ENEE324-03: Engineering Probability
Final Examination Dec. 18, 2014

The exam consists of SIX problems Instructor: A. Barg
No calculators please. Simplify the answers as much as you can. Print
your name on your paper!

Problem 1 (10pts)

Consider a random variable (RV) X with the cumulative distribution function (CDF)

0, x < —1
02, —-1<x<0
07, 0<x<1
1, x>1

Fx(X) =

(a) What is the probability mass function (PMF) of X? What is the probability density function
(PDF) of X?

(b) Consider Y = | X|. Find the PMF and CDF of Y; find E[Y].

Problem 2 (10pts)
An RV X has PDF fx(x) = x/2for 0 < x < 2 and 0 otherwise. X is clipped to Y using the circuit
that outputs

v — 1/2 0<X<1
X, X>1.

Find P(Y = 1/2). Find the CDF Fy(y).

Problem 3 (10 pts) RVs X and Y have the joint PDF

Jx+y 0<x<1,0<y<1
Srer(x,y) = {O otherwise
Let Z = max(X,Y).
(a) Find the range of Z.

(b) Find Fz(z) and fz(z) (make sure to give your answer for all values of z).

Problem 4 (10pts)
A sequence of RVs X1, Xy, ..., is formed of independent, identically distributed RVs with finite
mean m and positive variance. Define random variables Y; = 0.2X; +0.8X;44,i = 1,2,....

(a) Are the RVs Y; independent?
(b) Are the RVs Y; identically distributed?
(OVER PLEASE)



(c) Let Z,, = % Y.i-1 Yi. Does the sequence Z,,n = 1,2, ... converge to m in probability?

Problem 5 (10pts)
Consider the Markov chain with states i = 1,2, 3 and transition probabilities given by the matrix

1 2 3
04 06 O
03 05 02

0 02 08

WN |~

(a) Find the steady-state distribution 7w = (711, 712, 713) of the chain.
Assume that P(Xo = i) = ;. We say that a transition i — j is of type Bif i < j.
(b) What is the probability that the first transition we observe is of type B?

(c) What is the probability that the first change of state we observe is of type B? (A change of
state is a transition i — j such thati # j.)

(d) What is the conditional probability that the chain was in state 2 before the first transition
that we observe, given that this transition was of type B?

Problem 6 (10pts)

Requests arriving at the input of a server follow a Poisson process with arrival rate A = 0.5.
Compute the following quantities:

(a) Probability of no arrivals within the first 3 time units.
(b) Let T be the random time of the 1st arrival. Find the probability P(4 < T < 6).

(c) Let S be the random time of the second arrival. Find E(S?).

Solution of Problem 6:

(a) P(0,3) = e~ = ¢ 17,

(b) P(4 < T <6)=P(0,4)(1-P(0,2) =e**(1—e2") =¢2—¢3.

(c) We know that ES = 2/A = 4,Var(S) = 2/A? = 8,50 ES? = Var(S) + (ES)? = 24.
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@ (a) The answes is nos we show +his 6‘3 shuwcﬂa tat EWY; #EY: EY;:
E(%Y.) = E [(0:2X,+08X) (0.2, +0.8 )]
=E [004 XX, + 006X X3 016 K,% + 0.6 Xy Xs ] = 0.8Ym™>+0.46E k2
EY, EY,=m" . . N
If Gonoally 0.8m™+0.GEX, = m, then EX, = fut then
Voo X =0. This means that +his assumplion S {avald.
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(5 P(<T=4) = POA(I-POD) =€ (1-6) <66
() We know that ES = -='-l ; Var(s)
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