initial-value problem (4.13) from Section 4.3. When L(t¢) has variable
coefficients you first have to find a fundamental set of solutions, Y7(t) and Y3(¢), to the
associated homogeneous equation. You can then construct the Green function either by
formula (7.20) or by solving the family of initial-value problems (7.23). The later approach
goes as follows. Because L(t)G(t,s) = 0 for every s we know that there exist Cy(s) and
C5(s) such that

G(t,s) = Y1(t)Ci(s) + Ya(t)Ca(s) . (7.24)

The initial conditions of (7.23) then imply that
0= Gt s)‘t:S =Y1(s)C(s) + Ya(s)Ca(s),
1 = 0:G(t, s)‘t:S =Y/ (5)C1(s) + Y5 (s)Ca(s) .
The solution of this linear algebraic system is

L Ya(s) .
“O =T oe) - ieme) .

which when plugged into (7.24) yields (7.20).

_ Yi(s)
Yi(s)Y5(s) = Y{(s)Y2(s) ’

Example: Given that ¢ and ¢> — 1 are a fundamental set of solutions of the associated
homogeneous equation, find a particular solution of

a2 d
(1+ t%% - 2td—?; oy = (1+12)2t.

Solution: You should first bring this equation into its normal form

d?y 2t dy 2

L(t)yy = —5 —

— _ S :]_ t2 t.
2 1rea 1rpyT(Ht)e
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Because t and t> — 1 are a fundamental set of solutions of the associated homogeneous
equation, by (7.24) the Green function has the form

G(t,s) =tC1(s) + (t* — 1) Ca(s),
where the initial conditions of (7.23) imply

0= G(t, s)‘t:S =501(s) + (s> — 1) Ca(s),
1 = 0:G(t, S)LZS =1C1(s) + 25 Ca(s).

These may be solved to obtain

52 —1 s
01(8)2_32—1—1’ Cals) = s2+17
whereby
G(ts)——t82_1+(t2—1) s (B-1)s—t(s*—1)
U U241 241 s2+4+1 )

You then compute yp(t) by formula (7.19) as before.

7.5: General Green Functions: Higher Order Case. This method can be used to
construct a particular solution of an n** order nonhomogeneous linear ODE in the normal
form (7.1). Specifically, a particular solution of (7.1) is given by

¢
Yp(t) = / G(t,s)f(s)ds, (7.25)
tr
where ¢; is an initial time and G(¢, s) is given by
Yi(s) Ya(s) e Yo(s)
. Y{(s) Yo(s) -0 Yo(s)
G(t,s) = det : X : :
(3] WY1, Yz, -+, Yal(s) ) Yl(n_'z)(s) YQ("_'Q)(S) Yén_‘z)(S)
Yi(t) Ya(t) . Y, (¢)

The function G is called the Green function associated with the operator L(t). It can also
be determined as the solution of the family of initial-value problems

L(t)G(t,s) =0, Gt,s)|,_, = =0""?G(t,s)],_ . =0, 0 'Gt,s)],_, =1.

The method thereby reduces the problem of finding a particular solution Yp(t) for any
forcing f(t) to that of evaluating the integral in (7.25). However, evaluating this integral
explicitly can be quite difficult or impossible. At worst, you can leave your answer in terms
of definite integrals.



