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Because the presentation of this material in lecture will differ from that in the book,
I felt that notes that closely follow the lecture presentation might be appreciated.
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7. Mechanical Vibrations

7.1. Spring-Mass Systems. Consider a spring hanging from a support. When an object
of mass m is attached to the free end of the spring, the object will eventually come to rest
at a lower position. Let y, and y, be the vertical rest positions of the free end of the spring
without and with the mass attached. We will assume that the mass is constrained to only
move vertically and want to describe the vertical postition y(¢) of the mass as a function
of time ¢ when the mass is initially displaced from v,., or is given some initial velocity, or
is driven by an external force F..:(t).

The forces acting on the mass that we will consider are the gravitational force Fy,q,),
the spring force Fjy,., the damping or drag force Fjump, and the external or driving force
F..;. Newton’s law of motion then states that

d2
m%g :Fgrav +Fspr+Fdamp+Femt- (71)

Always be sure you are working in one of the standard systems of units. In MKS units
length is given in meters (m), time in seconds (sec), mass in kilograms (kg), and force in
Newtons (1 Newton = 1 kg m/sec?). In CGS units length is given in centimeters (cm),
time in seconds (sec), mass in grams (g), and force in dynes (1 dyne = 1 g cm/sec?). In
British units length is given in feet (ft), time in seconds (sec), mass in slugs (sl), and force
in pounds (1 1b = 1 sl ft/sec?).

The gravitational force Fy 4, is simply the downward weight of the mass. If we assume
a uniform gravitational acceleration g then

Fgrav = —-mg, (72)

where g = 9.8 m/sec? in MKS units, g = 980 cm/sec? in CGS units, and g = 32 ft/sec? in
British units.

The spring force is modeled by Hooke’s law

FspT = _k(y - yo) ) (73)

where k is the so-called spring constant or spring coefficient. This is a fairly good model
provided y — y, does not get too big. When there is no external driving force, the mass
has a rest position y, < y, that satisfies

OZFgTav+Fspr aty:yr'

Hence, we have
mg = —k(Yr — Yo) = k(Yo — yr) = klyr — ¥ol - (7.4)

Sometimes you will be given |y, — y,| and have to figure out k from this relation.



The damping force is modeled by

dy

Y 7.5
T (7.5)

Fdamp -

where v > 0 is the so-called damping coefficient. This is not as good a model for damping
force as Hooke’s Law was for the spring force, but we will use it because of its simplicity.
Sometimes you will be given |Fyqmp| at a particular speed and have to determine 7 from
this relation.

If we place (7.2), (7.3), and (7.5) into Newton’s law of motion (7.1) and neglect the
external driving, we obtain

d2y dy
— + ky =ky, .

We see from (7.4) that ky, — mg = ky,, where y, is the rest position. We thereby have

d2y dy
— + ky = ky, .
e Vg T
This clearly has the particular solution y = y,.. If we let y(t) = y, + h(t) then h(t) satisfies

the homogeneous equation

dh_dh
kh=0.
maE TVt

Here h(t) is simply the displacement of the mass from its rest position y,.. If the external
driving is present, this becomes

d2h dh
0 kb= Fo(t). 7.6
mog Yot +() (7.6)

We will study the motion of this spring-mass system building up its complexity from
simplest case.

7.2. Unforced, Undamped Motion (F,,; = 0, v = 0). In this case (7.6) reduces to

d2h
kh =
maE T
or in normal form -
— 4+ —h=0. 7.7
dt? + m (7.7)
Its characteristic polynomial is
()=t 2
p = m’



which has roots +iw, where

o E -

h(t) = ¢1 cos(wot) + ¢ sin(w,t) . (7.9)
For the initial condtions h(0) = hg and A'(0) = h; this becomes

A general solution of equation (7.7) is

sin(w,t
h(t) = hg cos(w,t) + h1M :
Wo
Such motion is called simple harmonic motion. It involves the single frequency wy.

Because w, is associated with the spring constant k& through (7.8), it is called the

natural frequency of the spring. The associated natural period T, is therefore
2
T, =",

Wo

In MKS, CGS, and British units w, is given in radians/sec, or simply 1/sec because radians
are considered to be nondimensional. Then T}, is given in sec.

The simple harmonic motion (7.9) is nontrivial whenever either ¢; or ¢y is nonzero.
In that case we can express it in the so-called applitude-phase form

h(t) = Acos(wot —9),

where A > 0 is its amplitude and ¢ in [0, 27) is its phase. By the cosine addition formula
the above form can be expanded as

h(t) = Acos(d) cos(wot) + Asin(6) sin(wot) .
Upon comparing this with (7.9) we see that
Acos(d) =1, Asin(d) = ¢y .

This shows that (A, ) are simply the polar coordinates of the point in the plane whose

cartesian coordinates are (c1,co). Clearly A = \/cZ + ¢Z > 0 while § satisfies
- %, sin(d) = %2.

There is a unique 6 in [0, 27) that satisfies these equations.

cos(90)

Example. A mass of 10 grams stretches a spring 5 cm when at rest. At ¢ = 0 the mass
is set in motion from its rest position with a downward velocity of 35 cm/sec. Neglect
damping and external forces.

a) What is the displacement of the mass as a function of time?
b) What is the amplitude, phase, frequency, and period of the motion?

c) At what positive time does the mass first return to its rest position?



Solution. Because g = 980 cm/sec?, we can find k by setting
k-5=mg=10-980 dynes,

whereby

~ 10-980

-5

Because we are neglecting damping and external forces, the equation of motion takes the
form

k

dynes/cm .

d*h
— +kh=0
m 72 + ,
which becomes 2h 10980
10 2 h=0.
dt? + 5
Bringing this into normal form gives
d*h 980
—+—h=0
dt? + 5 ’
which becomes 2
— +196h =0.
752 + 196 0

Because w2 = 196, one sees that w, = 14 1/sec.

A general solution of the equation of motion is therefore
h(t) = c1 cos(14t) + co sin(14t) .
The initial conditions are h(0) = 0 and A’'(0) = —35 cm/sec. Because
B/ (t) = —14cq sin(14t) + 14cy cos(14t)
the boundary conditions imply that
h(0) =c; =0, h'(0) = 14co = —35,

which implies ¢; = 0 and ¢ = —%. From this you can read off the following.

a) The displacement of the mass as a function of time is

h(t) = —5 sin(14t) = 3 cos(14t — 3F) cm.

b) The amplitude of the motion is % cm, the phase is 2*, the frequency is 14 1/sec, and

2
the period is 7 sec.

c¢) The positive time at which the mass first returns to its rest position is ¢t = ;.
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7.3. Unforced, Damped Motion (F.,: =0, v > 0). In this case (7.6) reduces to

d*h dh
mW +’)’%+k’h—0,

which has the normal form
d?h v dh k

— 4+ ——+—h=0. 7.10
dt? * m dt * m (7.10)
Its characteristic polynomial is
k
px) =22+ Lot =
m m

If we complete the square this has the form
p(2) = (z+p)* +wi —p?. (7.11)

where the damping rate pu and the natural frequency w, are defined by

~ Ik
w=—, Wo = A/ — .
2m m

It is clear there are three cases to consider.

e When 0 < i < w, there is a conjugate pair of roots —u + iv where
v=yw?2— u?. (7.12)

e When i = w, there is a real double root —pu, —pu.
e When p > w, there is two simple real roots —p + /pu? — w2.

These are called the under damped, critically damped, and over damped cases respectively.
Notice that you do not have to memorize any formulas here because you can simply read
off which case a system is in from the roots of its characteristic polynomial: a conjugate
pair of roots means that the system is under damped; a double real root means that the
system is critically damped; two simple real roots means that the system is over damped.

For the under damped case a general solution is
h(t) = cre " cos(vt) + coe M sin(vt) . (7.13)
Whenever either ¢ or ¢ is nonzero this can be put into the amplitude-phase form

h(t) = Ae " cos(vt — 6),



where A = /¢ 4+ ¢Z > 0 and 0 < § < 27 satisfies

C1 . C2
-, sin(d) = —=.
A o) =7
The displacement is therefore an exponentially decaying simple harmonic motion with the
time-dependent amplitude Ae #!, frequency v, and phase §. In this context v given by
(7.12) is called the quasi frequency of the system and the associated period 27 /v is called
the quasi period. Notice that

cos(d) =

27
V< Wy, —>T,.
1%

In other words, the quasi frequency is always less than the natural frequency, while the
quasi period is always greater than the natural period.

For the critically damped case a general solution is
h(t) = cre "t + cot e M. (7.14)

The displacement therefore has at most one zero and decays like ¢t e=#* whenever co # 0.

For the over damped case a general solution is
h(t) = cre M+t 4 cge M1, (7.15)

where p1y and p— are defined by

pe =pt/p?—wd. (7.16)

The subscript + or — simply indicates the sign of the square root taken in the above
formula. Notice that 0 < p— < pu < py. The displacement therefore has at most one zero
and decays like e #- whenever ¢y # 0. Because p_ < p one sees that in this case the
decay of the displacement is slower than in either the under or critically damped cases.

Remark. The spring system is said to be extremely over damped when p is much greater
than w,. In that case we can use the approximation

V2 —w?=p 1———~M #_fﬁ
2u 2u’

to approximate p_ and p4 in (7.16) by

2 2

W,
° N2 -
M+ M 5

~ Yo
N_N2,LL,

In this regime these decay rates are very different from each other with

which is much less than 1.




Remark. This damped spring system is a good model for shock absorbers in a car. When
the shock absorbers are over damped one gets a jarring ride, while when they are under
damped one gets a bouncy ride. Shock absorbers are tuned to be critically damped, which
gives the least jarring and least bouncy ride.

7.4. Forced, Undamped Motion (F.,: # 0, v = 0). In this case (7.6) reduces to
d*h
Mg+ kh = Fept(t).

We will study external forces of the form
Fert(t) = F cos(wt) .

The equation then has the normal form

all +wlh (wt) (7.17)
— +w,h = acos(w .
dt2 o )
where the natural frequency w, and the driving acceleration a are given by
k F
Wo =14/ —, a=—.
m m

Equation (7.17) may be solved either by Undetermined Coefficients or by Key Identity
Evaluations. The characteristic polynomial is p(z) = 2% + w2, which has roots iw,.
The forcing has characteristic +iw, degree d = 0, multiplicity m = 0 when w # w,, and

multiplicity m = 1 when w = w, # 0.
For w # w,, if we impose the inital conditions
h(O) = ho, and h/(0> = hl N

then the solution is found to be

h(t;w) = ho cos(wot) + hy sin(wot) " a cos(wt) — cos(wot)

1
Wo w2 — w? (7.18)

This is not simple harmonic motion because two frequencies are involved. Such motion is
called biharmonic. In general, whenever more than one frequency is involved the motion
is called polyharmonic.

For w = w, # 0, if we impose the inital conditions
h(O) = h() 5 and h/<0) = hl 5

then the solution is found to be

h(t;we) = ho cos(wot) + hq sin(wot) ta t sin(w,t) .

1
Wo 2w, (7.19)

This is also not simple harmonic motion. In fact, its amplitude grows linearly in ¢! This
phenomenon of resonance that occurs when the driving frequency w becomes equal to the
natural frequency w, of the system. Because the 'Hopital rule implies
—1 si t t si t
lim : : _ lim sin(wt) _ sin(w,t)
W—Wo wo — W wW—Wo —2w 2(,4)0

cos(wt) — cos(wot)

)

we see that formula (7.19) is what you obtain by taking the limit w — w, in formula (7.18).



You can understand the onset of resonance as w — w, by using the identity

cos(wt) — cos(wot) = —2 sin(w —2wo t) Siﬂ(w -;wo t) )

to re-express formula (7.18) as

h(t;w) = ho cos(wt) + hlw + AL Sin(w zwo t) |

where

2a L w— Wy
A,(t) = R SlIl( 5 t) .
When w — w, is very small compared to w and w, then A(t) will be a very slowly varying
function of ¢ compared to sin ((w+w,)t/2). In that case sin ((w+w,)t/2) will oscillate very
many times during a period over which A(t) oscillates just once. These rapid oscillations
will have an amplitude of |A(t)|, which slowly oscillates between 0 and 2a/(w? — w?2).
This slow oscillation is the phenomenon of beating. The so-called beating frequency is
W — Wy, which is small, while the so-called beating period is 27 /(w — w, ), which is large. As

w — w, the beating frequency vanishes, the beating period diverges to infinity, while by
the 'Hospital rule we see that
W — W
a cos t)t
2 _at

. W — Wy
2a sm( 5 t)
lim A,(t) = lim = lim

w—We w—We (.U2 — W 2 w—We 2(,0 2wo

This is in accord with the amplitude we found in formula (7.19).

7.5. Forced, Damped Motion (F.,: # 0, v > 0). In this case (7.6) reduces to

d?h dh
m@ +’7 E + kh = Fext(t) .

We will again study external forces of the form
Feyt(t) = Fcos(wt) .
The equation then has the normal form

&2h v dh k., F
ST ) 2
2 T + - h - cos(wt) (7.20)

The associated homogeneous equation is (7.10), which descibes the associated unforced,
damped system.
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Once again we introduce the damping rate p, the natural frequency w,, and the driving
acceleration a defined by

= —, Wo =14/ —, a=—. (7.21)

The solution of the associated homogeneous equation hg (t) is then given by either (7.13),
(7.14), or (7.15) depending on whether the associated unforced system is under damped,
critically damped, or over damped. In all of these cases hy(t) decays to zero as t — oco.

A particular solution hp(t) of (7.20) can be found either by Undetermined Coefficients
or by Key Identity Evaluations. The forcing has characteristic iw, degree d = 0, and
multiplicity m = 0. You find that

a2uw
(w2 —w?)?2 4+ 4p2w?

a(w2 — w?) :
i w;)2 1 sin(wt) ,
o

hp(t) = cos(wt) +

where 1, w,, and a are given by (7.21). This is simple harmonic motion that can be put
into the amplitude-phase form

hp(t) = Acos(wt — ), (7.22)

where

a w2 — w2
= 5 =cos ! o .
A et (o)

Because it is periodic, this particular solution is called the steady solution of the forced,
damped system. A general solution of this system thereby has the form

h(t) = hu(t) + he(t),

where hy(t) decays to zero as t — oo and hp(t) is the steady solution given by (7.22). For
this reason hy(t) is called the transient component of the solution, or simply the transient.

Finally, notice that the resonance phenomenon is modified by the presence of damping.
In particular, the solutions will remain bounded for any driving frequency w. It is clear from
(7.22) that the amplitude of the steady solution will be maximum when (w2 —w?)? +4p%w?
is minimum. When 412 < w? then this happens when

o= VoI W2,

while when 412 > w2 then this happens when w = 0. In either case it happens when w is
less than the natural frequency.



