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Abstract

In this paper, we present an exact solution procedure for the design of two-layer WDM
optical networks with wavelength changers and bifurcated flows. This design problem closely
resembles traditional multicommodity flow problem, only, in the case of WDM optical networks,
we are concerned with the routing of multiple commodities in two network layers. Consequently,
the corresponding optimization models have to deal with two types of multicommodity variables
defined for each of the network layers. The proposed procedure represents the first branch-and-
price algorithm for a general WDM optical network settings with no assumptions on the number
of logical links that can be established between nodes in the network. We present the results of
our computational study with four different network configurations. Our results show that for
the three tested network configurations our branch-and-price algorithm provides solutions that
are on average less than 5% from optimality. We also provide a comparison of our branch-and-
price algorithm with two simple variants of the upper bounding heuristic procedure HLDA that
is commonly used for WDM optical network design.
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1 Introduction

Optical networks with wavelength division multiplexing (WDM) belong to the second generation
of optical networks, designed to take advantage of the large optical network bandwidth. One of
the main distinguishing characteristics of WDM optical networks is their multi-layer nature, which
requires simultaneous routing of traffic and logical paths (lightpaths) in the corresponding network
layers. The two layers commonly considered in WDM optical network design include physical
topology defined by an actual physical network of optical fibers, and the virtual (logical) topology
defined by logical paths established over the physical topology.

The general WDM optical network design problem in this network setting seeks to determine:

i. the optimal number and routing of the lightpaths in the physical topology, and



ii. routing of the traffic over the logical topology (in the logical topology each lightpath can be

seen as an edge that can be used for routing of traffic)

so that the desired objective is minimized /maximized.

Depending on the type of the optical network considered, this problem may require consideration
of various restrictions on the physical and logical topology. The restrictions related to the physical
topology of WDM optical networks usually depend on the type of node equipment used and the
capacity of the optical fibers available in the network.

The node equipment used in WDM optical networks may include transmitters and receivers,
multiplexers and demultiplexers, amplifiers, wavelength changers, etc. However, for the purpose of
the WDM network design problem studied in this paper it is sufficient to consider the presence of
transmitters, receivers and wavelength changing devices only. Further, we assume that all trans-
mitters and receivers are tunable to all wavelengths, and that all nodes in the network are equipped
with the wavelength changers. This latter assumption is driven by the results of previous studies,
which indicate that wavelength conversion may be desirable in WDM networks as a way of resolving
equipment compatibility issues [4]. (More details on the tradeoffs between optical crossconnects
with and without wavelength conversion capability can be found in Ramaswami and Sivarajan [15].)
With regard to the restrictions imposed by the capacity of the optical fibers, usually two factors
are considered - fiber bandwidth/capacity and the number of wavelengths/lightpaths that can be
supported by a given fiber.

Finally, an important issue related to the physical topology is whether the network already
exists, has a possibility of expanding, or is just being built. Although some researchers take
network expansion into consideration (see for example [4]), most often it is assumed either that the
physical topology is given and fixed [12], [16], or, that only a part of the physical topology is fixed,
and a part of it is subject to change. (For example, Hu and Leida [10], and Konda and Chou [11],
assume that the number of transmitters and receivers available at the network nodes is unknown
and needs to be determined, while the remaining part of the physical topology is fixed.)

In this paper, we consider the following situation faced by a telecommunications service provider.
Here the physical topology is given and fixed. As such, there is no routing cost. The service provider

seeks to maximize the amount of traffic routed over its network. (Since any traffic that is not routed



on its own network can be transported on a competitors network at a cost, it is desirable to route
as much of the demand as possible on one’s own network.)

The logical topology requirements related to WDM optical network design are concerned with
decisions on which nodes should be connected by the lightpaths, and how these lightpaths should
be routed in the physical layer. These requirements may include restrictions on the number of
physical hops (actual physical links) used by each lightpath, and propagation delays associated with
a specific lightpath routing. Additionally, the logical topology can be designed with symmetrical
lightpaths throughout the network (that is, for each specific lightpath from node ¢ to node j, there
should also be a corresponding, symmetrical lightpath from node j to node 7). However, given that
asymmetric traffic requests tend to be more efficiently served using asymmetrical lightpaths, we
assume that physical links in the network are unidirectional, and that the symmetry of lightpaths
is not required.

Finally, an important requirement related to the design of WDM optical networks is whether
bifurcation of traffic should be allowed or not (that is whether traffic of a single commodity can be
sent over multiple lightpaths or not). As indicated by Ramaswami and Sivarajan [15], bifurcation of
traffic is not a problem if the traffic is represented by IP packets and we, also, make an assumption
that the bifurcation of traffic is allowed in the network. We consider the situation where bifurcation
of flow is not permitted (and is more appropriate for SONET circuits and networks that allow
grooming of the higher speed connections) in a companion paper [14].

The general WDM optical network design problem is often seen as two interrelated problems,
the logical (lightpath) topology design problem and the lightpath routing problem. The logical
(lightpath) topology design problem is sometimes defined as the problem that is concerned with
determining the number of lightpaths to be established between all pairs of nodes, and routing
of the traffic over the established logical topology [15]. By this definition, the logical topology
design (LTD) problem is not concerned with the actual routing of the lightpaths in the physical
layer. Instead, the part of the WDM optical network design problem that deals with the routing
of lightpaths in the physical topology (given the number of lightpaths that need to be established
between all pairs of nodes) is known as the lightpath routing problem.

In this paper, we use different terminology for the subproblems of the WDM optical network

design. Specifically, we use the term logical topology design for the problem that completely



defines the logical topology (both the number and the routing of lightpaths in the physical topology),

and the term traffic routing for the problem of traffic routing over the logical topology.

Literature Review: Most of the previous research sequentially solves the WDM optical network
design problem using the logical topology design problem and the lightpath routing problem. These
heuristic procedures usually simplify the logical topology design problem by either using a heuristic
to define the logical topology, or by pre-specifying a small subset of lightpaths that can be used for
LTD. The heuristic approaches that first heuristically solve the LTD problem are usually simpler,
since the problem of traffic routing over a fixed logical topology can be solved as a standard
origin-destination multicommodity flow (ODMCF) problem. Ramaswami and Sivarajan, have, for
example, used this approach in [16], where they proposed several heuristic procedures for LTD
problem. The logical topology determined this way was then used as input for an MIP that solves
the traffic routing problem over the fixed logical topology. The computational results in [16] indicate
that the linear program based on the logical topology determined by one of the LTD procedures
called HLDA provides the least congestion in most cases when compared to other heuristic LTD
procedures proposed in the same paper.

Haque et al. [9] used a column generation based approach for the traffic routing over the fixed
logical topology. Their procedure is a part of an algorithm that solves WDM optical network design
problem in optical networks that do not have wavelength conversion abilities, impose a constraint on
maximum allowable delay for each commodity, and allow at most one lightpath between any two
nodes. Computational experiments in [9] indicate that this approach efficiently solves problems
with up to 50 nodes. Additionally, it was found that depending on the quality of the logical
topology provided as an input, the final result may differ in up to 15% improvement in the network
throughput.

An alternative heuristic approach for solving WDM optical network design problem that simpli-
fies LTD problem by pre-specifying a small number of lightpaths that can be used for LTD was used
by Prathombutr et al. [13]. In [13], the set of lightpaths that can be used for LTD was generated
either randomly, or by solving the K-shortest path problem in the physical topology. The proposed
solution procedure, a multi-objective evolutionary algorithm (MOEA), performs search for good

solutions by defining chromosomes with feasible logical topology. The routing of traffic over the



determined logical topology is then determined using a shortest path algorithm. Computational
experiments performed on a 6-node network and the NSFNET network for a single set of traffic
demands, no bifurcation of flow, and varying number of transmitters and receivers and number of
wavelengths available at each fiber, indicate that MOEA outperforms two heuristics presented by
Zhu and Mukherjee [20].

Banerjee and Mukherjee [4] proposed an MIP defined on a small subset of all possible light-
paths. For each (s, d) pair, only those variables that represented lightpath (s, d) over physical edges
contained in the K shortest paths were included in the formulation. Similarly, for each (s, d) pair
only those variables that represented traffic carried between nodes contained in the K shortest
paths were included in the formulation. The computational experiments performed in [4] included
three networks: 14-node NSEFNET network, 15-node PACBELL network, and 20-node randomly
generated network. In all tests it was assumed that there is only one fiber on every physical link
and that the number of transmitters is equal to the number of receivers and constant across the
network.

A similar two-layer network design problem appears in ATM networks. Studies of Ball and
Vakhutinsky [2, 3], for example, consider two-layer network design where there are no node equip-
ment requirements, and at least a portion of each traffic request needs to be served. For this
problem, Ball and Vakhutinsky [2] proposed two models for the networks with and without fault
tolerance to single link failures. Given the computationally hard nature of this problem, Ball
and Vakhutinsky [2] proposed several improvement and simplification strategies, including vari-
able aggregation, use of linear relaxation instead of the complete MIP formulation, development of
heuristic procedures that take advantage of the results obtained by solving the linear relaxation,
and development of valid inequalities that strengthen the linear relaxation. The computational
tests on two network configurations, a grid network with 8 nodes and 10 undirected links, and
a geographically distributed network with 12 nodes and 20 undirected links, indicated that the
proposed procedure provides results that have an integrality gap between 1.86% and 10.53%.

Dahl et al. [7] considered a general problem for the layered telecommunication networks. They
studied a two-layer network design problem, where the network is defined by the physical network
N = (V, L), and the pipe graph G = (V, E) that consists of a pre-specified set of pipes installed

over the edges of graph N. In this problem, the objective is to route all the traffic, so that each



commodity uses exactly one pipe path, and the fixed pipe installation cost and the cost of routing
flows over pipes is minimized. Additional restrictions include a limit on the number of pipes that
may be established over any given physical edge, and, a limit on the capacity of pipes used. So,
the sum of all flows using a given pipe must be less than its capacity. It was also assumed that
the demand of any given commodity can have one of the two possible values only. The proposed
solution procedure is an efficient branch-and-cut algorithm that uses knapsack and hypomatchable
inequalities. The computational experiments performed on problems with up to 62 nodes and 81
edges in the physical graph indicated that when the pipe installation cost is set to very small values,
the proposed branch-and-cut algorithm performs quite well (all the test problems were solved to
optimality at the root node in quite short CPU times). However, the procedure turned out to be
less effective in the case of high pipe installation cost.

Recently, Belotti and Malucelli [6] proposed a column generation algorithm for the two-layer
telecommunications network design, where the traffic can be routed over a combination of individual
physical edges and virtual paths (referred to as semi-paths in [6]). The only constraints considered
in this problem are the capacities of the semi-paths and the individual physical edges (if used
instead of semi-paths). The proposed column generation starts with a subset of lower and higher
layer paths and progressively solves the problem. If the solution found by the column generation
is fractional a heuristic rounding algorithm is applied in search for a feasible integer solution. The
column generation is then repeated using the modified reduced costs that favor use of physical
edges not close to its capacity.

Current literature suggests that there has not been much work in terms of exact procedures
for the “simultaneous” logical topology design and traffic routing. One such procedure was de-
veloped by Sung and Song in [18], where they proposed the first branch-and-price algorithm that
simultaneously considers traffic routing and logical topology design. However, the optical network
design problem studied in [18] does not impose any restrictions at the network nodes in terms of
equipment available, and the capacity of lightpaths is not considered to be a constraint. It is also
assumed that at most one logical path can be established between any two nodes in the network.
Sung and Song use these assumptions to develop very simple branching procedure that has no
impact on the subproblem solved in column generation. However, the branch-and-price procedure

developed in [18] is based on an incorrect assertion that the unit integer multicommodity flow prob-



lem is polynomially solvable. This is not true in general, and it can be shown that this problem is
NP-hard (see [8]) even on tree networks.

In this paper, we propose an exact branch-and-price procedure for the design of more general
WDM optical networks, where the number of global lightpaths that can be established between
any two nodes in the network is not pre-specified. We show that this type of network setting
requires careful choice of branching decisions, and propose a branching strategy that works well
with the corresponding column generation algorithm. Additionally, we take into account typical
node requirements in WDM optical networks in terms of the number of transmitters and receivers
available at each node. We also make a realistic assumption that lightpaths that can be established
in the network have a limited capacity. As such our model assumptions are quite general and
represent a two-level multicommodity flow problem (where the flow on the higher level can be
bifurcated).

The rest of the paper is organized as follows. In the second section, we propose two simple
heuristic procedures that can be used to obtain fast upper bounds for this problem. The mathe-
matical formulation for the problem studied in this paper is presented in Section 3. In Section 4,
we propose a novel branch-and-price algorithm for the mathematical formulation presented in Sec-
tion 3. The results of our computational study are presented in Section 5. These results indicate
that our branch and price procedures provide solutions that are on average within 2.5% of optimality

on networks with up to 20 nodes. In Section 6 we provide concluding remarks.

2 Upper Bounding Heuristics for WDM Optical Network Design

The two following heuristic procedures for the WDM optical network design problem represent
extensions of the HLDA algorithm proposed by Ramaswami and Sivarajan [16]. The initial steps of
the first heuristic procedure are identical to that of the original HLDA procedure. In other words,
we first try to establish direct lightpaths that will serve the commodities with the largest traffic (in
other words, we try to establish a single lightpath for each commodity in the network). If we cannot
serve all the commodities with the direct lightpaths, we attempt to establish additional lightpaths
using any remaining capacity in the network. These additional lightpaths are randomly established

in the original HLDA procedure. We modify this step by trying to establish lightpaths that utilize



as few physical hops (edges) as possible. Finally, we deal with routing of all the traffic that could
not be served by the direct lightpaths. This final step also differs from the original HLDA, which
stops once the logical topology is identified. In [16] the traffic routing is determined using an LP,
which solves WDM optical network design problem over the fixed logical topology determined by
HLDA. We use the same approach to try to find a better traffic routing in the network by fixing
the logical topology to the one determined by our heuristic ModHLDA. We refer to this second

procedure as LPModHLDA. The steps of the two proposed heuristic procedures are described next.

2.1 ModHLDA Algorithm

ModHLDA algorithm works in three phases. First, commodities with the highest demand are
served with direct lightpaths. Second, if there are any unused transmitters and receivers left from
the first phase, additional lightpaths are established. Finally, in the third phase, attempt is made
to route all commodities that were not initially served with the direct lightpaths.

Routing commodities over direct lightpaths

Step 1 Sort all commodities in decreasing order of their demand.

Step 2 Establish direct lightpaths for commodities with the highest demand first. If there is no
sufficient capacity in the network to serve all the commodities with the direct lightpaths, go to Step
3. Otherwise, STOP.

Establishing additional lightpaths

Step 3 If there are any unused transmitters and receivers left, go to Step 4. Otherwise, go to Step
7.

Step 4 Find the shortest paths (in terms of the number of physical hops) for all pairs of nodes that
have unused transmitters and receivers. If candidate lightpaths are found, go to Step 5. Otherwise,
go to Step 7.

Step 5 Sort the shortest paths from Step 4 in increasing order of their length.

Step 6 Establish new lightpaths, starting with the ones with the shortest length. When a lightpath
cannot be established due to insufficient number of wavelengths go to Step 4. Otherwise go to Step
7.

Routing unserved commodities

Step 7 For each unserved commodity (starting from the commodities with the highest demand),



find the shortest path (in terms of the number of lightpaths used). (Note: All lightpaths with
positive remaining capacity are considered in finding the shortest path of a given commodity). If
the path found has capacity lower than the demand of a given commodity, the network capacity is
updated (i.e., subtract the capacity of the shortest path from the capacity of the lightpaths used),
and the shortest path algorithm is solved again for the same commodity. The procedure is repeated

until no new paths can be found for a given commodity.

2.2 LPModHLDA Algorithm

LPModHLDA algorithm uses the logical topology determined in the first two phases of the ModHLDA,

and then solves the following linear program.
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The variables in the above linear program include flow variables f((zfl))a each indicating the amount
of flow of the commodity(s,d) carried over the [t lightpath between nodes ¢ and j, and the lost
traffic variables H(®% indicating the amount of lost traffic for the commodity (s,d). Thesets V, A,
and (2, represent (respectively) the set of nodes in the physical layer, set of lightpaths determined
by HLDA, and set of commodities. Note that, since the logical topology is fixed, we need only the

flow balance constraints (2), and constraints on the capacities of the lightpaths (3).



3 Mathematical Formulation for the WDM Optical Network De-
sign

One way to formulate WDM optical network design problem is to use arc-based variables for defin-
ition of the logical topology. These variables simply tell us the number of lightpaths between a pair
of nodes, but do not provide information regarding their routes. We need to define a set of multi-
commodity flow variables that determine the routing of the logical topology variables (lightpaths)
on the physical network. We also need to define a set of multicommodity flow variables that deter-
mine routing of traffic over the logical topology variables (an arc-based formulation for the WDM
optical network design problem is shown in Appendix A). The problem with this type of formulation
is that it becomes computationally intractable as the size of the network increases. Consequently,
we develop a column generation based procedure for two layer WDM optical networks, using the
path-based mathematical formulation that we describe next.

In the following discussion, we assume that individual traffic requests do not exceed the capacity
of a lightpath. All traffic requests are, accordingly, scaled by the capacity of a single lightpath, so
that a bandwidth requirement of one traffic unit (TU) is equal to the capacity of a lightpath. We
also differentiate between the lightpaths with known paths in the physical topology as the local
lightpaths. The lightpaths with unspecified paths in the physical layer (that is, where we only
know origins and destinations of the lightpaths) will be referred to as global lightpaths.

The notation that we use is as follows. The set G = (V, A) represents the physical topology
defined over a set of nodes V' connected by a set of arcs (direct fiber connections) A. The set T4
represents the total (scaled) demand between nodes s and d, and the set € represents the set of all
demands in the network. The set A represents the set of all possible lightpath origin-destination
pairs, and the set Z represents the set of all possible lightpaths in the network (all the lightpaths
in set Z have fully specified paths in the physical topology). The set P represents the set
of all possible flow paths p for any given commodity (s,d). The number of wavelengths available
between nodes i and j that are directly connected by optical fibers is denoted by L;; (when multiple
fibers are available, this number represents a product of the number of fibers and the number of
wavelengths available at each fiber). The number of transmitters available at any given node i is

denoted by Af, and the number of receivers available at any given node j is denoted by Al
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We also use the following four groups of variables. The global lightpath variables, Y (»7)  indicate

the number of lightpaths established between nodes i and j (note that these variables do not provide

information on how the lightpaths of a given origin and destination are routed over the physical

topology). The number of lightpaths z used in a given solution is specified by the local lightpath

variables, X §” ) (these variables tell us which specific lightpaths from the set Z are used in the

final solution). The flow path indicator variables, fés’d) indicate whether a given flow path p is

used to carry traffic demand for the commodity (s,d). In this formulation, flow paths are defined

over the global lightpaths (i.e., these variables do not tell us the exact propagation path of a given

commodity in the physical topology). Finally, the lost traffic indicator variables, H(*%  indicate

whether demand of commodity (s, d) is lost or satisfied.

MIP-PATH-GLOBAL Formulation
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Constraints (7) and (8) in this formulation limit the out/in degree of any node to be not larger
than the total number of transmitters/receivers. Constraint set (9) ensures that all global lightpaths
are defined in the physical topology through adequate number of the local lightpaths in the physical
topology. Since the local lightpath variables are defined as integers, these constraints also guarantee
that V(9 variables are integer as well, and can be therefore defined as real variables (constraint
(15)). Constraint set (10) represents a limit on the number of lightpaths that can be established
on any physical edge. Constraint set (11) ensures that the flow path of any given commodity (s, d)
can use global lightpath (7, j) only if that lightpath is included in the logical topology. Constraints
(12) are capacity constraints limiting total flow over all global lightpaths established between two
nodes. Constraint set (13) ensures that either all demand for a given commodity is satisfied, or is
entirely lost.

We note that it is quite challenging to further strengthen the linear programming relaxation
of this formulation. The reason is two-fold. First, the logical topology design problem defined
by constraints (7) through (10) is a more general version of the unit integer multicommodity flow
problem not suitable for standard types of integer multicommodity flow strengthening cuts such as
lifted cover inequalities. And, second, we do not know which commodities will be served in the end.
If we did, we could, for example, derive a simple class of valid inequalities that define the minimum
number of lightpaths that need to originate and terminate at any given node in the network. In
other words, if all the traffic originating from a given node 7 and terminating at node j must be

served, then we can add the following type of valid inequalities for the nodes ¢ and j.

SoveD > red] VieV:3(s,d)eQ:s=i
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Y@ > S 16D YieV:3(s,d)eQ:d=j.
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One issue related to the MIP-PATH-GLOBAL formulation is that this formulation cannot be
easily modified for use in the networks where bifurcation of flow is not allowed. To ensure no
bifurcation of flow we need to define flow variables as binary variables and either add “packing”
constraints that would guarantee that there is no bifurcation of the flow among the lightpaths with
the same origin and destination, or redefine flow variables so that they are exactly mapped to the
local lightpath variables used. It turns out that this issue significantly changes the formulation

and further complicates development of the branch-and-price techniques for WDM optical network
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design. We discuss this WDM optical network design problem without flow bifurcation and propose

alternative branch-and-price procedures in [17, 14].

4 Branch-and-Price Algorithm for WDM Optical Network Design

Branch-and-price algorithms are procedures commonly used to solve problems with a large number
of variables. They combine the linear programming concept of column generation and integer
programming concept of branch-and-bound. Column generation itself is based on a very simple
idea. It involves the iterative solution of a master problem that includes only a subset of the original
variables, and a subproblem which represents a check whether any other variables need to be added
to this model in order to find the optimal solution to the original problem.

The effectiveness of column generation when combined with branch-and-bound to solve integer
programs, depends on many implementation issues. Some of these issues include initialization,
strength of the linear relaxation of the master problem, subproblem structure, branching strate-
gies, and termination (see Vanderbeck and Wolsey [19] for a more comprehensive review of other
important issues).

The initialization is crucial for two reasons. First, in order to implement column generation it
is necessary to start with a feasible initial solution (even if it is a very bad one). Second, we need
to be careful with respect to our choice of initial variables as a good set of initial variables could
significantly speed up the search for the optimal solution. But, when column generation is used
in combination with branch-and-bound (these procedures are referred to as branch-and-price
algorithms), even the start with a good (or even optimal) set of initial columns, does not guarantee
that the search will terminate early. This is directly related to the strength of the linear relaxation of
the master problem, an issue that can completely halt progress of any branch-and-price algorithm.
So, as in the standard integer programming techniques based on the branch-and-bound method, it
is still very important to start with a strong linear relaxation of the master model.

The subproblem structure has a great importance in column generation, since, in some cases,
the subproblem may turn out to be NP-hard problem itself, which then additionally complicates
the column generation procedure. For this reason, we should try to formulate the master problem

in such a way that the calculation of the reduced cost or solving the subproblem is relatively easy.
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In the case of branch-and-price algorithms, we also need to make sure that the branching decisions

are such that the structure of the subproblem is not destroyed in the subsequent iterations.

4.1 Branch-and-Price Algorithm for the MIP-PATH-GLOBAL formulation

One of the good properties of the MIP-PATH-GLOBAL formulation is that all global lightpath
variables can be included in the master model at the beginning of the search, and as flow variables
are related only to the global lightpath variables and can be priced out separately, the pricing part
of the column generation algorithm can be performed in a straightforward manner. We describe
the details of this procedure next.

Let the following dual variables correspond to the constraints of the MIP-PATH-GLOBAL

formulation:
e nonpositive a; and b; variables for constraints (7) and (8) respectively
e unrestricted in sign ¢(*/) variables for constraint (9)

e nonpositive d; ,,y variables for constraint (10)

e nonpositive réf’;i)) variables for constraint (11)

e nonnegative v; ;) variables for constraint (12)

i.)

$,d)

e unrestricted in sign w(*% variables for constraint (13)

The reduced cost of any X ,5” ) variable is:
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(ILm)ez
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The new lightpaths that need to be added to the restricted master problem are identified by finding

paths for each (7, 7) that minimize the following expression:
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This can be solved as a shortest path problem on an auxiliary network where the cost of an arc
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(I,m) is —d ). If the cost of this path is greater than —g(9) the lightpath is added. Otherwise,
no new lightpaths with origin at node ¢ and destination at node j are added.
The new flow paths that need to be added to the restricted master problem are identified by

finding the path for each commodity (s, d) with the minimum value of:

s,d
! ?eA(Tém) +TC D) —wD
Z?]
or

(s,d) d
(i jz):GA(r(i,j) + TNy ).
This can be solved as the shortest path problem on an auxiliary network where the cost of an arc

(i,7) is defined by the expression rgf’@ + T(57d)v(

P’ ). 1f the cost of the shortest path is less than

i3

w9 the flow path is added. Otherwise, no new flow paths for commodity (s,d) are added.

4.1.1 Branching Strategy

Although only local lightpath variables X ,§” ) need to be defined as integers in the MIP-PATH-
GLOBAL formulation, our branching strategy uses global lightpath variables as well. The branching
is performed hierarchically from the higher to the lower level. In other words, we first branch on
the global lightpath variables, and then on the local lightpath variables. For the global lightpath
variables, variable dichotomy is used, while branching decisions for the local lightpath variables are
more complicated.

In order to understand the problem related to branching on local lightpath variables, consider
what would happen if we performed branching based on the variable dichotomy. Basically, for a
given fractional variable X Z(” ), and its current fractional value X z(” )*, we would create 2 new nodes
by adding the restriction X 5” ) < | X ,§” )*j on one branch, and the restriction X ,§” ) > [X é” )*] on
the other branch. Enforcing the second restriction is not a problem, however, the first restriction
requires that we do not generate any new lightpaths that would have the same propagation path
as lightpath z corresponding to variable X S"j ). As noted by Barnhart et al. [5], the latter type of
branching restriction is hard to enforce since there is no guarantee that after solving the shortest
path problem in the subsequent iterations of column generation, we would not get the path that
(due to our previous branching decisions) is not supposed to be added to the model. One way
to resolve this problem is to solve the k + 1-shortest path problem whenever, due to the previous

branching decisions, the k-shortest path is not eligible for addition to the model. In this paper,
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we propose a different branching strategy that indirectly forces all local lightpath variables to be
integer. This strategy is based on observation that if the sum of all local lightpath variables with
the same origin and destination is integer over every arc traversed in the physical layer then either:
a) all local lightpath variables are integer, or

b) all local lightpath variables do not have integer values, but the solution can be interpreted as
integer.

The first case is obviously correct, since if all local lightpath variables are integer, it directly
follows that sum of all local lightpath variables with the same origin and destination over all arcs
in the network is integer as well. The second case, however, is not so obvious. First note that if the
sum of all local lightpath variables with the same origin and destination is integer over all arcs in
the network, and there are fractional lightpath variables, then it must mean that there is at least
one pair of nodes with at least 4 fractional local lightpath variables that have that pair of nodes as
their origin and destination. (If there was only one fractional lightpath variable, the sum of all local
lightpath variables with the same origin and destination would not be integral. Similarly, if there
were only two fractional lightpath variables, these lightpath variables would either have to follow
the same path in the physical layer, which is not possible, or, the sum of all local lightpath variables
over all the arcs in the network would not be integral. In other words, there must be at least 2
fractional lightpaths using given arc at the same time, or none. Since 2 lightpaths cannot have
identical propagation path in the physical layer, it follows that we must have at least 4 fractional
lightpath variables.) An example of situation where there are 4 fractional lightpath variables is
shown in Figure 1. Lightpath Ly uses path (1, 3, 5), lightpath Lo uses path (1, 3, 4, 5), lightpath Ls
uses path (1, 2, 3, 4, 5), and lightpath L4 uses path (1, 2, 3, 5). Values of these variables in a given
solution are 0.7 for lightpath L; and L3, and 0.3 for lightpath Lo and L4. Since the flow balance
constraints guarantee that sum of all 'flows’ into any given transient node must equal sum of all
'flows’ going out of that node, it follows that in any fractional solution that satisfies requirement of
integral sum of lightpath variables over all arcs, we can eliminate some of the fractional lightpaths
so that integral solution is obtained, without any impact on other aspects of the current solution.
In the example shown in Figure 1, we could, for example, eliminate lightpaths Ls and L4, and round
up values of variables associated with variables L1 and Lg, without making any other changes to

current solution. This finding allows us to branch on the sum of all local lightpath variables with
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Figure 1: Example of branching issue for the MIP-PATH-GLOBAL formulation

the same origin and destination that are using same arc in the physical layer, instead of direct
branching on individual local lightpath variables.

In summary, whenever the solution at a given node of the branch-and-bound tree is fractional,
we perform the following steps.
Step 1. Check if there are any fractional global lightpath variables. If there are no such variables,
go to Step 2, otherwise, select one fractional global variable, and create 2 new nodes using variable
dichotomy.
Step 2. Check if there is an arc with a fractional sum of all local lightpath variables with the same
origin and destination using that arc. If there is no such arc, go to Step 3, otherwise create 2 new
nodes:

Node 1. Add restriction > x{) < | > Xz(i’j)*J

z:(m,n)€z z:(m,n)€z
Node 2. Add restriction x> [ > XZ(Z’J)#T
z:(m,n)€z z:(m,n)€z

where (m,n) and (i,7) are an arc and lightpath origin-destination pair identified in the previous
check, and X ,§” J* are the actual values of local lightpath variables in the current solution.
Exit.

Finally, in order to ensure feasibility of the restricted master model at the beginning of the
column generation procedure at each node of the branch-and-bound tree, we modify the MIP-PATH-
GLOBAL formulation by using the following approach. Specifically, we add a high cost, artificial

variable to the objective function, as well as in the constraint (13), which ensures that either all
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demand for a given commodity is satisfied, or is entirely lost. We also add an artificial variable
when we add constraints of the type V() > [Y@)*] and S X% >7 v X0 in our

z:(m,n)€z z:(m,n)€z
branching rules.

4.2 Applying the Branch-and-Price Algorithm for MIP-PATH-GLOBAL to
WDM Optical Network Design with Alternative Design Objectives

The branch-and-price algorithm for the MIP-PATH-GLOBAL formulation can be used with minor
modifications for certain alternative network design objectives.

In the situations where we don’t need information on propagation of the flow paths in the
physical layer, we can easily modify our branch-and-price algorithm for MIP-PATH-GLOBAL for
the same objective designs. For example, in the case where we need to minimize the number of
transponders in the network, the objective function is:

Min Y (AL 4+ Af)

(2
where A} and Al represent variables corresponding to the number of transmitters and receivers

used at each node in the network. The use of this objective function would only mean that Al and
Al would be variables, not given constants. This has no effect on our branch-and-price algorithm,
since integrality of Y(J) variables immediately implies that Al and Al will be integer as well, i.e.,

there is no need to branch on these variables in order to get integer values.

5 Computational Experiments

We coded the procedures presented in this paper in Microsoft Visual C++, ILOG Maestro [1]
library, and CPLEX 9.0. All computations were performed on a workstation with 2.66 GHz Xeon
processor and 2GB RAM.

We used four different sets of problems in our computational tests. The first two sets represent
randomly defined problems, while the other two represent the NSFNET network and a set of
problems defined and used in the study performed by Prathombutr et al. [13].

The first set of random instances is defined over a complete graph representing the physical
layer, while the second set is defined over an incomplete graph representing the physical layer. For

each set we generated networks with 5, 7, 10, and 20 nodes with four different traffic patterns.
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Two traffic patterns are defined so that there is demand between all pairs of nodes, and the other
two are defined so that there is demand only between 50% of the nodes in the network. For each
“density” of traffic demand matrix we defined two demand levels - high and low. High demand
indicates that the demand between pairs of nodes was uniformly generated in the interval [0.1, 1],
while low demand indicates that the demand between pairs of nodes was uniformly generated in
the interval [0.1,0.5]. The second set of instances is generated in the same manner as the first set,
only, in this case we have also randomly generated the physical network. (The physical network in
this case is generated using a uniform [1, |V|] random distribution to select the pairs of nodes that
will be connected by a pre-specified number of arcs. Similarly, we have used uniform distribution
to determine commodities with a positive demand.)

The third and the fourth set of test instances are from the study of Parthombutr et al. [13].
These include a simple 6-node network and the NSFNET network. Since instances defined in [13]
use “granular” traffic in terms of the number of OC-1, OC-3, and OC-12 demands between pairs of
nodes, we have modified these instances so that the total demand between two nodes is expressed
as a fraction of capacity of a lightpath, which was set to OC-48 in the 6-node network, and OC-192
in the NSFNET network. In one instance (commodity (5, 1)), we have reduced original demand
from 54 OC units to 48 OC units to accommodate for our assumption that demand between pairs
of nodes does not exceed capacity of a lightpath. As in [13], 7 instances of 6 nodes network, and 6
instances of NSFNET network are tested for different number of wavelengths that can be supported
by a single fiber and a different maximum number of transmitters and receivers that can be used
at each node in the network. The physical topology of both networks is shown in Figures 2 and 3
respectively, and the corresponding modified demand matrices are shown in Tables 1 and 2. For
these instances, we performed tests using the design objective that minimizes the total lost traffic
in the network.

In all our test instances, the column generation is started with a single lightpath defined for each
pair of nodes (determined using the shortest path algorithm, with the length of the path defined
by the number of physical hops used by the lightpath), and a single flow path for each commodity.
Additionally, our initial computational experiments indicated that the use of the minimum parent
lower bound in the node selection phase of the branching provides better results than the depth

first rule (in other words, the node on which we perform column generation and branching next
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1 2 3 4 5 6
0.00 0.73 046 0.54 0.56 0.44
0.75 0.00 092 073 0.77 1.13
0.35 0.69 0.00 0.69 0.50 0.77
0.90 0.67 1.00 0.00 0.65 0.48
0.83 0.79 0.38 0.56 0.00 0.56
0.60 052 092 094 0.77 0.00

S Ok W N~

Table 1: Demand matrix for 6-node network example in Figure 2

2 3
1®6
4 5

Figure 2: Physical topology of the 6-node optical network

Figure 3: Physical topology of the NSFNET optical network
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1 2 3 4 5 6 7 8 9 10 11 12 13 14
1000 011 0.03 0.15 0.08 0.17 0.14 0.13 0.18 0.09 0.13 0.19 0.26 0.17
2 1022 000 020 026 006 018 0.09 022 009 014 010 0.04 0.14 0.10
3 ]015 0.13 0.00 0.21 0.18 0.13 0.02 029 016 0.17 027 0.17 0.06 0.18
4 |0.05 0.08 013 0.00 028 013 011 024 016 022 014 0.27 020 0.17
5 1028 006 026 023 000 012 021 027 022 0.17 016 021 014 0.01
6 | 029 014 032 0.07r 025 0.00 020 015 023 011 0.06 0.16 0.08 0.28
7 1018 009 014 013 0.18 0.24 0.00 0.17 0.17 0.07 0.16 018 0.19 0.19
8 | 0.10 0.12 o0.07 0.19 0.11 032 020 0.00 0.13 0.08 022 029 0.04 0.10
9 024 015 023 026 011 0.15 0.28 008 000 026 011 0.13 0.16 0.26
10 | 0.22 0.07 0.06 0.17 0.17 0.15 0.17 0.06 0.03 0.00 0.14 0.28 0.27 0.27
11| 023 0.16 0.27 024 006 013 024 0.11 015 0.14 0.00 020 0.21 0.25
121033 0.13 0.21 0.19 0.16 0.17 0.07 021 014 0.13 0.06 0.00 0.05 0.15
131026 020 021 021 016 0.15 0.03 0.17 0.17 0.16 021 0.11 0.00 0.24
14 1 025 0.20 0.11 0.09 019 0.16 0.08 0.09 0.18 019 0.15 0.08 0.27 0.00

Table 2: Demand matrix for the NSFNET network shown in Figure 3

is the node that has a minimum parent lower bound in the branch-and-bound tree at that point).
We have, therefore, used the minimum parent lower bound for selection of branching nodes in all
our computational experiments.

In order to improve the upper bounds obtained by our branch-and-price algorithms, we have
included the use of the local (default CPLEX) MIP optimizer at the root node of the branch-and-
bound tree with a 600 second CPU time limit.

Table 3 provides the results for the randomly defined instances that have complete graph in
the physical layer. We can see that LPModHLDA provides significantly better upper bounds than
ModHLDA with only a small increase in computation time. Specifically, the upper bounds provided
by LPModHLDA are 3.54% better than those provided by ModHLDA, while the average CPU time
for ModHLDA and LPModHLDA was 0.02 and 1.26 seconds respectively. Our branch-and-price
algorithm, on the other hand, required 161.53 seconds on average to find the optimal solutions
for 11 out of 16 instances. The gap between the optimal solutions found by our branch-and-price
algorithm and LPModHLDA ranged between 0% and 7.80%, and, on average, was 1.89%. For the
5 instances where our branch-and-price algorithm did not find the optimal solution, the average
percentage gap between the lower and upper bound at the end of the search was 1.78%!. In these
five instances average improvement of the upper bound of our branch-and-price algorithm over the

LPModHLDA was 2.6%.

!The percentage gaps in these tests were calculated as % x 100%. In other words, we provide the

percentage gaps with the respect to the total traffic served, instead of the total traffic lost. (We do this only because
the straightforward computation of the gap in the form % is not practical for these problems, since the LB is
equal to zero in a large number of instances.)

21



Table 4 provides the results for the randomly defined instances that have an incomplete graph
in the physical layer. In this case, LPModHLDA provided upper bounds that were 0.62% better
than those provided by ModHLDA. However, the upper bounds found by LPModHLDA were on
average 0.49% from the optimal solutions found in 5 instances by our branch-and-price algorithm.
In the three instances where our branch-and-price algorithm did not find the optimal solution,
the average gap between the lower and upper bound was 3.46%. In these instances, the average
improvement in the upper bound over the solutions provided by LPModHLDA was 0.11%.

The results for test instances defined in the study of Prathombutr et al. [13] are shown in
Tables 5 and 6. We can see that within a specified CPU time limit, our branch-and-price algorithm
found optimal solutions in all instances of the 6 nodes network, and in one instance of the NSFNET
network. In the 6 node network instances, the average optimality gap for LPModHLDA was 2.99%,
while the average improvement of LPModHLDA over ModHLDA upper bounds was 1.3%. In the
case of the NSFNET instances, our branch-and-price algorithm did not provide good upper bounds,
and the average optimality gap was 11.17%. This can be explained by the long time needed to
solve the LP at each node of the branch-and-bound tree. In these instances, LPModHLDA provided
solutions that were on average 5.74% better than the ones provided by ModHLDA. Additionally,
the solutions provided by LPModHLDA were better than the upper bounds found by our branch-
and-price algorithm. The average improvement provided by LPModHLDA in this case was 8.7%.

We also tested the performance of our branch-and-price algorithm for the special case of WDM
optical networks with infinite number of wavelengths. This is a special case of the WDM optical
network design problem that arises in situations when it is reasonable to assume that the number
of lightpaths does not represent an actual restriction and can be therefore relaxed.

Table 7 provides the summary of our computational tests with WDM optical networks with an
infinite number of wavelengths. As expected, these results indicate a significant improvement in the
performance of our branch-and-price algorithm when the constraint on the number of lightpaths is

relaxed.

6 Conclusion

The integrated design of logical topology and traffic grooming is an extremely challenging problem,

and to our knowledge, for ease of computation, such problems have typically been broken up into two
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B&P Algorithm ModHLDA LP ModHLDA

[Vl |C] D LB UB CPU UB CPU UB CPU
(sec) (sec) (sec)

5 20 H 0.11 0.11 0.39 0.11 0.02 0.11 0.02
5 20 L 0.00 0.00 0.09 0.00 0.02 0.00 0.02
5 10 H 0.00 0.00 0.06 0.00 0.02 0.00 0.02
5 10 L 0.00 0.00 0.06 0.00 0.00 0.00 0.02
7 42 H 3.95 3.95 17.44 5.12 0.02 4.40 0.03
7 42 L 0.00 0.00 1.25 0.00 0.02 0.00 0.03
7 21 H 0.19 0.19 46.06 1.12 0.02 0.99 0.02
7 21 L 0.00 0.00 0.31 0.00 0.02 0.00 0.02
10 90 H 21.15 21.15 390.11 23.28 0.02 22.66 0.11
10 90 L 5.20 5.20 1104.19 8.48 0.02 6.19 0.14
10 45 H 2.54 2.79 3603.38 3.85 0.02 3.35 0.06
10 45 L 0.00 0.00 216.81 0.00 0.02 0.00 0.05
20 380 H || 152.44 152.45 3653.25 || 154.66 0.03 153.87  8.48
20 380 L 70.49 70.49  3657.91 76.27  0.03 70.72 7.08
20 190 H 52.76 53.43  3623.09 56.66 0.03 55.76 2.13
20 190 L 16.60 18.99  3671.94 24.68 0.03 19.97 1.89

Table 3: Minimizing the lost traffic in the network. Complete physical network with 2 fibers (fiber
capacity: 2 lightpaths) between all pairs of nodes.

B&P Algorithm ModHLDA LP ModHLDA

IVl 14 |C|] D | LB UB CPU UB CPU | UB CPU
(sec) (sec) (sec)

5 10 15 H || 0.38 0.38 0.20 0.38 0.00 || 0.38 0.02

5 10 15 L || 0.00 0.00 0.09 0.00 0.02 0.00 0.02

7 15 30 H || 204 204 379.58 2.66 0.02 || 2.40 0.03

7 15 30 L || 0.00 0.00 0.69 0.00 0.02 0.00 0.03

10 20 40 H | 1.8 211 3603.26 || 2.81 0.02 2.69 0.06
10 20 40 L || 0.00 0.00 315.98 0.00 0.02 0.00 0.03
20 30 60 H || 468 579 3609.28 || 5.83 0.05 || 5.68 0.22
20 30 60 L || 0.00 0.92 3636.55 || 0.91 0.05 0.56 0.09

Table 4: Minimizing the lost traffic in the network. Incomplete physical network with 2 fibers (fiber
capacity: 20 lightpaths) on all arcs.

B&P Algorithm ModHLDA LP ModHLDA
T/R Nbr Wav. Nbr || LB UB CPU (sec) || UB CPU (sec) || UB CPU (sec)
3 3 4.67 4.67 5.98 5.20 0.02 4.76 0.03
4 3 0.63 0.63 5.56 1.88 0.02 1.35 0.03
5 3 0.28 0.28 13.52 1.17 0.02 1.17 0.03
7 3 0.28 0.28 4.89 0.28 0.02 0.28 0.05
3 4 4.67 4.67 6.22 6.11 0.02 5.70 0.03
4 4 0.63 0.63 25.38 1.87 0.02 1.78 0.03
5 4 0.00 0.00 43.36 0.00 0.02 0.00 0.03

Table 5: Minimizing the lost traffic in the network. The 6-node network with a single fiber on each
arc.
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B&P Algorithm ModHLDA LP ModHLDA
T/R Nbr Wav. Nbr || LB UB CPU (sec) || UB CPU (sec) | UB CPU (sec)
3 3 3.99 6.92 3616.56 9.50 0.03 6.27 0.86
4 3 0.00 5.35 3620.70 2.99 0.03 0.35 1.02
5 3 0.00 1.85 3624.09 0.36 0.03 0.00 0.67
4 4 0.00 4.98 3619.94 2.91 0.03 0.88 1.20
5 4 0.00 1.68 3613.88 0.00 0.05 0.00 0.97
6 4 0.00 0.00 2103.63 0.00 0.03 0.00 1.00

Table 6: Minimizing the lost traffic in the network. The NSFNET network with a single fiber on
each arc.

Finite Wavelengths Infinite Wavelengths
Net. Type Avg. Gap Avg. CPU || Avg. Gap Avg. CPU
(sec) (sec)
Complete 0.56% 1249.15 0.43% 1222.53
Incomplete 1.30% 1443.20 1.05% 1421.12
6 node 0.00% 14.99 0.00% 7.87
NSENET 11.17% 3366.47 5.86% 2938.91
Overall 2.33% 1400.96 1.36% 1314.00

Table 7: Summary: Minimizing the lost traffic in the network. Branch-and-Price results for WDM
networks with and without constraint on the number of wavelengths in the network.

parts. In this paper we presented the first branch-and-price algorithm for the integrated design of
logical topology and traffic routing in WDM optical networks with bifurcation of flow and a general
network setting which does not explicitly impose a limit on the number of lightpaths that can be
established between any two nodes in the network. We also proposed two simple upper bounding
heuristics ModHLDA and LPModHLDA that can be used as fast upper bounding procedures for
this problem.

The results of our computational experiments performed over a set of four different optical
networks with 5 to 20 nodes indicate that our branch-and-price algorithm solves the WDM optical
network design problem with the average optimality gap of 2.33% within the pre-specified 3600
second CPU time limit. We have also found that in most instances our branch-and-price algorithm
provides better upper bounds than the two proposed heuristic procedures, with the exception of
the NSFNET optical network, where one of the proposed upper bound heuristics provided the
best upper bounds. These results indicate that there are situations where our branch-and-price
algorithm may benefit from the use of integrated upper bound heuristics. We leave this for future
work.

Finally, we note that one of the nice properties of our branch-and-price algorithm is that it

can be easily adjusted for use in certain alternative WDM optical network settings with different
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design objectives. Limited computational experiments suggest that for the alternative objective

of minimizing the total number of transmitters and receivers used in the network our branch-and-

price algorithm, when directly applied, does not perform as well as the situation where we wish

to maximize the traffic routed. (The average percentage gap for our branch-and-price algorithm

was 16.42% with the average CPU time of 2576.78 seconds. In the case of infinite number of

wavelengths, the average percentage gap was 7.59% with the average CPU time of 2563.93 seconds.)

This presents another direction for future work.
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Appendix A MIP-ARC-GLOBAL formulation:

Variables:

H4) - Amount of traffic of commodity (s, d) that is not served. These variables are referred to as
lost traffic variables

Y (3 - Number of lightpaths with origin at node ¢ and destination at node j included in the logical
topology. These variables will be referred to as global lightpath variables, as they do not provide
the information regarding exact propagation paths of the lightpaths in the physical topology

X ((Zfrz) - Number of lightpaths with origin at node 7 and destination at node j, using physical arc
(l,m).

f(( 73)) Amount of flow (traffic) of commodity (s, d) carried over the lightpaths with origin at node

1 and destination at node j

MIP-ARC-GLOBAL:

Min Y T [ (sd) (17)
(s,d)EQ
Subject to:
Y vl <Al WieV (18)
:(4,5)EA
Y YW <Al Vjev (19)
i(i,§)€A
S XD < Ly V(m) € A (20)
(4,4)€A
Y (6:9) ifk=j
Sooxph- Y X =4~y ifk=i Y(i,j)eAkeV  (21)
L:(Lk)eA m:(k,m)eA
0 otherwise
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1— H(sd) ifk=d

(s,d) (S,d) o s .
D i - fogy =93 HD -1 ifk=s V(s,deQkeV  (22)
i:(i,k) EA Gi(k,g)EA )
0 otherwise
YO — f9 >0 Y(s,d) € 9Q,(i,j) € A (23)
y @)~ § pled) f((;;f? >0  VY(i,j) €A (24)
(s,d)eQ2
fo) € RY W(i,j) € A, (s,d) € O (25)
HED ¢ RL Y(s,d) € Q (26)
v@) e RL V(i j) € A (27)
X e ZL W(1,m) € A, (i,5) € A (28)

The first expression in the above formulation is the objective function that minimizes the total
lost traffic. Constraints (18) and (19) are degree constraints for each node. They ensure that
the total number of lightpaths originating/terminating at any node is limited by the number of
transmitters/receivers at that node. Constraint (20) provides a bound on the number of lightpaths
that can be established over a single arc. Constraint (21) is the flow balance constraint for the
lightpaths. This constraint also guarantees that if the X ((1.7’7]73) variables are integer, then the Y (4:7)
variables are integer as well. Constraint (22) is the flow balance constraint for the traffic routed
over established lightpaths. Constraint (23) limits traffic to lightpaths established in the logical
topology. Constraint (24) limits the total amount of flow that can be sent over any single lightpath.
Note that constraint (23) is redundant given the presence of constraint (24), but it is used here to
strengthen the formulation.

The MIP-ARC-GLOBAL formulation closely resembles the formulation presented by Banerjee
and Mukherjee in [4]. However, Banerjee and Mukherjee also define additional constraints to
ensure that the entire capacity of any given lightpath is not used, and they include constraints that
limit propagation delay of the lightpaths in the physical topology. The objective function in their

formulation was the minimization of the average logical hop distance.
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