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(1) [6] Consider the first-order planar system

u′ = (4 − v)u , v′ = (u− 3)v .

(a) [2] Find all of its stationary solutions.
(b) [4] Find all of its semistationary solutions.

Solution (a). The stationary solutions of the system satisfy

0 = (4 − v)u , 0 = (u− 3)v .

The first equation implies that u = 0 or v = 4.
• If u = 0 then the second equation becomes 0 = −3v, which implies v = 0.
• If v = 4 then the second equation becomes 0 = (u− 3)4, which implies u = 3.

Therefore the stationary solutions for this system are

(u, v) = (0, 0) , (u, v) = (3, 4) .

Solution (b). We see from the equation u′ = (4− v)u that there are semistationary
solutions corresponding to u = 0. In that case the equation v′ = (u− 3)v reduces to
v′ = −3v, which has the general solution v(t) = ce−3t. Therefore the system has the
semistationary solutions

(u, v) = (0, ce−3t) .

In addition, we see from the equation v′ = (u− 3)v that there are semistationary
solutions corresponding to v = 0. In that case the equation u′ = (4 − v)u reduces
to u′ = 4u, which has the general solution u(t) = ce4t. Therefore the system has the
semistationary solutions

(u, v) = (ce4t, 0) .

�

Questions for Discussion on Problem 1

− Plot the stationary points in the uv-plane.

− Plot the orbits of the semistationary solutions in the uv-plane.

− Determine if the system is conservative. (You do not have to find an integral.)

− Let f(u, v) =

(
(4 − v)u
(u− 3)v

)
. Compute the Jacobian matrix ∂f(u, v).

− Evaluate the Jacobian matrix ∂f(u, v) at each stationary point.

− Classify the type and stability of each stationary point.

− Sketch the phase-plane portrait of the system near each stationary point.
Carefully mark all sketched orbits with arrows!
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(2) [4] Consider the first-order planar system

x′ = 2x− y , y′ = −2y + x2 .

Find a nonconstant function H(x, y) such that every orbit of this system satisfies
H(x, y) = c for some constant c.

Solution. The system is Hamiltonian because

∂x(2x− y) + ∂y(−2y + x2) = 2 + (−2) = 0 .

Therefore there exists H(x, y) such that

∂yH(x, y) = 2x− y , −∂xH(x, y) = −2y + x2 .

By integrating the first equation we find that H(x, y) = 2xy − 1
2
y2 + h(x). Upon

substituting this into the second equation we see that −2y−h′(x) = −2y+x2, whereby
h′(x) = −x2. Therefore we can set h(x) = −1

3
x3, whereby H(x, y) = 2xy− 1

2
y2− 1

3
x3.

Questions for Discussion on Problem 2

− This system has two stationary points. Find them and plot them in the xy-plane.

− If this system has any semistationary solutions, plot their orbits in the xy-plane.

− Let f(x, y) =

(
2x− y

−2y + x2

)
. Compute the Jacobian matrix ∂f(x, y).

− Evaluate the Jacobian matrix ∂f(x, y) at each stationary point.

− Classify the type and stability of each stationary point.

− Sketch the phase-plane portrait of the system near each stationary point.
Carefully mark all sketched orbits with arrows!

− Evaluate the Hessian matrix ∂2H(x, y) at each stationary point. Show that this
leads to the same classification of the type and stability of each stationary point.

− Plot the level set H(x, y) = c for each value of c that corresponds to a stationary
point that is a saddle. Carefully mark all sketched orbits with arrows!


