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1 Introduction

We are interested in studying the Cauchy problem for the incompressible 2D Navier-Stokes Equations
(NSE), a vector valued PDE written as

∂tu+ (u · ∇)u = ∆u−∇p, (1.1)

∇ · u = 0, (1.2)

u(0) = u0, (1.3)

where u(t, x) : [0,∞)×R2 → R2 is thought of as the velocity field of some fluid and p(t, x) : [0,∞)×R2 → R
as the scalar pressure.

However, it is more convenient to study the associated evolution equation for the vorticity ω = ∇× u =
∂xu2 − ∂yu1, which satisfies

∂tω + u · ∇ω = ∆ω (1.4)

∇ · ω = 0, (1.5)

(1.6)

where u may be reconstructed from ω via the Biot-Savart law

u(x, t) = −∆−1∇× ω =
1

2π

∫
R2

(x− y)⊥

|x− y|2
ω(y, t) dy.

Note, in 2D, the curl is a scalar quantity, and the equation for the vorticity is quite simple. In fact, it looks
almost like a linear transport equation. It is crucial to notice that the equation for the vorticity is still
nonlinear: the nonlinearity comes from the fact that the velocity field u transporting ω depends on ω via
the Biot-Savart law above.

We will be interested in studying the Cauchy problem in the above form. It is well-known that 1.4 is
globally well-posed for data in L1, the critical Lp space for the vorticity in fact, this is the standard proof
for well-posedness of (1.1) on L2). We are concerned with extending the well-posedness to finite measures µ
on R2.

Recall that M =M(R2) = {finite (signed) Borel measures onR2} forms a Banach space with the total
variation norm

‖µ‖M = sup
ϕ∈C0(R2)

∫
R2

ϕ dµ.

Moreover viewing M as the dual of C0(R2), the set of continuous real-valued functions on R2 vanishing at
infinity, we obtain a weak-∗ topology on M characterized as

µn⇀µ if and only if

∫
R2

ϕ dµn →
∫
R2

ϕ dµ for each ϕ ∈ C0(R2).
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In particular, we want to sketch a proof of the following theorem:

Theorem 1.1. Let µ be a finite measure on R2. Then, there exists a unique ω ∈ C((0,∞);L1 ∩ L∞)
satisfying (1.4) in the mild sense, that is, for each t > 0,

ω(t) = et∆µ−
∫ t

0

e(t−s)∆[u · ∇ω](s) ds,

obtaining the initial data in the sense that

ω(t)⇀µ as t→ 0,

and satisfying the mild a priori estimate

‖ω(t)‖L1 ≤ ‖µ‖M.

The existence portion of the claim is significantly easier to show and goes back to [2] and [4], so we will
focus here on showing uniqueness.

This is an important extension since experimentally one sees that vorticity tends to concentrate on
surfaces of dimension n− 2, in 2D, surfaces of dimension 0, i.e. points. Therefore, one wants well-posedness
for measures of the form

∑
xi
aiδxi , and, even better, asymptotic estimates for solutions, if possible. In

particular, this says something about how the vorticity evolves forward from this sort of (physical) singular
state.

2 Preliminary Results

I have already mentioned existence of solutions to (1.4), and along that line, well-posedness for “small”
initial data µ was shown by [4], where µ is small in the sense that the atomic part of µ is sufficiently small in
the total variation norm. Moreover, it is known that a single Dirac mass (of any size) gives rise to a unique
solution of (1.4) satisfying the desired properties [3]. Therefore, it makes sense to decompose the initial data
into N + 1 pieces, each of which gives rise to a unique solution, namely N Dirac masses and a background
piece of small atomic part, and try to control interactions between their evolutions.

2.1 Advection-Diffusion Equations

Here we consider linear equations of the form

∂tω + U · ∇ω = ∆ω, (2.1)

with two competing terms, transport of ω by some FIXED coefficients U and diffusion of ω. It is known [1]
that provided U ∈ C((0, T );L∞) and Ω = ∇× U ∈ C((0, T );L1), satisfy

‖U(t)‖L∞ ≤ K

t1/2
and ‖Ω(t)‖L1 ≤ K,

one may associate to U a fundamental solution, ΓU (x, t; y, s), satisfying the following properties:

Fundamental
Solution

Any solution ω to (2.1) with initial data µ ∈M satisfies

ω(x, t) =

∫
R2

ΓU (x, t; y, 0) dµ(y). (2.2)

This representation of the solution ω will be very convenient for decomposing our solution.
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Gaussian
Upper Bound

For each β ∈ (0, 1), there is a constant C such that

0 < ΓU (x, t; y, s) ≤ C

t− s
exp

(
−β |x− y|

2

4(t− s)

)
. (2.3)

Normalization The function ΓU (x, t; y, s) satisfies the normalization∫
R2

ΓU (x, t; y, s) =

∫
R2

ΓU (x, t; y, s) = 1 (2.4)

2.2 Self-Similar Variables

Given the heat equation on R2, it is quite natural to look at “self-similar” variables. Namely, if ω(t, x) is
a solution to

∂tω = ∆ω,

we define

ω(x, t) =
1

t
w

(
x√
t
, log(t)

)
so that

∂τw(ξ, τ) = ∆ξw(ξ, τ) +
1

2
ξ · ∇w(ξ, τ) + w(ξ, τ) = Lw.

The operator L is a Fokker-Plank operator which generates a C0-semigroup via the explicit formula

exp(τ L)f(ξ) =
eτ

4πa(τ)

∫
R2

exp

(
|ξ − ξ′|
4πa(τ)

)
f(ξ) dξ′, (2.5)

where a(τ) = 1 − e−τ , which is given by a simple calculation using the fundamental solution to the heat
equation.

We will be interested in studying L on the weighted Lebesgue spaces Lq(m) = Lq(R2, b(x)mdx), where m
is a real number greater than 0 and b(x) = (1 + |x|2)1/2. Of special interest are the spaces L2(m) for m > 1,
as L2(m) embeds continuously into L1. In this case, we insure we can take averages and define L2

0(m) as the
closed subspace,

L2
0(m) = {f ∈ L2(m) |

∫
R2

f = 0}.

The functions b(x) = (1 + |x|2)1/2 and a(τ) = 1− e−τ will be frequently used in the remainder of the talk,
so it will be useful to fix their definitions here.

We note that L defines a C0 semigroup on Lq(m) for m > 1 and 1 ≤ q ≤ 2 satisfying the following
estimates:

‖ exp(τ L)f‖L2(m) ≤
Cq,m

a(τ)
1
2−

1
q

‖f‖Lq(m) (2.6)

and

‖∇ exp(τ L)f‖L2(m) ≤
Cq,m

a(τ)
1
q

‖f‖Lq(m). (2.7)

These estimates are readily provable using the explicit representation (2.5) for exp(τ L). Moreover, the
semigroup satisfies the following useful commutation relation with spatial derivatives:

∇ exp(τ L) = exp(τ/2) exp(τ L)∇ (2.8)
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2.3 Estimates on Biot-Savart Law

As mentioned above, if ω satisfies the vorticity equation (1.4), then we may recover the divergence-free
velocity u via the Biot-Savart law −∆−1∇× ω, which is given in terms of the integral operator,

u(x, t) =
1

2π

∫
R2

(x− y)⊥

|x− y|2
ω(y, t) dy.

Therefore, using Hardy-Littlewood-Sobolev, we easily obtain the bound

‖u(t)‖Lp ≤ Cp,q‖ω(t)‖Lq (2.9)

where p and q are related via 1
q = 1

2 −
1
p and 1 < p < 2.

Similarly, we may apply Calderon-Zygmund to the derivative of the Biot-Savart law to obtain

‖∇u(t)‖Lq ≤ Cq‖ω(t)‖Lq (2.10)

3 Decomposition and Sketch of Proof

We now outline a proof of our main theorem. Fix µ ∈M arbitrary initial data for (1.4). Then, since we
know that the Cauchy problem has a unique solution if µ = αδx or if the atomic part of µ is small enough,
it seems reasonable to decompose our initial data as

µ = µ0 +

N∑
i=1

αiδzi . (3.1)

In particular, for ε > 0 to be determined in the course of the proof, we pick µ, zi such that the atomic part
of µ0 is small in the sense that

‖µ0‖pp =
∑

{x | µ0({x})6=0}

µ0({x}) < ε.

Now, using (2.2), we see that this induces a decomposition of the evolution of µ into N + 1 contributions:

ω(t) =

∫
R2

Γu(x, t; y, 0) dµ =

∫
R2

Γu(x, t; y, 0)µ dµ0 +

N∑
i=1

αi

∫
R2

Γu(x, t; y, 0) dδxi = ω̃0 +

N∑
i=1

ωi.

By definition of Γu as a fundamental solution, the evolutions ωi satisfy the advection-diffusion equation

∂tωi + u · ∇ωi = ∆ωi. (3.2)

Also, it is clear from the normalization of Γu and Γu ≥ 0, that∫
R2

ωi(t) = αi ‖ωi(t)‖L1 = |αi| (3.3)

Moreover, using the Gaussian upper bound for Γu, we obtain similar bounds for ωi, which show that
ωi(t)⇀αiδzi for 1 ≤ i ≤ N . This strongly corresponds to our intuition that ωi is essentially the evolu-
tion of αiδzi , which gives rise to a vortex of circulation number |αi|.

Similar statements hold for ω̃0, which also satisfies

∂tω̃0 + u · ∇ω̃0 = ∆ω̃0, (3.4)

obtains the initial data µ0 in the sense that ω̃0⇀µ0. we don’t obtain a conservation of the L1 norm, but
rather the bound

‖ω(t)‖L1 ≤ ‖µ0‖M ≤ ‖µ‖M. (3.5)
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Note, we cannot apply the previous results directly to these N + 1 equations to claim each piece has
a unique solution and be done! Importantly, the u in the above equations does not correspond to ωi via
the Biot-Savart law, but rather to the sum ω̃0 +

∑
i ωi via the Biot-Savart law. This nonlinear interaction

couples the above equations and prevents us from immediately concluding uniqueness to each individual
problem. However, this motivates our approach to show that the above system decouples asymptotically in
some strong sense as time goes down to 0. To this end, we decompose further:

As we have previously mentioned, the Cauchy problem with initial vorticity αiδzi is well-posed. In
particular, if we define the functions

G(ξ) =
1

4π
e−|ξ|

2/4 vG(ξ) =
ξ⊥

2π|ξ|2
(1− e−|ξ|

2/4), (3.6)

then the solution to the Cauchy problem with initial vorticity αiδzi is

ω(x, t) =
αi
t
G

(
x− zi√

t

)
u(x, t) =

αi√
t
vG
(
x− zi√

t

)
(3.7)

where u(x, t) is the velocity field corresponding to ω(x, t). (The above solutions are called Oseen-Lamb
vortices.) Since we are trying to show uniqueness it makes sense to expand ωi about these solutions so that
we expect the error to be small. In particular, for 1 ≤ i ≤ N , decompose

ωi(x, t) =
αi
t
G

(
x− zi√

t

)
+ αiω̃i(x, t) =

N∑
i=1

Ωi(x, t) + αiω̃i(x, t). (3.8)

Similarly, this induces a decomposition on the velocity as

u(x, t) = ũ0(x, t) +

N∑
i=1

ui = ũ0(x, t) +

N∑
i=1

αi√
t
vG
(
x− zi√

t

)
+ αiũi(x, t) = ũ0(x, t) +

N∑
i=1

Ui(x, t) + αiũi(x, t)

(3.9)
where ui corresponds to ωi via the Biot-Savart law and ũi corresponds to ω̃i via the Biot-Savart law.

We now wish to write down integral equations for the error terms ω̃i. We start with the diffuse term, ω̃0.
Rewrite (3.4) using the decomposition for the velocity as

∂tω̃0 +

N∑
i=1

Ui · ∇ω̃0 = ∆ω̃0 −
N∑
i=0

ũ0 · ∇ω̃0 = ∆ω̃0 − ũ · ∇ω̃0. (3.10)

Letting SN (t, s) denote the evolution operator associated to the velocity field U =
∑N
i=1 Ui via

SN (t, s)f(x) =

∫
R2

Γ(x, t; y, s)f(x) dy,

we obtain the following integral equation for ω̃0 by Duhamel’s formula:

ω0(t) = SN (t, 0)µ0 +

∫ t

0

SN (t, s) [ũ(s) · ∇ω̃0(s)] (3.11)

Since the background or diffuse part of the initial data µ0 is in some sense subcritical, we treat it above
in normal coordinates. However, the point masses αiδzi are self-similar, and hence exactly critical. So here
we look at the remaining atomic errors in self-similar variables discussed above.

In particular, for each of the above quantities, we make the substitutions of the form,

ωi(x, t) =
1

t
wi

(
x− zi√

t
, log(t)

)
vi(x, t) =

1√
t

(
x− zi√

t
, log(t)

)
,
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where v’s will denote velocity fields in self-similar variables and w’s will denote vorticities in self-similar
variables. Inserting these new functions into (3.2), we obtain the system of equations for wi,

∂τwi + vi · ∇wi +Ri(ξ, τ) · ∇wi = Lwi, (3.12)

where Ri describes the interactions between vortices and is given explicitly by

Ri(ξ, τ) = eτ/2ũ0(ξeτ/2 + zi, e
τ ) +

∑
j 6=i

vj(ξ − (zj − zi)e−τ/2, eτ ) (3.13)

Substituting wi = αiG+ αiw̃i, we obtain equations for the atomic errors,

∂τ w̃i + αi
[
ṽi · ∇G+ vG · ∇w̃i

]
+Ri · [∇w̃i +∇G] + αiṽi · ∇w̃i = L w̃i. (3.14)

We grouped the terms as such to illustrate how we want to treat them. The terms Ri · ∇wi and ṽi · ∇w̃i
we want to treat perturbatively. If we want any hope of succeeding, we need that the individual vortices
are interacting weakly so that we expect Ri · ∇wi quite small. Moreover, if believe in uniqueness, then we
should expect ṽi · ∇w̃i to be quadratically small.

Therefore, we let T (τ) be the semigroup associated to the evolution equation

∂τ w̃i + αi
[
ṽi · ∇G+ vG · ∇w̃i

]
= L w̃i. (3.15)

Then, we obtain the following integral equations for the atomic errors via Duhamel’s formula,

w̃i(τ) = T (τ − t0)w̃i(t0)−
∫ τ

t0

T (τ − τ ′) [Ri · [∇w̃i +∇G] + αiṽi · ∇w̃i] (τ ′) dτ ′ (3.16)

for any −∞ < t0 < τ .
One natural approach now is to show that the right hand sides of equations (3.11) and (3.16) define

contractions on some small ball about 0 in an appropriate function space for some small time. The contraction
mapping principle then guarantees the uniqueness of the error term for small time. For example, a natural
choice of space is

‖(f0, f1, · · · , fN )‖ = sup
0<t<T

t1/4‖f0‖L4/3 +K

N∑
i=1

sup
−∞<τ<log(T )

‖fi(τ)‖L2(m).

Indeed, one can close the contraction on the first component f0 using that the evolution operator SN (t, s)
satisfies essentially the same estimates as the heat semigroup and recalling L2(m) embeds continuously into
L1. However, we quickly run into a problem with the rest of the components. In particular, we run into a
problem attempting to bound the linear evolution

‖T (τ − t0)w̃i(t0)‖L2(m) ≤ ‖T (τ − t0)‖L2(m)‖w̃i(t0)‖L2(m) ∼ ‖w̃i(t0)‖L2(m)

where we expect T (τ − t0) to have operator norm near 1 for small times as it is generating a semi-group. So,
we need to be able to remove the linear term from the right hand side to have any hope in this direction.
Remembering that we expect ω̃i to be small and initially 0, if ω̃i obtains its initial data sufficiently strongly
we can send time down to 0, or correspondingly in self-similar coordinates, t0 → −∞ and obtain

w̃i(τ) = −
∫ τ

−∞
T (τ − τ ′) [Ri · [∇w̃i +∇G] + αiṽi · ∇w̃i] (τ ′) dτ ′. (3.17)

This equation clearly has more potential, and in fact it is not difficult to show (or hard to believe) one has
a contraction in the norm above, provided we can justify (3.17). Justifying that ω̃i → 0 in some sufficiently
strong norm (L2(m)) however is the difficult and key step in the above argument.

6



4 More details for Key Step

The rest of the lecture will be devoted to justifying the convergence indicated above. In particular, we
will sketch a proof of the following key lemma:

Lemma 4.1. For 1 ≤ i ≤ N and m > 1,

‖αiw̃i(τ)‖L2(m) = ‖wi(τ)− αiG‖L2(m) → 0 as τ → −∞.

We proceed in three steps: first, we show that the trajectory {wi(τ)} is precompact in L2(m), so that its
α-limit set is non-empty, precompact and attracts wi(τ) as τ → −∞. Then, we show that the interaction
terms Ri · ∇wi(τ) disappear in the backward limit. Finally, we show that the α-limit set is fully invariant
under the flow of the limiting equation

∂τwi + vi · ∇wi = ∆wi (4.1)

from whence it follows that the alpha limit set of {wi(τ)} is the single point {αiG} ⊂ L2(m) and the stated
convergence follows.

Step 1.
Compactness

Using Rellich-Kondrachev Compactness theorem, one can easily show that the weighted

Sobolev spaces H1(m+ 1) embed compactly into L2(m). Using the Gaussian upper bound
on ωi(t), it follows that wi(τ) is uniformly bounded in L2(m) for each m > 1. Thus, to
show precompactness of the trajectory {wi(τ)} in L2(m), it suffices bounded the gradients
uniformly in L2(m), i.e.

‖∇wi(τ)‖L2(m) ≤ Cm (4.2)

for each m > 1.

Recall that wi satisfies the equation

∂τwi + vi · ∇wi +Ri · ∇wi = Lwi (4.3)

and is smooth for all τ . Therefore, rewriting as an integral equation, and taking gradients

∇wi(τ) = ∇ exp((τ − τ0)L)wi(τ0)−
∫ τ

τ0

exp((τ − s)L) [vi · ∇wi −Ri · ∇wi] (s) ds (4.4)

Using the estimates on exp(τ L), namely (2.7), we have

‖∇wi(τ)‖L2(m) ≤
1

a(τ − τ0)1/2
‖wi(τ0)‖L2(m)+

∫ τ

τ0

1

a(τ − s)1/p
‖vi·∇wi−Ri·∇wi(s)‖Lp(m) ds

(4.5)
Now, we estimate vi · ∇wi using Holder’s inequality and estimates on the Biot-Savart law
to obtain

‖vi · ∇wi‖Lp(m) = ‖vib(ξ)mwi‖Lp ≤ ‖vi‖Lq‖b(ξ)m∇wi‖L2 (4.6)

≤ C‖wi‖Lp‖∇wi‖L2(m) (4.7)

≤ C‖wi‖L2(m)‖∇wi‖L2(m) (4.8)

≤ Cm‖∇wi‖L2(m) (4.9)

where 1
q = 1

p −
1
2 . Note, the same estimate works for each of the interactions between wj

and wi contained in Ri · ∇wi defined in (3.13), namely

vj(zi + (zi − zj) exp(−τ/2), exp(τ)) · ∇wi.
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It remains only to bound the interaction with the background term ũ0, namely eτ/2ũ0(ξeτ/2+
zi, e

τ ). Switching to regular coordinates,

‖eτ/2ũ0(ξeτ/2 + zi, e
τ ) · ∇wi‖Lp(m) ≤ ‖eτ/2ũ0(ξeτ/2 + zi, e

τ )‖Lqξ‖∇wi‖L2(m) (4.10)

= t
1
2−

1
q ‖ũ0(x, t)‖Lq‖∇wi‖L2(m) (4.11)

≤ C‖µ0‖M‖∇wi‖L2(m) (4.12)

Summarizing, we have shown

‖∇wi(τ)‖L2(m) ≤
Cm

a(τ − τ0)1/2
+ Cm

∫ τ

τ0

1

a(τ − s)1/p
‖∇wi‖L2(m) (4.13)

But, this implies that

‖∇wi(τ)‖L2(m) ≤
2Cm

a(τ − τ0)1/2
(4.14)

for each τ close enough to τ0. In particular, for τ close enough to τ0 so that

Cm

∫ τ

τ0

1

a(τ − s)1/p
ds ≤ Cm

∫ τ

τ0

a(τ − t0)

a(τ − s)1/pa(s− τ0)
ds = Cm

∫ τ

0

a(τ)

a(τ − s)1/pa(s)
ds ≤ 1/2.

(4.15)
Since how close one needs to pick τ to τ0 is independent of τ0 and τ0 was arbitrary,
‖∇wi‖L2(m) is bounded and the trajectory {wi(τ)} is precompact in L2(m).

Step 2.
Decoupling

Next, we show that the interaction terms Ri · ∇wi(τ) converge to 0 in Lp(m) backwards in

time for any m > 1 and p ∈ (1, 2).

Step 3.
Invariance and
Rigidity

Let Ai denote the α-limit set of the trajectory {wi(τ)} in L2(m). Then, by the precom-

pactness of Step 1. Ai is nonempty. Also, Ai is certainly invariant under the flow generated
by the full equation for wi, but since the term Ri · ∇wi disappears in the limit τ → −∞,
it is natural to suspect that Ai is invariant under the flow Φ(τ) generated by the limiting
equation

∂τwi + vi · wi = Lwi (4.16)

In particular, if w∞ ∈ Ai, then there is a sequence of times τn such that wi(τn) → w∞ in
L2(m). Then, we claim that wi(τn + τ)→ Φ(τ)w∞ in L2(m) so that Φ(τ)w∞ ∈ Ai and Ai
is positively invariant under Φ. Let W (τ) = Φ(τ)w∞ and V be the velocity corresponding
to W via the Biot-Savart law. Then, the difference W − wi(τ + τn) satisfies the equation

W−wi(τ) = exp(τ L)(w∞−wi(τn))−
∫ τ

0

exp((τ−s)L) [[(vi +Ri) · ∇wi] (τ + τn)− V (τ) · ∇W (τ)] ds.

(4.17)
Note, the linear part is fine as

‖ exp(τ L)(w∞ − wi(τn))‖L2(m) ≤ K‖w∞ − wi(τn)‖L2(m) → 0.

Thus, we focus on the nonlinear piece which we rewrite as∫ τ

0

exp((τ − s)/2)∇ exp((τ − s)L) [[(vi +Ri)wi] (τ + τn)− V (τ)W (τ)] ds (4.18)
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using that vi, Ri, V are all divergence-free and the commutation relations for exp(τ L) and
∇, (2.8). Using the estimate (2.7) on exp(τ L), we bound the nonlinear term by∫ τ

0

exp((τ − s)/2)

a(τ − s)1/2
‖Ri·wi‖L2(m)(τ+τn) ds+

∫ τ

0

exp((τ − s)/2)

a(τ − s)1/p
‖viwi(τ+τn)−VW (τ)‖Lp(m) ds

(4.19)
The first term converges to 0 uniformly for τ on compact intervals by the previous step.
Also, for 1

q = 1
p −

1
2 , we have

‖viwi − VW‖Lp(m) ≤ ‖vi(wi −W )‖Lp(m) + ‖(vi − V )W‖Lp(m) (4.20)

≤ ‖vi‖Lq‖‖wi −W‖L2(m) + ‖vi − V ‖Lq‖W‖L2(m) (4.21)

≤ ‖wi‖Lp‖‖wi −W‖L2(m) + ‖wi −W‖Lp‖W‖L2(m) (4.22)

≤
(
‖wi‖L2(m) + ‖W‖L2(m)

)
‖wi −W‖L2(m) ≤ C‖wi −W‖L2(m).

(4.23)

Therefore, we can use Gronwall’s inequality to conclude that

sup
0≤τ≤1

‖W (τ)− wi(τ + τn‖L2(m) → 0

and Φ(τ)Ai ⊂ Ai. A similar argument shows that Ai ⊂ Φ(τ)Ai.
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