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1. Introduction. There are definite integrals that are either difficult or impossible to
evaluate analytically. In such cases we can approximate the value of the integral by so-
called numerical integration or quadrature methods. Most calculators and computers
have routines that use such methods to approximately evaluate

/abf(a;)da:

for any given integrand f and endpoints of integration a and b. The quadrature methods
they use are advanced versions of the methods studied in elementary calculus courses,

which we now review.

The quadrature methods studied in elementary calculus courses usually divide the
interval [a, b] into n uniform subintervals. The length Ax of each subinterval is given by

h—
Az = - ¢ (1.1a)
The k" subinterval is then [z}_1, z3] where
a=T9 <11 < < Tp_1<xp,=>,
with z; given by the formula
rp =a+ kAx. (1.1b)

Most basic quadrature methods associated with these subintervals are built from one
or more Riemann sums of the form

Z f(px) Az, where py is some point in [xx_1, Tk]. (1.2)
k=1

When f is positive such a sum approximates the area under the curve y = f(z) over the
k*h subinterval by the area of a rectangle of height f(ps). Given an interval [a,b] and a
number of subintervals n, we compute Az and the points zj using (1.1). Then a Riemann
sum in the form (1.2) for a given integrand f is determined by specifying a rule for choosing
the points py.



The quadrature methods studied in most elementary calculus courses include three

such Riemann sums.
e The so-called left-hand rule corresponds to the choice pp = xr_1, which is the

left-hand endpoint of the k' subinterval. When n uniform subintervals are used, we
denote it by QZ[f] and it is given by

n

QL1 =) flak) Az, (1.3)

k=1

e The so-called right-hand rule corresponds to the choice py = xj, which is the right-
hand endpoint of the k** subinterval. When n uniform subintervals are used, we
denote it by QF[f] and it is given by

n

QR[f1 = flzx) Az (1.4)

k=1

e The so-called midpoint rule corresponds to the choice py = Tp L = %(ajk_l + xg),
which is the midpoint of the k" subinterval. When n uniform subintervals are used,
we denote it by QM[f] and it is given by

Q1= flay_y) Ax. (1.5)
k=1
They also include two quadrature methods built from these Riemann sums.

e The trapezoidal rule is the average of the left-hand rule and the right-hand rule.
When n uniform subintervals are used, we denote it by QI [f] and it is given by

OTlf] = 1 Ff] + b ofy = Y S S g

2
k=1

e The Simpson rule is a weighted average of the left-hand rule, the right-hand rule,
and the midpoint rule. When n uniform subintervals are used, we denote it by Q3[f]
and it is given by

Q11 =§ Q1+ 3 QYA+ § QLS
s flen) +Af (e y) + fan) (1.7)

= 2 Az .
2 6
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2. Left-Hand and Right-Hand Rules. The left-hand rule is given by (1.3) and the
right-hand rule is given by (1.4). They are related by the identity

Qil[f] = Qrlfl = (f(b) — f(a)) Az, (2.1)
This identity should be evident both graphically and analytically.

The left-hand and right-hand rules are both clearly exact for constant functions. It is
also clear both graphically and analytically that if f is increasing over [a, b] then for every
x € [Tk-1,2k] we can bound f(z) below and above as

flap—1) < f(z) < flaw).

Upon integrating these bounds over [zj_1, x| we obtain the inequalities
Tk
flxp—1) Az < / f(x)dx < f(z) Ax.
Th—1

By summing the above inequalities over k = 1,--- ,n, we conclude that if f is increasing
over [a,b] then the left-hand rule gives an underestimate while the right-hand rule gives

an overestimate:

QL[f] < / f(x)dz < QF[f]. (2.22)

Similarly, if f is decreasing over [a, b] then the right-hand rule gives an underestimate while
the left-hand rule gives an overestimate:

Qs < [ fla)de < QLA (2:2b)

Hence, if f either is increasing over [a,b] or is decreasing over [a,b] then the right-hand
and left-hand rules are each accurate to within |Q%[f] — QL[f]|. However, by (2.1) we
know that

|QR[f] — QLIf)] = £ (b) — f(a)| Az.

Therefore, if f either is increasing over [a, b] or is decreasing over [a, b] then the error &, |f]
made by either the left-hand or right-hand rule satisfies

Ealf]] < 1(0) = fla)| A (2.3)

This upper bound for the size of the error can be made as small as we wish by picking n
large enough. It decreases no slower than 1/n as n increases.



It will be shown in Section 5.1 that if f is any continuously differentiable function
with f(a) # f(b) then as n — oo the leading order errors of Q%[f] and QF[f] are given by

EXfl=Qrf1 = | fla)de~—5(f(b) - fla)) Az,
@ (2.4)

EdLf=Qilfl = | fla)da~ 3 (£(b) - f(a)) Ax.

Notice that these errors have opposite signs, about equal magnitude, and decrease like 1/n
as n increases. Moreover, they are consistent with (2.3).

3. Midpoint and Trapezoidal Rules. The midpoint rule is given by (1.5) and the
trapezoidal rule is given by (1.6). The trapezoidal rule is the average of the left-hand and
right-hand rules given by

0, [f]= 3 (2ulfl + 241f]) - (3.1)
For this combination the leading order errors of Q%[f] and QF[f] given by (2.4) cancel.

Both the midpoint and trapezoidal rules can be thought of as approximating the area
under the curve over each subinterval by that of a trapezoid. In the case of the midpoint
rule one side of the trapezoid is given by the tangent line at the midpoint of the subinterval,
while in the case of the trapezoidal rule one side of the trapezoid is given by the secant line
associated with the endpoints of the subinterval. Therefore the midpoint and trapezoidal
rules are both exact for linear functions. This way of looking at these rules allows us to

derive bounds on their errors when f either is convex over [a, b] or is concave over [a, b].

It should be clear graphically that if f is convex over [a, b] then over each subinterval
[x_1,xk] the tangent line at the midpoint of the subinterval will lie below the graph of
f while the secant line associated with the endpoints of the subinterval will lie above the
graph of f. Expressed analytically, this states that for every x € [zx_1, 2] we can bound
f(x) below and above by

flap—a) + fapos) (@ —ap_1) < fla) < flapar) ————

Upon integrating these bounds over [zj_1, x| we obtain the inequalities

f(xe—1) + f(xr)
2

Az

Y

Tk
f(xk_%)AxS/ flx)dz <

Tp—1
where we have used the fact that xp — xr—1 = Az and the facts that

Tk Tk Tk
T — T T — Tp_1 Az
/ (a:—a:k_;)da:zo, / 76&13:/ ——drx = —.
x : en_ 1 Th — Th—1 ony Th — Th-1 2

k—1 k—1 k
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By summing the above inequalities over kK = 1,--- ,n, we conclude that if f is convex over
[a,b] then the midpoint rule gives an underestimate while the trapezoidal rule gives an

overestimate:

QM [f] < / f(x)dz < QT(f]. (3.20)

Similarly, if f is concave over [a, b] then the trapezoidal rule gives an underestimate while
the midpoint rule gives an overestimate:

oT(f] < / f(x)dz < QM[f]. (3.2D)

Therefore if f either is convex over [a,b] or is concave over [a,b] then both the midpoint
rule and the trapezoidal rule have errors no greater than |QZ[f] — QM [f]|.

Next we show that the midpoint rule is always better than the trapezoidal rule when
f either is convex over [a,b] or is concave over [a,b]. The starting point is the fact that
the midpoint and trapezoidal rules are related by

Qnlfl =3 Qulfl+3 Q'] (3.3)
If f is convex over [a, b] then (3.2a) and (3.3) imply
b
Q1)< [ fa)de < OF11)= Q1A + § QYA

It follows that if f is convex over [a, b] then

b b
0 s/ flx)de — Q) [f] < Al Oulf < QJf] —/ fx)dz. (3.4a)
a 2 a
Similarly, if f is concave over [a, b] then
0< OM[f] - /bf(:c) dr < 2 [/] 2_ 01/ < /b f(z)dz — QT [f]. (3.4b)

Therefore, if f either is convex over [a, b] or is concave over [a, b] then the midpoint rule is
better than the trapezoidal rule. This should also be evident graphically.

Remark. We see from (3.4) that if f either is convex over [a,b] or is concave over [a, b]
then the midpoint rule error is not greater than 1|QZ[f] — QM [f]|, which improves upon
our previous bound by a factor of 3. In contrast, we see from (3.4) that the trapezoidal
rule error is not smaller than 3|QF[f] — QM [f]|.



Recall that when f either is increasing over [a, b] or is decreasing over [a, b] the size of
the error made by either the left-hand or right-hand rule satisfies the upper bound given
by (2.3). Similarly, there is an upper bound for the size of the error made by the midpoint
and trapezoidal rules when f either is convex over [a, b] or is concave over [a,b]. Because
we have already shown that the midpoint rule is better than the trapezoidal rule in those
cases, all that remains is to find an upper bound for the size of the error made by the

trapezoidal rule.

We have seen from (3.2a) that when f is convex over [a, b] the trapezoidal rule gives an
overestimate for the integral over [a, b]. We now obtain an underestimate for the integral by
replacing f with its tangent line approximation at xj over each subinterval [z;_ 15Tyl ].
More specifically, for every x € [a, 1] we bound f(x) below by

fla)+ f'(a)(x —a) < f(z), (3.5a)
for every k=1,--- ,n— 1 and every = € [xk_%,xk+%] we bound f(z) below by
fae) + f'(ze) (@ —2i) < f(2), (3.5b)

and for every x € [z,

_1,b] we bound f(z) below by

fb) + f(b)(x = b) < f(z). (3.5¢)

Upon integrating bound (3.5a) for f(x) over [a,z %], we obtain the inequality

Az

fa)5

< /9«“% f(x)dz, (3.6a)

where we have used the facts that

T3] 2
n-a=5, [Te-gw=5E

Upon integrating bound (3.5b) for f(z) over [z} _1, 2y, 1], for every bk =1,---,n—1 we
obtain the inequality

fades [ faar, (3.6D)

T, 1
k=3

where we have used the facts that

Tppr —Tp_y = Az, / (r —x)dr=0.

1
k—3



Upon integrating bound (3.5¢) for f(x) over [x,,_1,b], we obtain the inequality

n—

Az Ax)? b
o5 -ro St < [0 jwa, (3.60)
where we have used the facts that
b 2
b_x”—iz%, /ml(:c—b)da::_(ASx)

Remark. The fact that f is convex over [a,b] implies that f’ is increasing over [a, b],
whereby f'(b) > f’(a) with equality if and only if f is linear over [a, b].

By summing the inequalities (3.6), we see that if f is convex over [a, b] then its integral
over [a, b] is underestimated by

T 1 (g ! 2 b
QT[f] - L (f/(b) - f'(a)) (A)? < / f(x)da.

By combining this underestimate with the fact from (3.2a) that QL[f] is an overestimate,
we conclude that if f is convex over [a, b] then

0<QT[f] - / f(@)do < L (F(0) = (a)) (A)?. (3.72)

Similarly, if f is concave over [a, b] then
b
0< [ f@)ds- QA < -1 (F0) - F(@) (B0, (3.7b)

It follows from (3.4) and (3.7) that if f either is convex over [a,b] or is concave over
[a,b] then the errors £M[f] and £X[f] made by the midpoint and trapezoidal rules satisfy

& A < & LAl < 5 1F/(B) = f/(@)] (Aw)?. (3.8)

This upper bound for the size of the error can be made as small as we wish by picking n

2

large enough. It decreases no slower than n=“ as n increases. This is a much better rate

of convergence than that given by (2.3) for the left-hand and right-hand rules.



It will be shown in Sections 5.2 and 5.3 that if f is any twice continuously differentiable
function with f’(a) # f/(b) then as n — oo the leading order errors of QM [f] and QZ[f]
are given by

EM[f] / f(@)dz ~ — 3 (') — f'(a) (Ax)? (3.92)

£T(f / f@)dz~ L (') - f'(a)) (Az)?. (3.9b)

Notice that the midpoint rule error is about half the size of the trapezoidal rule error.

Moreover, they have opposite signs, decrease like n =2

with (3.8).

as n increases, and are consistent

4. Simpson Rule. The Simpson rule is given by (1.7). It is the weighted average of the
midpoint and trapezoidal rules given by

Qnlfl1 =3 Q' 1f1+ 5 Qulf]. (4.1)
For this combination the leading order errors of QM [f] and QT [f] given by (3.9) cancel.

Remark. Because it follows from (3.3) that
Q' [f]1 =293, [f] - Q4 1],
another way to think of the Simpson rule (4.1) is
Qu[f1=15Qm — 59 (4.2)

This is the way it will arise in the context of Romberg quadrature methods, which we will
study later.

Because both the midpoint rule and the trapezoidal rule are exact for linear functions,
it follows from (4.1) that the Simpson rule also is exact for linear functions. We now show
that the Simpson rule is exact for cubic functions. To do this we must check that its error
vanishes when f is a cubic function. We see from (1.8) that its error is given by

es1f] = / f(z) da

(251 +4f<gsk——>+f a3 [ feyde

k=1"Y%k—-1

Z
i [fm_o A (@ey) 4 Soe) / @) dw] |

k=1 6
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For every k the quantity inside the square brackets is the error of the Simpson rule for the
subinterval [xg_1,2k]|. It is enough to show that for every k this quantity vanishes when f
is a cubic function. Because every cubic function can be expressed as

fl@)=co+ei(r—z4_y) +cz(a:—:ck_%)2—|—c3(a:—g;k_%)3,

and because we already know that it vanishes for linear functions, we only have to check
that it vanishes for

f(a:):(x—a:k_%)Q and f(a:):(a:—a:k_%)?).
For f(z) = (z — xk_%)z we have

flap—1) +4f(xp_y) + flar) A (zr-1 — l’k_%)z +4-0%+ (z — :L'k_%)Q

5 x = 5 Az
—1Az)? + (1A2)? 1
:( 2 )6 (2 ) AQZZﬂ(AQZ)S,
and

/k f(x)dx = ) (x—a:k_;)zdle(zc—xk_;)?) "

Tr—1 Tp—1 2 3 2 Tr—1
C(mmey) - @ mmey)” (BAe) - (—dae)’ 1
N 3 N 3 =51 (80

Because these are equal, the Simpson rule is exact for quadratic functions.
For f(z) = (z — xk_%)?) we can use the fact that f(z) has odd symmetry about z;,_1

f(enor) + 4f () + flan)
6

to conclude that

z=20,

and that

" f(z)dx=0.

Th—1

Because these are equal, the Simpson rule is exact for cubic functions.

It will be shown in Section 5.4 that if f is any four times continuously differentiable
function with f”/(a) # f"'(b) then as n — oo the leading order error of Q2 is given by

&A= QA - [ F@)de ~ gy (£70) ~ () (B, (1.3

Notice that the error of the Simpson rule decreases like n=* as n increases.
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5. Errors of Quadrature Methods. The error bounds given so far have required the
integrand f to be either monotonic, convex, or concave over [a, b]. We now give expressions
for the errors of these quadrature methods that allow error bounds to be derived for more
general integrands. We will assume that f has as many continuous derivatives over [a, b]

as 1s needed for the calculations to make sense.

The first step is to find expressions for the error of each method for the case of only
one subinterval (n = 1). These will just be summed to obtain expressions for the error
when n > 1. The error for any Riemann sum with one term is

b b
alfl=1o)0-a - [ f@rde= [ 1#) - f@)ds. (5.1)
By the First Fundamental Theorem of Calculus

o) - 1) = | " rw)dy.

This allows (5.1) to be expressed as

El[f]:/ab/:f/(y)dyda::/ap/:f'(y)dydx_/pb/:f/(y)dydx
:/ap/ayf’(y)d:cdy—/pb/ybf’(y)dxdy (5.2)

:/ (y—a)f’(y)dy—/ b—y)f'(y)dy.

5.1. Left-Hand and Right-Hand Rules. By setting p = a in (5.2) we see that the
error for the left-hand rule is

EFf) = / (b—)f (v) dy. (5.3a)

By setting p = b in (5.2) we see that the error for the right-hand rule is

e = [ - arwdy. (5.3b)

All good estimates on the error of the left-hand and right-hand rules follow from (5.3a)
and (5.3b) respectively. We will present several such estimates below. They are simpler
versions of the analogous estimates for the other quadrature rules.
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If [a, b] is divided into n uniform subintervals [z _1, ] as given by (1.1) then it follows
from (5.3) that the errors of the left-hand and right-hand rules are

etn--y [ " (en— ) ) dy. (5.4a)

k=1"Y%k—-1

ERf] = Z/ y—zr_1)f (y)dy. (5.4b)

If | f'(y)| < M over [a,b] then because

/;k1<x’“ —y)dy = /:k (v —zp)dy = L=

2
k— k—1 2n

we can obtain from (5.4) the bounds

EE1f]] < M. (5.5)

Alternatively, because

b—a
max{(xk —y) Y€ [ask_l,a:k]} = max{(y —Tp—1) Y E [ask_l,a:k]} ==
we can also obtain from (5.4) the bounds
L R b /
€S Yldy, || < y)ldy. (5.6)

Both (5.5) and (5.6) show that these errors vanish at least as fast as n=! as n — oo. Which
bound is better depends upon f.

The bounds (5.6) reduce to the bound (2.3) that was derived earlier for the case when
f is monotonic over [a, b] because in that case

/ F )l dy=1£0) - f(a)].

Because the factors (y — xx_1) and (xx — y) that appear inside the integrals in (5.4) are
nonnegative, when f is monotonic over [a,b] we can read off the sign of the errors given
by (5.4). In particular, we recover the bounds (2.2).
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Because the factors (y — zx—1) and (xp — y) that appear inside the integrals in (5.4)

are nonnegative, the Integral Mean-Value Theorem can be applied to conclude that

Tk b—a)?
/ (xx —y)f'(y)dy = %f’(y;f) for some yj € [z_1, 2],

Tk b—a)?
[ w-nenrwar ="l forsome f € s,

When these relations are placed into (5.4) it becomes

—a
—— for some yk € [Tp—1, Tk,

SL

EXIS) = Q‘na Zf’(y;?)
k=1

for some yi € [zx_1,2k] -

Because the Intermediate-Value Theorem applied to f’ yields
1 - r(, L r(, L L
ST PWE) = Fyh) forsome yt € [ab],
k:i
1 n
S SWh = £ for some y" € [a,],
k:i

we see from (5.7) that

(b—a)?

EL 1= - ™ f'(y") for some y* € [a,b],
el = U o) for some y® € [a. .

These forms for the errors are often given in textbooks. We can derive (5.5) from
but we cannot derive (5.6) from them.

(5.7a)

(5.7b)

(5.8a)

(5.8b)

them,
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Finally, because of the convergence of the Riemann sums

n b—a b
i S rE T = [ W= 10) - fo),
k=1 “

T S = [ @y =10 - fa).

we see from (5.7) that if f(b) # f(a) then

(f(b) = f(a)) as n — 00, (5.9a)

(f(b) — f(a)) as m — 00. (5.9b)

These are the asymptotic convergence results that were asserted in (2.4). They show that
the errors vanish like 1/n as n — oo when f(a) # f(b), and vanish faster when f(a) = f(b).

Remark. It suffices to assume that f is continuously differentiable over [a, b] to justify all
the estimates above.

5.2. Midpoint Rule. The midpoint of [a,b] is ¢ = %(a +b). By setting p = ¢ in (5.2)
and integrating by parts we see that the error for the midpoint rule is

c b
M[f] = / (v — a)f'(y) dy — / (b—)f'(y) dy

=1y—a)f(y)

i - dy

i (5.10)

b
+30b—y)?f'(y)| - %/ (b—y)2f"(y) dy

c b
:_%/ (y—a)2f”(y)dy—%/ (b—y)*f"(y) dy.

Remark. Notice that the endpoint contributions from the integration by parts cancel.
This canellation happened because we set p = ¢ in (5.2). It does not generally happen for
any other value of p. This distinguishes the midpoint rule from all other Riemann sums.
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If [a, b] is divided into n uniform subintervals [z;_1, x| as given by (1.1), each with
midpoint z;,_ 1 then it follows from (5.10) that the error of the midpoint rule is

& f1 =~ %Z/ Y- o) () dy — Z/ (=) f"(y)dy.  (5.11)

k=1 %r—1 k-1

(b—a)®

mk_% 2 Tl 2
[ et i = [ e an = S

we can obtain from (5.11) the bound

€ [f]] < % (5.12)
Alternatively, because
mac{ (g~ 21-1)? © 3 € [on s3]} = max{(ox— )y € oy} = 2
n
we can also obtain from (5.11) the bound
M1 f] "(y)| dy . (5.13)

Both (5.12) and (5.13) show that the error vanishes at least as fast as n™2 as n — oo.
Which bound is better depends upon f.

Bound (5.13) reduces to the bound on £M[f] in (3.8) that was derived earlier for the
case when f is either convex or concave over [a, b] because in that case

b
/ @) dy = 1£(5) — £(a)].

Because the factors (y — zx_1)? and (2 — y)? that appear inside the integrals in (5.11)
are nonnegative, when f is either convex or concave over [a,b] we can read off the sign of
the error given by (5.11). In particular, we recover the bounds on £M[f] given in (3.2).

Because the factors (y —zx_1)? and (71, —y)? that appear inside the integrals in (5.11)
are nonnegative, the Integral Mean-Value Theorem can be applied to conclude that

mkf% 2 el (b_a)3 "o — -
(=) f ) dy = 5= f(yy)  for some y; € [wp—1,25_4],
Tk—1
" (zr — )2 f" (y) dy = (b_a)Sf”( F) for some yf € [2_ 1, xk]
’ k=Y Y)Yy =573 Yp Yk k—1sTk] -



15

When these relations are placed into (5.11) it becomes

(b—a)® <~ f" () + " (i)
24 n3 2

ENf] = - for some y;, yi € [zr—1,21] - (5.14)

Because the Intermediate-Value Theorem applied to f” yields

Zn: H(yk_)—i_f”(y}j) :f//(yM>

for some y* € [a,b],
2n

k=1
we see from (5.14) that
Mgl _ (b—a)’

This form for the error is often given in textbooks. We can derive (5.12) from it, but we

1 (y™) for some y™ € [a,b]. (5.15)

cannot derive (5.13) from it.

Finally, because of the convergence of the Riemann sums

nooppy — me,+ —a b
nh_{IOIOZ (yk)+f (yk) bn :/a f”(y)dyzf’(b)—f/(a),

2
k=1
we see from (5.14) that if f'(b) # f’(a) then
e~ =L () - @) asn oo, (5.16)

This is the asymptotic convergence result that was asserted in (3.9a). It shows that
the error vanishes like n=2 as n — oo when f’(a) # f’(b), and vanishes faster when

f'(a) = f'(b).
Remark. It suffices to assume that f is twice continuously differentiable over [a,b] to
justify all the estimates above.

5.3. Trapezoidal Rule. The trapezoidal rule is defined in terms of the left-hand and
right-hand rules by (3.1). Because the errors of the left-hand and right-hand rules are
given by (5.3), the error of the trapezoidal rule is

EL ] = &1/ + 3EC1]
b

b
— 1 [o-wrwa [6-arwa

a

b /
:_%/a ((y—a)b—y)) f(y)dy (5.20)

b b
=—2(ly—a)b— y))f’(ywa +3 / (y—a)(b—y)f"(y)dy

N[

b
/ (y—a)(b—y)f"(y)dy.
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Remark. Expression (5.20) is the starting point for the derivation of the Euler-Maclaurin
formula, which lies at the heart of the Romberg quadrature methods we will study later.

If [a, b] is divided into n uniform subintervals [z _1, ] as given by (1.1) then it follows
from (5.20) that the error of the trapezoidal rule is

Ealfl=3 Z/ y — zp—1)(zK — ) " (y) dy.- (5.21)

If | f"(y)] < M over [a,b] then because

Tk —a 3
/ (Y — 1) (2 —y)dy = G ) )

3
- 6n

we can obtain from (5.21) the bound

EX L)) < % (5.22)
Alternatively, because
max{(y — xx—1)(Tk —y) : Yy € [Th—1, 4]} = <b4_ng)2 ;
we can also obtain from (5.21) the bound
&8 1f] "(y)| dy . (5.23)

Both (5.22) and (5.23) show that the error vanishes at least as fast as n=2 as n — oo.
Which bound is better depends upon f.

Bound (5.23) reduces to the bound on EI'[f] in (3.8) that was derived earlier for the
case when f is either convex over [a, b] or concave over [a, b] because in that case

[ 157 wldy =170 - 7).

Because the factor (y — xx_1)(xx — y) that appears inside the integral in (5.21) is nonneg-
ative, when f is either convex or concave over [a,b] we can read off the sign of the error
given by (5.21). In particular, we recover the bounds on QI[f] given in (3.2).
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Because the factor (y — xx_1)(xx — y) that appears inside the integral in (5.21) is
nonnegative, the Integral Mean-Value Theorem can be applied to conclude that

o " (b — a)g "
/ (y — xp—1) (@i —y) f" (y) dy = Tond J" (i) for some yy, € [zp—1, 7] -

When this relation is placed into (5.21) it becomes

(b—
12

3 n
Ealf] = 53) > f(yk)  for some yy € [wx_1, zk]. (5.24)
k=1

Because the Intermediate-Value Theorem applied to f” yields
1 - " e, T T
ﬁZf(yk):f(y ) for some y* € [a,b],
k=1

we see from (5.24) that

(b—a)’
1272

EXlf] = ' (y") for some y” € [a,b]. (5.25)

This form for the error is often given in textbooks. We can derive (5.22) from it, but we
cannot derive (5.23) from it.

Finally, because of the convergence of the Riemann sum

b—a_

. 124
lim kzlf (wx) —

we see from (5.24) that if f'(b) # f’(a) then

(b—a)

EXlf ~

(f'(b) = f'(a)) as n — 00, (5.26)

This is the asymptotic convergence result that was asserted in (3.9b). It shows that
the error vanishes like n=2 as n — oo when f’(a) # f’(b), and vanishes faster when

f'(a) = f'(b).

Remark. It suffices to assume that f is twice continuously differentiable over [a,b] to
justify all the estimates above.
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5.4. Simpson Rule. The Simpson rule is defined in terms of the midpoint and trapezoidal

rules by (4.1). Because the errors of the midpoint and trapezoidal rules are given by (5.10)

and (5.20) respectively, after expressing the error as two integrals, some algebra in the

integrands, and two integrations by parts for each integral, we see that the error of the

Simpson rule is

EFLf1 = 3EM 11+ 3&T 1]

c b
:_%/ (y—a)zf”(y)dy——/ (b—y)?f" (y) dy

w5 [ w=ao-nw i

3 [ (o009 200 P )

b
+ [ (- a1~ 20-97) @y

_ %/ac 2y —a)(c—y) — (y—a)®) f"(y) dy (5.30)

b
+1 / 2y — )b —y) — (b)) 1" (y) dy

=1 /ac(y —a)*(c—y) " (y) dy

b
— %/ (y—c)b—y)*f"(y)dy

C

=5 | [W—aPc—y +

b

(y—a)*] fP(y)dy

+ | [w=ob-y)>+ 10—y Yy dy

C

In what follows we will make use of the facts that
0<(y—a)Plc—y +ily—a)* <
0<(y—c)b—y)’+10b-y)*<ib-0)*
and that

y—c)(b—y)? -l-%(b—y)ﬂd

/b
[

—y)+ 2y —a)]dy =

L(b—a)? over |a,c|,
614( )4 . (5.31)
s1(b—a) over [c,b],
T(c—a)’ = g5(b—a)®,
(5.32)

(b—c) :3—;0(b—a)5.
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If [a, b] is divided into n uniform subintervals [z _1, ] as given by (1.1) then it follows
from (5.30) that the error of the Simpson rule is

n mk—%
ENf) = 15 Z/ (v — 1) (@41 =) — 1(y — 2-0)*] FP () dy
R (5.33)
S5 [T (= + - ) dy
k=1"%k-1
If |f(y)| < M over [a,b] then because by (5.32)
Trg 3 1 4 _(b—a)
/3%_1 [(y — Tk-1) (xk—— —y) - —(?J — Tp-1) } dy = 39070
Tk (b—a)®
/%_l [y — @) (@n = )" + Gan —9)* ] dy = “oo—5,
we can obtain from (5.33) the bound
s (b—a)®
2171 < g (5.34)
Alternatively, because by (5.31)
3 1 4 (b—a)*
maX{(y — Tk—1) (mk—% —y)— 7y —mp1)" 1y E [xk—hxk—%]} T T ednd
3,1 4 (b—a)*
max{(y - xk—%)(@"k —y)’+ 4z —y) Y€ [xk—%,xk]} = Tdnt
we can also obtain from (5.33) the bound
b—a)t [°
el < S22 [ 1r0wlay. (5.3

Both (5.34) and (5.35) show that the error vanishes at least as fast as n=% as n — oo.
Which bound is better depends upon f.

When f” is monotonic over [a, b] then

[ 150wl =10 - @),

in which case (5.35) can be recast as

RIS 1b152n)4 [17(0) = £ ()] (5.36)
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Because the factors inside the square brackets of the integrands in (5.33) are nonnegative,
when f”” is monotonic over [a, b] we can read off the sign of the error given by (5.33).

Because the factors that appear inside the square brackets of the integrands in (5.33)
are nonnegative, the Integral Mean-Value Theorem can be applied to conclude that

/Ik% [(y - Sllk—1)3(£€k—% —y) — %(y - xk—1)4}f(4)<y) dy

k—1
_(b—a)
576075

[ = =0 + 3o - )]0 dy

k—

L fW(y)  for some y, € [Tk—1, 7 1],

[N

_(b—a)
576075
When these relations are placed into (5.33) it becomes

(b—a)® = fYp) + Py
2880 15 2

f(4)( AD for some y,;F S [wk_%,SCk: .

Exlf) =

for some yk_,y;r € [xp—1, Tk - (5.37)

Because the Intermediate-Value Theorem applied to f®* yields

zn: f(4)<yk_) + f(4)(ylj) — f//(ys>

f 5 € la,b],
5 or some y° € [a,b]

we see from (5.35) that

&1 = (2b880 >4

This form for the error is equivalent to one often given in textbooks. We can derive (5.34)

F® (%) for some 3° € [a, b]. (5.38)

from it, but we cannot derive (5.35) from it.

Finally, because of the convergence of the Riemann sums

(4) (4) N b
nlilf}oz it Y 2 Tt n - :/a FO ) dy = f"(b) — f"(a),

k=1
we see from (5.37) that if f"/(b) # f”'(a) then
4
ESU ~ — o D ()~ (@) s oo, (5.39)

This is the asymptotic convergence result that was asserted in (4.3). It shows that the error
vanishes like n=% as n — oo when f”/(a) # f(b), and vanishes faster when f’(a) = f"'(b).

Remark. It suffices to assume that f is four times continuously differentiable over [a, b]
to justify all the estimates above.



