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1. Introduction to First-Order Equations

1.1. Solutions of First-Order Equations. We now begin our study of first-order
ordinary differential equations that involve a single real-valued unknown function y(t).
These can always be brought into the form

F

(
t, y,

dy

dt

)
= 0 .

If we try to solve this equation for dy/dt in terms of t and y then there might be
no solutions or many solutions. To avoid such complications, we restrict ourselves to
equations that are already in the form

(1.1)
dy

dt
= f(t, y) .

Remark. We will often use t as the independent variable in our differential equations
because in many applications the independent variable is time. However, the indepen-
dent variable in a differential equation need not be time. For example, the independent
variable is x in the example discussed above. Similarly, the dependent variable in
a differential equation need not be y. Be prepared for the roles of independent and
dependent variables in differential equations to be filled by many different letters!

It is important to understand what is meant by a solution of (1.1),

Definition 1.1. If Y (t) is a function defined for every t in an interval (a, b) then we
say Y (t) is a solution of (1.1) over (a, b) if

(1.2)

(i) Y ′(t) is defined for every t in (a, b) ,

(ii) f(t, Y (t)) is defined for every t in (a, b) ,

(iii) Y ′(t) = f(t, Y (t)) for every t in (a, b) .

Remark. We can recast condition (i) as “the function Y is differentiable over (a, b).”
This definition is very natural in that it simply states that (i) the thing on left-hand
side of the equation makes sense, (ii) the thing on right-hand side of the equation makes
sense, and (iii) the two things are equal. This classical notion of solution will suit our
needs now. Later we will see situations arise in which we will want to broaden this
notion of solution.

Example. Consider the differential equation

dy

dt
= − t

y
.

Show that y =
√

4− t2 is a solution of this equation over (−2, 2). Explain why it is not
a solution of this equation over [−2, 2].

Solution. We see that y =
√

4− t2 is differentiable for every t in (−2, 2) with

dy

dt
=

d

dt

(
4− t2

) 1
2 = 1

2

(
4− t2

)− 1
2 (−2t) = −t

(
4− t2

)− 1
2 .
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Therefore the left-hand side of the differntial equation makes sense over (−2, 2). We
also see that for every t in (−2, 2)

− t

y
= − t√

4− t2
= −t

(
4− t2

)− 1
2 .

Therefore the right-hand side of the differntial equation also makes sense over (−2, 2).
Finally, the two sides are equal over (−2, 2). Therefore y =

√
4− t2 is a solution of the

differential equation over (−2, 2).

We can see that y =
√

4− t2 is a not solution of this equation over [−2, 2] for two
reasons. First, we see that

dy

dt
= −t

(
4− t2

)− 1
2 is not defined at t = ±2.

Second, when y =
√

4− t2 is evaluated at t = ±2 we obtain y = 0. But the right-hand
side of the differential equation is not defined when t = ±2 and y = 0. �

We want to address the following five basic questions about solutions.

• When does equation (1.1) have solutions?
• Under what conditions is a solution unique?
• How can we find analytic expressions for solutions?
• How can we visualize solutions?
• How can we approximate solutions?

We will focus on the last three questions. They address practical skills that can be
applied when faced with a differential equation. The first two questions will be viewed
through the lens of the last three. They are important because differential equations
that arise in applications are supposed to model or predict something. If an equation
either does not have solutions or has more than one solution then it fails to meet this
objective. Moreover, in those situations the methods by which we will address the
last three questions can give misleading results. Therefore we will study the first two
questions with an eye towards avoiding such pitfalls. Rather than addressing these
questions for a general f(t, y) in (1.1), we will start by treating special forms f(t, y) of
increasing complexity.

1.2. Review of Explicit Equations. It is simplest to treat (1.1) when the derivative
is given as an explicit function of t. These so-called explicit equations have the form

(1.3)
dy

dt
= f(t) .

This case is covered in calculus courses, so we only review it here.

1.2.1. Recipe for Explicit Equations. Recall from your study of calculus that a differen-
tiable function F is said to be a primitive or antiderivative of f if F ′ = f . We thereby
see that y = Y (t) is a solution of (1.3) if and only if Y is a primitive of f . Also recall
from calculus that if you know one primitive F of f then any other primitive Y of f
must have the form Y (t) = F (t) + c for some constant c. We thereby see that if (1.3)
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has one solution then it has a family of solutions given by the indefinite integral of f
— namely, by

(1.4) y =

∫
f(t) dt = F (t) + c , where F ′(t) = f(t) and c is any constant .

Moreover, there are no other solutions of (1.3). Therefore the family (1.4) is called a
general solution of the differential equation (1.3). The arbitrary constant c that appears
in the family (1.4) is the parameter of the general solution.

The above arguments show that the problem of finding a general solution of (1.3)
reduces to the problem of finding a primitive F of f . Given such an F , a general
solution of (1.3) is given by (1.4). However these arguments do not insure that such a
primitive exists. Of course, for sufficiently simple f we can find a primitive analytically.

Example. Find a general solution to the differential equation

dw

dx
= 6x2 + 1 .

Solution. By (1.4) a general solution is

w =

∫ (
6x2 + 1

)
dx = 2x3 + x + c .

Members of this family are graphed below in Figure 1.1.

1.2.2. Initial-Value Problems for Explicit Equations. In order to pick a unique solution
from the family (1.4) we must impose an additional condition that determines c. We
do this by imposing a so-called initial condition of the form

y(tI) = yI ,

where tI is called the initial time when time is the independent variable or the initial
point more generally, while yI is called the initial value or initial datum. The combi-
nation of equation (1.3) with the above initial condition is the so-called initial-value
problem given by

(1.5)
dy

dt
= f(t) , y(tI) = yI .

If f has a primitive F then by (1.4) every solution of the differential equation in the
initial-value problem (1.5) has the form y = F (t) + c for some constant c. By imposing
the initial condition in (1.5) upon this family we see that

F (tI) + c = yI ,

which implies that c = yI−F (tI). Therefore the unique solution of initial-value problem
(1.5) is given by

(1.6) y = yI + F (t)− F (tI) .

The above arguments show that the problem of finding the unique solution of the
initial-value problem (1.5) again reduces to the problem of finding a primitive F of f .
Given such an F , the unique solition of initial-value problem (1.5) is given by (1.6).
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These arguments however do not insure that such a primitive exists. Of course, for
sufficiently simple f we can find a primitive analytically.

Example. Find the solution to the initial-value problem

dw

dx
= 6x2 + 1 , w(1) = 5 .

Solution. The previous example shows the solution has the form w = 2x3 + x + c for
some constant c. Imposing the initial condition gives 2 · 13 + 1 + c = 5, which implies
c = 2. Hence, the solution is w = 2x3 + x + 2. This solution is highlighted below in
Figure 1.1.

Alternative Solution. By (1.6) with xI = 1, wI = 5, and the primitive F (x) = 2x3+x
we find

w = wI + F (x)− F (xI) = 5 + F (x)− F (1)

= 5 +
(
2x3 + x

)
−
(
2 · 13 + 1

)
= 2x3 + x + 2 .

Remark. As the solutions to the previous example illustrate, when solving an initial-
value problem it is often easier to first find a general solution and then evaluate the
c from the initial condition rather than to directly apply formula (1.6). With that
approach you do not have to memorize formula (1.6).
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Figure 1.1. Plot of the general solution w = 2x3 + x + c for various
values of c. The solution for c = 2 is shown in bold. This picture was
generated by a computer, but a faithful representation could also have
been sketched quickly by hand.
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1.2.3. Theory for Explicit Equations. Finally, even when we cannot find a primitive
analytically, we can show that a solution exists by appealing to the Second Fundamental
Theorem of Calculus. It states that if f is continuous over an interval (a, b) then for
every tI in (a, b) we have

d

dt

∫ t

tI

f(s) ds = f(t) for every t in (a, b) .

In other words, f has a primitive over (a, b) that can be expressed as a definite integral.
Here s is the “dummy” variable of integration in the above definite integral. If tI is in
(a, b) then the First Fundamental Theorem of Calculus implies that formula (1.6) can
be expressed as

(1.7) y = yI +

∫ t

tI

f(s) ds .

This shows that if f is continuous over an interval (a, b) that contains tI then the initial-
value problem (1.5) has a unique solution over (a, b), which is given by formula (1.7).
This formula can be approximated by numerical quadrature for any such f . (Remember
Riemann sums and the Simpson rule?) An approximate graph of the solution can
be generated from such a numerical approximation. We will not discuss numerical
quadrature in this review. It will be reviewed in Chapter 7 when we study numerical
methods for first-order ordinary differential equations.

It is natural to ask if there is a largest time interval over which a solution exists.
For example, this information would be helpful to know before seeking a numerical
approximation.

Definition 1.2. The largest time interval over which a solution exists (in the sense of
Definition 1.1) is called its interval of definition or interval of existence or sometimes
interval of validity.

For explicit equations we can usually identify the interval of definition for the solution
of the initial-value problem (1.5) by simply looking at f(t). Specifically, if Y (t) is the
solution of the initial value problem (1.5) then its interval of definition will be (tL, tR)
whenever:

• f(t) is continuous over (tL, tR),
• the initial time tI is in (tL, tR),
• f(t) is not defined at both t = tL and t = tR.

This is because the first two bullets along with the formula (1.7) imply that the interval
of definition will be at least (tL, tR), while the last two bullets along with Definition
1.1 of solution imply that the interval of definition can be no bigger than (tL, tR). This
argument works when tL = −∞ or tR =∞.

Example. Give the interval of definition for the solution of the initial-value problem

dx

dt
=

et

4− t2
, x(1) = 7 .
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Remark. There is no elementary primitive of f(t) = et/(4− t2), so we will not be able
to find explicit elementary solutions of this differential equation.

Solution. The f(t) = et/(4− t2) is not defined at t = −2 and t = 2, and is continuous
everywhere else. Therefore the interval of definition is (−2, 2) because: f(t) = et/(4−t2)
is continuous over this interval; the initial time is t = 1, which is in this interval;
f(t) = et/(4− t2) is not defined at t = −2 and t = 2.

Remark. We can express the solution of this initial-value problem as

x(t) = 7 +

∫ t

1

es

4− s2
ds .

Then this integral can be approximated numerically for any t in the interval of definition,
which we know to be (−2, 2).

Remark. The next example shows that the interval of definition can be different for
the solution of an initial-value problem with the same differential equation as in the
previous example but with a different initial time.

Example. Give the interval of definition for the solution of the initial-value problem

dx

dt
=

et

4− t2
, x(5) = 3 .

Solution. The interval of definition is (2,∞) because: f(t) = et/(4− t2) is continuous
over this interval; the initial time is t = 5, which is in this interval; f(t) = et/(4 − t2)
is not defined at t = 2.

Remark. We can express the solution of this initial-value problem as

x(t) = 3 +

∫ t

5

es

4− s2
ds .

Then this integral can be approximated numerically for any t in the interval of definition,
which we know to be (2,∞).

1.3. Overview of First-Order Equations. The foregoing review of first-order ex-
plicit equations touches on many elements that we can hope to extend to more general
first-order equations (1.1). Specifically, it touches on

• analytic methods for finding explicit solutions,
• theory that tells us when a solution exists and is unique,
• graphical methods to visualize solutions,
• numerical methods by which to approximate solutions.

In addition, there is the fact that first-order explicit equations have many applications.
For example, that are used to find the position of a moving object given its velocity,
or its velocity given its acceleration. The subsequent chapters will extend all of these
elements to broader classes of first-order equations.

We begin by studying analytic methods for two of the simplest types of first-order
equations: linear equations, which can be brought into the form

dy

dt
+ a(t)y = f(t) ;



8

and separable equations, which can be brought into the form

dy

dt
= f(t)g(y) .

In each case obtaining an analytic solution generally requires finding two primitives.
(We will first study special cases for which analytic solutions can be obtained by find-
ing just one primitive.) We will see that linear equations are simpler than separable
equations.

We then touch on a general theory for a broad class of first-order equations that
lays the groundwork for the graphical and numerical methods that we will study.

Next, we explore four graphical methods for visualizing solutions of first-order
equations. Two of these will require that an analytic solution be found first. The other
two can be applied without finding any analytic solution. One of these methods is so
general that it can be applied to the broad class of first-order equations covered by our
general theory.

We then use the foregoing analytical and graphical methods to solve problems that
arise in applications. The new ingredient here is learning how to recast problems
stated verbally as problems in differential equations.

Next, we introduce numerical methods for obtaining approximations to the values
of exact solutions. These methods can be applied when analytic methods fail. In fact,
they enable additional graphical methods to be applied when analytic methods fail.
Most of these methods are so general that they can be applied to the broad class of
first-order equations covered by our general theory.

We then cover some new analytic methods. First, we show how to obtain implicit
solutions to equations that can be recast as something called an exact differential form.
Once again, obtaining an analytic solution generally requires finding two primitives.
We then see how to hunt for an exact differential form by seeking a so-called integrating
factor. Finally, the last chapter identifies first-order equations with special forms that
allow them to be recast as a linear or separable equation after a substitution.
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