ENEE324, Home assignment 2. Date due September 24, 2025, 11:59pm EDT.

Instructor: Alexander Barg

Please upload your work as a single PDF file to ELMS (under the ”Assignments” tab)

e Submissions on paper or by email will not be accepted.
e Please do not submit your solutions as multiple separate files (pictures of individual pages). Such submis-
sions are difficult to grade and will not be accepted.

e Justification of solutions is required.
e Each problem is worth 10 points unless noted otherwise.

Problem 1. Suppose 2% of airline passengers carry a banned item, and a scanner catches 90% of those but
also falsely flags 5% of passengers who follow the ban.

If you are flagged by the scanner, what is the probability you actually have a banned item?
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Problem 2. From a standard 52-card deck, you draw 2 cards.
(a) What is the sample space of the experiment?
(b) You peek at the first and see it’s a red card. What is the probability the second card is also red?

(c) What if instead someone tells you “at least one of your two cards is red”? What is the probability both
are red now?
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Problem 3. A drawer contains 4 black socks, 4 white socks, and 2 red socks. You pick socks at random
without looking.

(a) What is the probability the first two socks match?
(b) If the first sock is red, what is the probability the second sock matches it?

(c) Are events “first two socks match” and “first sock is red”” independent?
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Problem 4. (Variation of the Monty Hall problem) There are 4 doors; behind one door (chosen randomly) is a
prize, the others are empty. You randomly pick one door. The host, who knows where the prize is, opens
two empty doors, choosing them randomly among the remaining options. After that, the host offers you to
switch from the original choice to the remaining closed door.

What istl | ¢ the described . )
(a) If you stick with your original choice, what is the probability of winning?

(b) If you switch to the remaining unopened door, what is the probability of winning?

@)®) Assume without fss & genenality tal you chose D,
The Sample spale consisi R Pe{nr,sul (prite doon) and



b = ,Qa‘l'b '3;@ doony Openld Bam Aogt

P ie uniform amm& 102,34}

5 P=| ) H opens  a u,mgoqm«”g chostn pant out £ {2,5,11}’
T Pefasy) H opens The Dnly pait £ 3 eopty drons

You Prizt Monty Yo Yt
choose Rehind opens Swikch Sﬂ‘ud
D _E— DD
Yy ( 8.2 los Wan
Rmfbw o5
D,D,
D I Ya
oo Dy T ey
‘/L‘

L W Loss
D} :DLD% n ]
‘ W 0SS
D, —D,D, Yo

A v )=
/”“'LS \( You Switch, fou 1o Lop‘tog 5/1./ S (o (thod SW ’f(thS P(Wc) y

Problem 5. 100 passengers board a plane with 100 seats. The first passenger sits in a random seat. Each
subsequent passenger takes their assigned seat if available; otherwise, they pick a random remaining seat.

(a) What is the probability the last passenger sits in their own seat? You cannot compute this di-
rectly (without quite some effort), so try to see what happens after the first passenger has chosen seat
j€e{1,2,...,100}.

(b) What is the probability that the second-to-last passenger sits in their own seat? First work out carefully
the case of 4 passengers and 4 seats by case study, then generalize.

(c) Using any package, write a computer code to simulate this experiment. Run 1000 simulation cycles
and compare the results with your calculations. Please include the code and the results in your submission.



() Wcethout [oss of &enewe(g‘ we Wi Asume thot- the phet
stat a,ssc‘\ynmem‘. forv paseengens B,P, .. p IS [rﬁ?,%, .,.,(ooﬁ

» ") LoD

let | Be tht seqf choseV 1%1 P, ; bt L={ P, ¢ seat o0 |

j=1 = LTuw

4 =100 => | Salsc

| <§<loo: all passengens P, =2, d get theit own seats .

P, chooses o wendom seat $mom {lj(jﬂ,,..)/oa}, This zesels

the puocess, olbedt with) feweq choices. (onsiden the @f
D&:SP[CLCQD{ passengen 6e§ow Py 5 Stnce he'e the ea&i‘)

b will Bave Takon ecther | on 100 (v else thena ould e

one mony displaced Befone Proo) . These choices ane egually &W )

so  the answen is '/, | oog -
P,‘?S (9, 0 ‘5'0'7.8!1 1723 p,‘S

'.{ P ’IJ\ — K_{\ /I—; 1—\ + T\ L/
(b) Y sengeas. PE%in Sy = 1+ o 2 + FO0 Ffyl =
Constden, —the momerl when Ehe Siagt amory ceals 1Y (3 Taken.
16 this seat (s Ton Y, Pas. gels own segt.

z
3

Follow the Goanding until the First amory seeds 1,499,100 Gewmes
octupied . By symmetny , eady £ (1,99, 100) will e the flast
Vakan occuns, 49t peb /3. Call this seat T, .
guwoge T,=1 oo N, they pqq Qf@"fS oton seat

T T2 N-l, Paq is out of fuck,
AV\Q[,)U]/ : Z/b- See BJDD fo'v a Com(')w{-% S[mu@aﬁor\,.

Problem 6. Alice is trying to send a message to Bob over a noisy communication channel. The message is
encoded in binary, i.e., is a string of bits.

(a) Suppose A wants to send a single bit, 0 or 1, chosen with equal probabilities. 0 is transmitted correctly
with probability 95% and flipped to 1 with prob. 5%. If A chooses to send 1, then there is a 10% chance
of error, which results in B receiving 0. Assume that B received a 1, what is the probability that A actually
senta 1?

(b) Now suppose that A ‘encodes’ her message by sending 000 for the O message and 111 for the 1
message. The communication link flips (or not) each of the three transmitted bits independently as described
in part (a) of this question. Given that B received 101, what is the probability that A intended to send a 1 as
her message?
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n=100; numTrials = 10A5;
SeedRandom[1234];

simulateOnce[] := Module[{availableSeats, seating, firstChoice, I, chosenSeat},
avallableSeats = Range[n];

seating = ConstantArray[None, n};

firstChoice = RandomChoice[availableSeats];

seating[[1]] = firstChoice;

availableSeats = DeleteCases|[availableSeats, firstChoice];

(*Remaining passengers 2 to n*)For[i = 2, i <= n, i++,
lf[MemberQ[availableSeats, i], chosenSeat = |, chosenSeat = RandomChoice[availableSeats]];
seating[[i]] = chosenSeat;
availableSeats = DeleteCases[availableSeats, chosenSeat];];
seating[[n=1]]===n-1]

(*Monte Carlo estimates)
probEstimate = N[Mean @ Table[lf[simulateOnce[], 1, 0], {numTrials}]]

0.66701



