ENEE324-03: Engineering Probability
Midterm Examination #2 April 28, 2015

Max total 55 pts. Instructor: A. Barg
e Please be precise and rigorous in your statemens, and show all your calculations. Please write neatly and

legibly. Be sure to Print Your Name!

e This is a closed book exam, but you are allowed up to two 8.5x 11 pages of notes. No calculators please!
Good luck!

Problem 1 (10pts)
Let the joint PMF of discrete RVs be given by

12 4 22) i
_ @t +y?) ifr=12y=0,12
pxy(@,y) {0 otherwise.
Find px )y (z]y), P(X =2|Y = 1) and E(X|{Y = 1}).

Solution:

1
py(y) =pxvy(1,y) + pxy(2,y) = 2*5(22/2 +5), y=0,1,2.

iy (ely) = PXY @) _ 2?4y
Y Py (y) 2y +5’
P(X =2|Y =1) =pxy(2]1) =5/7.

y=0,1,2;x=1,2.

BOXHY = 1)) = Lopxy (1) +2 - pg (21 = 5 422 = .

Problem 2 (10 pts)
Let X be an RV with PDF

fx(@) = 0 o/w

for some A > 0. Find the PDF of the RV Y = X?2/3,

{)\e’\z ifz>0

Solution: We have

y3/2

Fy(y) =P(Y <y)=P(X?® <y)=P(X <y*?) = /fx(fﬂ)d:v —1-e My >0
0
/ 3A —AYVY
fY(y):Fy(y):7ﬂ€ Y, y=>0.

Problem 3 (10pts)
The joint pdf of RVs X and Y is given by

L if 2?2 442 < 16

fXY(I7y): {SGW O/W

(a) Find fx(z), B[X]Y]
(b) Let R =+vX?2+Y?2. Find fr(r) (hint: the pair X,Y is jointly uniformly distributed in the circle).
(¢) Are X and Y independent?



Solution: (a) = \}%fxy (x,t)dt = V16 22 4 < z < 4. By symmetry we have frly) =

/16—y?2 z
Sﬁy —4 <y < 4and fxy(zly) = f);;((y)y) = 2\/167?;2, —/16 —y?2 < x < /16 — y2. Then for any
—4<y<4
16—1y2 d
E[X|Y:y]:/ R
—/16—y2 24/16 — 32

and E[X|Y] = 0 with probability one (this is of course clear by symmetry without any computations).

(b)

0 ifr<o0
Fr(r)={P(R<r)=P(X2+Y2<r?) =T —(1)2 if0<r<4,
1 ifr>4

and fr(r) = Frp(r) =r/8if 0 <r <4 and = 0 otherwise.
(¢) From the definition and the PDFs computed above it is immediate that X and Y are not independent.

Problem 4 (15pts)
Let X ~ Unif[0,1],Y ~ exp(A) be independent RVs. Let Z = X +7Y.

(a) (10pts) Find the PDF fz(z) and the CDF Fz(z).
(b) (5pts) Find E(Z?) (Hint: This question can be solved independently of the solution of part (a)).
Solution: (a)

D= [ sy
If0<z<1,then fx(z—y)#0for 0 <y <z If 2 >1then fx(z —y) #0 for z — 1 < y < z. We obtain

z A *Ayd =1 -z 0<z2<1
fZ(Z) = foz ‘ —)\y 76/\ 771 Y S22
[ e Ndy =e =) e 2> 1.
Jo—eMdt =2+ 5(e7 - 1) 0<z<1
foz fz(@t)dt = Fz (1) + fz SA=1) oM gy
Fz(2) = =Fy(1) + ( )(efA(t SRPE
:1+1( 1) ;L\( —A(z—1) _ *)\z) %(176 )
=1- 7( —-A(z—1) _ e*/\z) ) 2 L

(b) EX? = 1/3,EY? = [“y?e /Xy = —y?eM|3° + 2 [ ye dy = 2/A\? (the last step because
EY =1/)). Then
2 1

E[X?+2XY +Y?Y = ! 3+ % +2(EX)(EY)(by independence) = % ABVRY

Problem 5 (10pts)

Let X be an RV with pdf fx(z) =z e™® where > 0. Calculate:

(1) The transform My (s) for X.
(2) The moment E[X"] using Mx (s) above.
Hint: the following relation could be useful
- 1
E41ab = ———.
Z( +1)z 1-2)?

k=0



Solution:

(1) Mx(s) = [ze %e®dr = [ we~(173)%dy = ﬁ, s<1
0 0

(2) Mx(s) = (1=8)2= 3 (k+1)s" = 3 Sphsh
k=0 k=0
(Alternatively, Mx(s) = (1 —s)7% = 1;_:0 (_13)(*5)]C - kX_:o %sk, s < 1) We have,
[e%S) *) Sk B [eS) .
ZMX (O)H = Z(k—i— 1)s".
k=0 T k=0
MY (0)

Taking k = n, we obtain — =n+1and

E[X"] = MJY(0) = (n+1)!.



