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1. POWER METHODS

1.1. Power Method. The simplest method to compute the eigenvalues and eigenvectors of
a matrix is the power method. We illustrate this method for a matrix A € R¥*V that is
symmetric and positive definite. Suppose the eigenvalues of A are simple and strictly ordered
as

(1.1) A >N > > Avog > Ay

Let vy, v, - -+, Un_1, Ux be corresponding unit eigenvectors. Because {v;}4_, is an orthonormal
basis of RY, every unit vector z € RY can be expanded as

(1.2) T =1V + vy + -+ -+ an_1Un_1 + anUN, where ay, = v,{x.

Then

Alx = OélAn’Ul + OégAn’Ug + -+ OéN_lAnUN_l + OéNAnUN
= Oél)\lnvl + 042)\1711)2 + -+ OZN_l)\;\L;_l'UN_l + OéN)\;\L;’UN .

If a; # 0 then we see from (1.1) that

(1.3)

N n
1 A
(14) lim — A"z = o1U1 + ll_)fﬂ E (}\_k) LV — V71 .

This shows that the eigenvector aqv; emerges from repeated applications of A to x.

Of course, we may not use (1.4) directly because we do not know A;. Rather, we use it to
motivate the iteration

Ax,
(1.5) To =, Tpyl = ———.
[ A |
If ay # 0 then this so-called power iteration recovers the eigenpair (A1, v1) as
(1.6) lim ||Az,| = A1, lim x, = vy .
n—00 n—00

We will not prove this fact here.



2. TRANFORMATIONS TO SIMPLER FORMS

2.1. Introduction. One strategy to compute the eigenstructure of a matrix A € RV is to

transform it to a simpler form from which its eigenstructure can be read off. This is done by
repeated application of similarity transformations, which have the form

(2.1) A— B=U"TAU, where det(U) # 0.

When matrices A and B are related in this way they are said to be similar.
It is clear that if A and B are similar then Sp(A) = Sp(B). Moreover, they will have the
same characteristic polynomial because from (2.1) we see that

p5(¢) = det(¢I — B) = det ((T'U — U™ AU) = det (U (¢I — A)U)
=det (U™") det(¢I — A) det(U) = det(¢I — A) = pa(C) .

In addition, if A and B are similar then they will have the same eigenstructure. Recall that
(A, v) € C x CV is said to be generalized eigenpair of A with degree m € Z, when

(M —A)™ =0 and (A — A"l #£0.

If A and B are similar and (A, v) is a generalized eigenpair of A with degree m then (A, U~'v) is
a generalized eigenpair of B with degree m. Indeed, a direct calculation that uses (2.1) shows
that

(M —=B)"U o= (U"'(M\ - AU)"U v

=U M -A™UU v =U1Y\ - A)™ =0,
(M — B)" U v = (UYL = A)U)" U
=U M - AU w=U" N - A)™ 1w #0,
which shows that (A, U~'v) is a generalized eigenpair of B with degree m.
2.2. Stability of Similarity Transformations. Similarity transformations of the form (2.1)
should be stable to perturbations otherwise repeated applications of them would be numerically

unstable. Let 0 < § << 1. Suppose we perturb A by §A and U by 6U where A and U are any

N x N matrices. Because U is invertible we know that U 4+ §U will be invertible for sufficiently
small 0. Let Bs be defined by

(2.2) Bs = (U+06U) " (A+3A) (U +d0).

We want to estimate how close Bs is to B = U 'AU. Specifically, we will bound || B; — B||
where || - || denotes the matrix norm induced by the Euclidean vector norm.

We will use the fact that if § [|[U~'U]|| < 1 then I + § U~'U is invertible with

1 -1 1
(2.3) |(I+0U'0)" | < TR

Because U +0U = U (I +8 U~'U), we see that if § [|[U~'U|| < 1 then U+ U is invertible with
U+60)" = (I +sUt0) U,
Therefore when 0 ||[U™2U| < 1 we can express By defined by (2.2) as

Bs=(I1+8U0) U (A+6A)U(I+sU'T).



This can be bounded as
I1Bsl| < |(1+8U=0) | U || A+ sA| U |1 + 8 U~T||
24 < U N ]|A + 64 %

By making use of the identity
(2.5) (U +40)
and definition (2.2) of Bs we see that

Bs—B=(U+40) " (A+8A) (U +6U) — U AU
= ((U+80)" = U (A+6A) (U +60) + 6U AU + U (A + 54)0

-1 1

~ U = 5UTU(U+6U) ",

=6 |[UT AU + U™ (A+6A)T — U™ T(U +00) ™ (A+04) (U +90) |
=6 |[UT AU + U A+ 6 AU (UTD) — (U10) B
Hence, by assuming & ||[U~'U|| < 1 and using bound (2.4) we obtain the stability bound
|Bs — B|| <46 [llU_lll LAINT + UM HIA + 6 A UIHIU T + [T~ T ||B(;||}

- - - 1+6|UU s
< s AN+ A+ sy (14 2ROy g
1—0||UU]

2||A+ 5A|| |[UT)
1—6||U-U||

= SIlU U {IAI -+

This bound suggests that numerical errors might grow by a factor of ||U™!||||U]|| every time the
similarity transformation (2.1) is applied.

The potential growth of these numerical errors is best controlled if we restrict the class of
similarity transforms we will use to those that satisfy

— Umax
[TV = cond(U) = =1,

Omin

where o, and oy, are the largest and smallest singular values of U. It can be shown that this
is true if and only if Sp(UTU) = {1}, which is true if and only if UTU = I. Therefore the class
of similarity transformations should be restricted to those where U is an orthogonal matrix,
so-called orthogonal similarity transformations. Matrices A and B are said to be orthogonally
similar if there exists an orthogonal matrix () such that B = QT AQ.

The stability bound (2.6) can be improved when restricted to the class of orthogonal similarity

transformations. Let 0 < § << 1. Suppose we perturb A by §A and Q@ by 5@ where A and Q
are any N x N matrices. Let B and Bs be defined by

=QTAQ, Bs=(Q+6Q) (A+6A)(Q+46Q).
Then
Bs—B=0QTAQ+ QT (A+3A)Q+35QT(A+3A)Q+ QT (A+35A)Q,
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whereby
(2.7) I1Bs — Bl < S [ A + 21 A+ 5 A|l Q] + 5| A+ Al Q)] -

This stability bound is better than the one obtained by setting U = @ and U = @ in (2.6).
This is because of the (Q +J Q)T that appears in the Bs here rather than the (Q + 6 Q)~! that
would appear in (2.2) and because of the fact that taking the transpose of a matrix is more
stable than computing its inverse. This fact is another reason to use only orthogonal similarity
transformations.

Remark. We did not assume that the matrix Q) + ¢ @ is orthogonal in the above argument.
This is because a numerical approximation of an orthogonal matrix is rarely orthogonal.
Remark. For complex matrices the arguments are very similar to those given above, but the
conclusion is that the class of similarity transformations should be restricted to those for which
U is a unitary matrix, so-called unitary transformations. Matrices A and B are said to be
unitarily similar if there exists a unitary matrix U such that B = U# AU.

Exercise. Prove that if § |[U~'U|| < 1 then I +§U~'U is invertible and bound (2.3) holds.
Exercise. Verify identity (2.5).

Exercise. Show that cond(U) = 1 if and only if Sp(UTU) = {1}.

Exercise. Show that Sp(UTU) = {1} if and only if UTU = I.

Exercise. Show that the stability bound (2.7) is better than the one we would obtain by
setting U = Q and U = Q in (2.6).

2.3. Elementary Reflections and Rotations. Every orthogonal matrix can be built up from
products of elementary reflections and rotations. Elementary reflections are given by matrices

in the form

UUT

[

The associated reflection is through the hyperplane perpendicular to u. Elementary rotations
are given by matrices in the form

where u € RY is nonzero .

(2.8) -2

A
(2.9) exp <t H) where u,v € RY are linearly independent and t € R.
uAv

Here u Av = vu’ —uv® is a skew-symmetric matrix and [|u A v|| is its matrix norm induced by

the Euclidean norm. It can be shown that
Ju Ao|? = Jlull[lo]* = (w"v)* > 0.

The associated rotation leaves fixed all vectors perpendicular to v and v. It rotates all vectors
in the plane spanned by u and v in the direction that move u towards v when ¢t > 0 and in the
opposite direction when ¢ < 0.

Exercise. Show that ||u A v is given by the expression given above.

If u € RY is nonzero then we can define the unit vector @ = u/||u||. Moreover, it is clear that

UUT

5
]

Therefore every elementary reflection can be associated with a unit vector @. It is clear that

this association is not unique because the same reflection is also associated with —.

I—200" =1—-2
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Remark. If 4 is a unit vector then the matrix R = I — 2447 satifies R?> = 1. This relation
shows that the eigenvalues of R lie in the set {1, —1}. It can be checked that —1 is an eigenvalue
of multiplicity 1 whose eigenvectors are all nonzero vectors that are proportional to @ while
1 is an eigenvalue of multiplicity N — 1 whose eigenvectors are all nonzero vectors that are
perpendicular to .

Exercise. Verify all the claims in the above remark.

If u,v € RY are linearly independent then using the Gram-Schmidt procedure we can define
the orthonormal vectors

. v —aa'v
U= —: 0= ——r.
[l [v — aatol|
Because
uA (v—aiv) = (v—at’v)u’ —ulv —aa’v)"
=vu’ —w! —av(u” —ui?) = vu’ —wl =uAwv,
and
lull*lv = @a”ol|* = [lul* (o]* — (@")*) = [ulP[lv]* — (u"v)* = [luAv]*,
we see that
o uA(v—aatv) uAv
UNU = — = .
[ull flo = aa™ol— flu Ao
In particular, we see that ||a A 0| = 1. It thereby is clear that for every t € R we have
exp(ta AND) =e <t uAvY )
xp(tu A0) =exp|t ——— | .
[l A wll

Therefore every elementary rotation can be associated with an orthnormal set {@,v}. This
association is not unique because the same rotation is associated with any orthonormal basis
of span{u,v}.

Remark. If 4 and © are orthonormal then the matrix A = @ A © satisfies A2 + A = 0.
This relation shows that the eigenvalues of A lie in the set {0,4, —i}. It can be checked that
0 is an eigenvalue of multiplicity N — 2 whose eigenvectors are all nonzero vectors that are
perpendicular to both @ and v. It can also be checked that ¢ and —i are each an eigenvalue of
multiplicity 1 whose complex eigenvectors are all nonzero vectors proportional to either u — 10
or 4 + 10 respectively.

Exercise. Verify all the claims in the above remark.

Remark. If 4 and ¢ are orthonormal then the matrix A = @ A © satisfies A*> + A = 0. This
relation can be used to show that the matrix exponential is

exp(t A) = I + sin(t)A + (1 — cos(t))A*.
When expressed in terms of 4 and ¢ this becomes
exp(tiAD) = (I —aa" —90") + sin(t) (00" — a0™) + cos(t) (aa" + v0") .
This matrix has eigenvalues 1, e, and e~ with multiplicities N — 2, 1, and 1 when t # nm.

Exercise. Verify all the claims in the above remark.



In the context of numerical methods the elementary reflection matrices are commonly called
Householder matrices. An important subfamily of Householder matrices have the form

1 0 - 0 0 0 --- 0
0 : : : :
: 1 0 0 0 0
(2.10) OB 0 Zﬁfﬂ? —Slré(st()t) 0 0|
0 0 0 1 :
: : : : .00
0 --- 0 0 0 .0 1
where j € {1,--- | N — 1} is the position on the diagonal where cos(t) appears.

Exercise. Show that Q%,(t) = I — 2aa” with @ = sin(3t) é; — cos(3t) €11, where é; and é;4
are the j and (j + 1) Euclidean basis vectors.

In the context of numerical methods the elementary reflection matrices are commonly called
Givens matrices. An important subfamily of Givens matrices have the form

1 0 --- 0 0 0 --- 0
0 : : : :
: 1 0 0 0 0
211 E0={0 0 0 e sy 0 0|
0 0 0 1 :
: : : : L0
0 - 0 0 0 - 0 1
where j € {1,--- N — 1} is the position on the diagonal where the first cos(t) appears.

Exercise. Show that QL(t) = exp(té; A é;41) where é; and é;,; are the 5% and (j + 1)

Euclidean basis vectors.

Remark. The virtue of the Householder and Givens matrices given by (2.10) and (2.11) is
that they require at most four multiplications to apply to any vector. They will play a leading
role in the QR method that we will study later.

Remark. Generalizations of the Householder and Givens matrices given by (2.10) and (2.11)
that are equally sparse can be defined for any two Euclidean basis vectors ¢; and é; with j < k
and any t € R by

QF(t) =T —2aa" with = sin(t) é; — cos(3t) éx
QU (t) = exp(té; A éy) .
These reduce to @4, (t) and QZ(t) respectively when k = j + 1.



3. REDUCTION TO HESSENBERG FORM

3.1. Hessenberg Form. It is straightforward to orthogonally transform any matrix into one
that is in Hessenberg form. As we will soon see, this simpler form is amenable to algorithms
that reveal its eigenstructure. Throughout this section we will restrict our main discussion to
real matrices. We begin with the definition of Hessenberg form.

Definition 3.1. A matriz A = (a;) € RY*Y is said to be upper (lower) Hessenbreg if ajr = 0
forj>k+1(k>j+1).
An upper Hessenberg matrix A looks like

apix G2 Qi3 T ain

a1 Q22 (23

A=10 ap asz a(N—2)N
A(N-1)N
0O - 0 AN(N-1) NN

Equivalently, its sparsity pattern can be pictured as

* ok * *
* ok *
A=10 =« * *

0 0 * ok

Our main result is the following.

Lemma 3.1. For every A € RN*N there exists an orthogonal matriz Q such that QTAQ is
upper Hessenberg.

Proof. We will prove for every k = 1,---, N — 1 there exists an orthogonal Q; € RV*" such
that QT AQy, has the form

T _ (Hy, B
1) afaa= (g ).

where H;, € R*** is upper Hessenberg, By, Cy, € RN=F*k D, ¢ RV=F*N=k) "and Cy has the
partitioned form
C’k:(O - 0 ck), for some ¢, € RV 7% .
The proof is by induction on k.
For k =1 it is clear that (3.1) holds with @y = I,
a2 Q21 Q22 -+ Q42N
H =(an), Bi=|: |, C=[: , D=
a1N an1 an2 -+ ANN

Now suppose for some k£ > 1 with & < N —1 that (3.1) holds for some orthogonal matrix Q.
We must construct an orthogonal matrix Q41 such that (3.1) holds for £ + 1. If ¢, = 0 then
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QT AQy is already in the desired form, so we may take Qgy1 = Q. If ¢, # 0 then let ¢, = C—‘,

k
e
é=(1 0 - 0) eRV"*and
- (I 0
Q‘(o 1—2aaT)’

if & £ &

|
0 otherwise

where

(3.2) i=

Set Qps1 = QrQ. Then
Q11 AQr11 = QT AQLQ

_o (e BN g - H, BI(I — 2aa”)
%l AL )Y T\ =20t (I - 2adT) A1 — 2047 )

We will employ the following corollary of Lemma 3.1 in the subsequent subsection.

Corollary 3.1. If AT = A then QT AQ is symmetric and tridiagonal.

Proof. By Lemma 3.1 there exists an orthogonal matrix @ such that H = QT AQ is upper
Hessenberg. Because AT = A we see that HT = (QTAQ)T = QTATQ = QT AQ = H, whereby
H is symmetric. Because H is symmetric and upper Hessenberg it must be tridiagonal. ([

3.2. Eigenpairs of Symmetric Tridiagonal Matrices. Every symmetric N x N real matrix
A has N linearly independent real eigenvectors {vj}évzl with corresponding real eigenvalues
{A\;}L,. The eigenpairs of A are {();,v;)}}.;. The problem of computing eigenpairs of A can
be reduced to the problem of computing eigenpairs of the symmetric tridiagonal matrix H =
QT AQ, where Q is the orthogonal matrix given by Corollary 3.1. Specifically, if {();, u;)}}, are
eigenpairs of H then {()\;, Quj)}ﬁ-v:l are eigenpairs of A. Indeed, if Hu; = A\ju; and H = QT AQ
then we see that
QTAQu; = \ju; =  AQu; = \;Qu; .
In this section we show how to compute the eigenpairs of the symmetric tridiagonal matrix H.
Because H is symmetric and tridiagonal, it has the form

g ve 0 -+ 0
Vo g U3 :
(3.3) H=1o vs puz -0
Lo
0 -+ 0 wvn py

This matrix will be irreducible if and only if

(3.4) I v #0.

If H is reducible then the eigenpair problem for H decouples into eigenpair problems of smaller
irreducible matrices of the same form. Therefore we will assume that (3.4) is satisfied.



Exercise. Prove that H given by (3.3) is irreducible if and only if (3.4) holds.

An important consequence of H being irreducible is that it has simple eigenvalues. Moreover,
the eigenstructure of H can be built from the family of polynomials {p,(¢)}\_, defined by

po(¢) =1,
(3.5) p1(¢) = (¢ — p1)po(C),

Pn(C) = (€ = pn)Pn1(C) = v3pa—2(C)  formn=2,--- N.
Some properties of these polynomials are collected in the following lemma.

Lemma 3.2. Let {p,(C)}N_, be the family of polynomials defined by (3.5) where v, # 0 for
everyn = 2,--+ ,N. Then for everyn = 1,--- N the polynomial p,({) is monic, has degree
n, and has n simple real roots that strictly interlace with the n — 1 simple real roots of p,—1(().

Proof. The fact that p,(¢) is monic and has degree n follows by induction on n from (3.5).
The details of the proof of this fact are left as an exercise.

We will use induction to prove that p,(¢) has n simple real roots that strictly interlace with
the n — 1 simple real roots of p,_1(¢). This means that if we have shown that p,_1({) has real

roots
AP AT o ZTD  \m D

then we must show that p,(¢) has real roots A < AP < ..o < A" <« A that strictly
interlace as

(3.6) P P VD Y S P D (P LMD L (O
When this property is combined with the fact that p,_1({) ~ ("' as |(] — oo, we see that
(3.7) sign(pn_l(kg,f))) = (-1 ™ for every m=1,--- ,n.

This last fact will play a technical role in our proof.

Because po(¢) = 1 and p1(¢) = ¢ — p1, we see that pi(¢) has the single simple real root
)xgl) = /11 and that po(Agl)) = 1. Therefore (3.6) and (3.7) hold for n =1

Now suppose for some n € {2,---, N} we know that (3.6) and (3.7) hold for n — 1. This
means we know that p,_1(¢) has n — 1 simple real roots that satisfy

AP AP o D\
and
sign (pn—2 ()\ﬁ,ff_l))) = (—1)"mt forevery m=1,--- ,n—1.

Then the last relation in (3.5) implies that

pn()\sg_l)) = (C - Mn)pn—l()‘g_l)) - prn—z(AS,?_l)) = - n2pn—2()\7(77~3_1)) .
This relation together with the one above it and the hypothesis v, # 0 implies that

Sign(pn()\%‘_l))) = — sign(pn_Q()\T(g_l))) = (=1 ™ forevery m=1,--- ,n—1.

When this fact is combined with the fact that p,({) ~ (™ as |(| — oo, a sign analysis shows
that p,(¢) must have at least one root in each of the n intervals

(—oo, AT, ATy APy (Y o).

n—2 »‘n—1 n—1 >

Therefore the n'* degree polynomial p, (¢) must have n simple real roots that satisfy the strict
interlacing property (3.6), whereby (3.7) holds too. O
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N

We can now give the eigenstructure of H in terms of the polynomials {p,(¢)}._o-

Theorem 3.1. Let H € RY*YN be an irreducible symmetric tridiagonal matriz in the form
(8.3). For everyn =0,---, N let p,(¢) be defined by (3.5). Then the spectrum of H is simple
and given by

(3.8) Sp(H) ={X€R : py(A) =0}.
Moreover, for each A € Sp(H) an associated eigenvector is v(\) where v(¢) = Hu(Q)
po(<) mo0 0
(39) wo=| " a0
5 A
n-1(C) 0O --- 0 7mn
with my = 1 and m, = 71 /vy forn=2,--- /N.
Proof. The defining relations (3.5) for {p,(¢)})_, may be recast in the vector form
(3.10) Cu(¢) = Hu(C) + px(C)én
where the matrix H and vector éy are given by
g 10 - 0
2 0
B vs g1 '
H=10 v p o 0| en = 0
S 1 .
0O --- 0 ,/]% 7

The matrix H is related to H by IIH = HII where II is given by (3.9). Upon multiplying
equation (3.10) by II and using the facts that ITu(¢) = v(¢) and Iléy = mnéy we find that

Cu(¢) = Hu(Q) + mypn(C)én -
By evaluating this relation at ( = A where A is any root of px({) we obtain Av(A) = Ho(A).
We see that v(A) # 0 because its first entry is po(A) = 1. Hence, (A, v()\)) is an eigenpair of H.
By Lemma 3.2 there are N simple real roots of px((). We thereby have constructed a complete
set of N eigenpairs of H. O

Remark. Because py(() is a monic polynomial of degree N with simple roots that are the
eigenvalues of H, we conclude that py(() is the characteristic polynomial of H. Therefore it is
also the characteristic polynomial of every matrix A that is similar to H.

Remark. The roots of py(¢) might be computed numerically using Newton’s method. When
doing so py(¢) can be computed using (3.5) while p/y(¢) can be computed using

p¢) =1,

p3(¢) = (€ — n2)p1(¢) + pi(Q)

Pu(€) = (€ = m)pri (€) + Par(Q) = iDL o(C)  forn=3,--- N
This approach is only effective when NV is not large.
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4. QR METHODS

The best methods for computing the eigenstructure of a matrix are so-called () R-methods,
which are based on QR factorization.

4.1. QR Factorization. We begin with some basic facts about QR factorization.

Theorem 4.1. (QR Factorization) For every A € RN*Y there exists an orthogonal matriz
@ and an upper triangular matriz R with nonnegative diagonal entries such that A = QR.
Moreover, the diagonal entries of R are positive if and only if A is invertible, in which case the
factorization is unique.

Remark. Because
ATA=(QR)"(QR) = R"Q"QR = R"R,
we see that RT R is a Cholesky factorization of AT A. If A is invertible then AT A has a unique

Cholesky factorization RT R such that R is upper triangular and has positive diagonal entries.
In that case we can define Q = AR™! and check that

QTQ = (AR (AR = RTATAR' = R "R'TRR™' =1,
whereby () is orthogonal. The QR factorization of A is thereby obtained from the Cholesky

factorization of AT A.

Remark. The above observation is close to a proof of Theorem 4.1. Indeed, for the case when
A is invertible all that remains is to prove the Cholesky Factorization Theorem. Below we give
a proof based on an alternative approach that uses Householder reflections.

The key to our proof of Theorem 4.1 will be the following lemma, which was essentially
proved in the last section.

Lemma 4.1. Let a € R". Then there exists an orthogonal matriz Q auch that QTa = |al|éy,
where é; € R™ is the first Euclidean basis vector.

Proof. Let Q = I — 2uu” with

AT Ghere a=-—— ifa#|alér,
u=1 lla—él ol
0 otherwise .
A direct calculation shows that this @ does the job. ([l

Remark. The matrix @ = I — 2uu” is a Householder reflection when u # 0 and I otherwise.
In either case QT = Q.

Proof of Theorem 4.1. We show by induction that for every m =1,---, N — 1 there exists
an orthogonal matrix Q,, such that QT A has the form

R, B
T _ m m
where R, € R™*™ is upper triangular and has nonnegative diagonal entries.

For m = 1, let ag € RN and Ay € RV*V=1 gych that A = (ap Ap). By Lemma 4.1 there

exists an orthogonal matrix @0 such that

Qvgao = ||aol| €1, where ¢, € RV .
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Upon setting ()1 = @0, we see that
QT A=Qf (a0 A) = (QFar QFA) = (Jaoller QFAo) .
which has the form (4.1) for m = 1.

Now suppose there exists an orthogonal matrix @, such that Qf A has the form (4.1) with
m = k for some k > 1 with ¥k < N — 1. Let ar € R¥"% and A, € RN-Rx(N=k=1) gych that

Ay = (ak ﬁk) By Lemma 4.1 there exists an orthogonal matrix )5 such that
QFay, = |jax é1 , where é; € RV 7%,

Let b, € R* and B;, € RF*(N=k=1) guch that B, = (be Ek) Upon setting

1
Qk—l—l = Qk (O Q’Qk) )

we see that
I 0 I 0 R, B R, By
T A= - TA _ - k kY _ "
o=y gr)aa=o a) (v 5) - (3 @t
_ <Rk b By ) _ (Rk b DBi )
0 Qfay QLA 0 Jlaxllér QFA;)°
which has the form (4.1) with m =k + 1. O

4.2. QR Iteration. Given an invertible matrix A € RV*¥ the basic QR iteration is given by
(42) AO = A> An = Qan > An-‘,—l = RnQn s

where every (), is orthogonal and every R, is upper triangular with positive diagonal entries.
In other words, @, R, is a QR factorization of A,,.

Lemma 4.2. Let A € RY*Y be invertible. The sequences {A,}, {Qn}, and {R,} generated by
the basic QR iteration (4.2) are uniquely defined and satisfy

QnAn—l—l = QanQn = AnQn ) An+1 = QZAnQn )

(4.3) B B B o
AR, = R,Qn.R, = R, A, An1 = RAR, .

Remark. The first line in (4.3) shows that A, is similar to A,, by the orthogonal matrix @,
while the second shows that A, is similar to A, by the upper triangular matrix R, .
Proof. By induction we can show that each A, is invertible, whereby it has a unique QR
factorization A, = Q,R,, whereby A,.1 = R,Q, is uniquely defined. Moreover, each R, has
positive diagonal entries. The proof of (4.3) is left as an exercise. O
Exercise. Prove (4.3).

The QR iteration preserves many structural properties of A.

Lemma 4.3. Let {A,} be the sequence generated by the basic QR iteration (4.2) from an
invertible matriz A € RV*V,

(a) If A is symmetric (AT = A) then so is every A,.

(b) If A is skew symmetric (AT = —A) then so is every A,.

(c) If A is normal (AT A = AAT) then so is every A,.

(d) If A is upper Hessenberg then so is every A,.
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Proof. Exercise. (Hint: Use (4.3).) O

Given the sequences {Q,} and {R,} generated by the basic QR iteration (4.2), define the
sequences {U,} and {7},} by

(4.4) Uo=1, U1 =U0,Q,, To=1, T, =R,T,.
It follows by induction that
Un = QoQ1 - Qn-2Qn-1, Tn=Ry 1Ry 2 RiRyg.
and that every U, is orthogonal while every T, is upper triangular with positive diagonal entries.

Lemma 4.4. The sequences {A,}, {U,}, and {T,} generated by the basic QR iteration satisfy

(4.5) A, =UTAU,, A, =T,AT",
and
(4.6) U T =U, A T,y fork=0,1,--- n.

Remark. In particular, when k& = n then (4.6) becomes
(4.7) U, T, = A"
In other words, U, T, is the QR factorization of A™.

Proof. The proof of (4.5) is left as an exercise. The proof of (4.6) proceeds by induction
on k. Indeed, (4.6) clearly holds when k& = 0 because in that case it reduces to the identity
U, T, = U,T,. We now assume it holds for some k < n and show it holds for k£ + 1.

When the fact Q,_r_14n_r = Ap_k_1Qn_r_1 is applied k times one obtains the identity

Qnk Ay = AF 4 Qnoi1.

It then follows that

UnTy = Unk Ay Tt = Unek1 Qi1 A Ro—k-1 T

= Un—k145 4 1 Qn-r1Rn k1 Thia
= Up 1 AF  Ap Ty = Up o AMTL Ty

This shows that (4.6) holds for & + 1. O

Exercise. Prove (4.5).

4.3. Cholesky Iteration. We have already seen that if A = QR is a QR factorization of A
then a Cholesky factorization of ATA is ATA = RTR. Here we show that QR iteration is
related to Cholesky iteration, an analogous iteration based on Cholesky factorization.

Given a symmetric positive definite matrix B € RV*¥, the Cholesky iteration is given by

(4.8) Bo=A, B,=R'R,,  Bu.=R.R",

where every R, is upper triangular with positive diagonal entries. In other words, R R,, is the
Cholesky factorization of B,,.

Lemma 4.5. Let B € RY*Y be symmetric and positive definite. The sequences {B,} and {R,}
generated by the Cholesky iteration (4.8) are uniquely defined and satisfy

(4.9) Bni1R, = R,R'R, = R,B,, B,i1 = R,B,R; .
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Remark. Here (4.9) shows that B, is similar to B,, by the upper triangular matrix R .

Proof. By induction we can show that each B,, is symmetric and positive definite, whereby it
has a unique Cholesky factorization B, = Ran, whereby B, = RRRZ is uniquely defined.
Moreover, each R,, has positive diagonal entries. The proof of (4.9) is left as an exercise. [

Exercise. Prove (4.9).

Cholesky iteration is related to QR iteration for normal matrices.
Lemma 4.6. Let {A,} and {R,} be the sequences generated by the basic QR iteration (4.2)
from an invertible, normal matriv A € RY*N. Let B, = ATA, and B = ATA. Then the

sequences {B,} and {R,} are equal to the sequences generated by the Cholesky iteration (4.8)
from the symmetric, positive definite matriz B.

Proof. We prove that B,, is the n'* Cholesky iterate associated with B = AT A by induction.
For n = 0 this is true because By = AL Ay = ATA = B.

Now suppose that B, is the n'” Cholesky iterate associated with B = AT A for some n > 0.
Because A, = (), R,, we see that
B, =A'A, = (Q.R,)"Q.R, = RTQYQ,R, = RTR, .

Hence, B, = RTR,, is the Cholesky factorization of B,,. By Lemma 4.3 A, is normal. Because
A,y1 is normal and A, 1 = R,Q,, we see that

Bn+1 = Az;—i-lAn—i-l = An-i—lAz;—i-l = RnQn(RnQn)T = RnQan;Rz: = RnRz .

Hence, B, is related to B,, through R,, as given by the Cholesky iteration (4.8). Therefore if
B, is the n'™ Cholesky iterate associated with B = AT A then B, is the (n + 1) Cholesky
iterate associated with B = AT A. O

4.4. Convergence of Cholesky Iteration. Our main result regarding Cholesky iteration is
the following convergence result.

Theorem 4.2. Let {B,} and {R,} be the sequences generated by the Cholesky iteration (4.8)
from a symmetric, positive definite matrix B € RN*N_ Then there exists a diagonal matriz D
with positive diagonal entries such that

(4.10) lim B, = D?, lim R, =D.

n—oo n—o0

The diagonal entries of D? are the eigenvalues of B.

Remark. The diagonal entries of D? will be the eigenvalues of B. This convergence theorem
does not mean that Cholesky iteration is a good way to compute these eigenvalues. Indeed,
Cholesky iteration is not stable because it is not based upon orthogonal transformations.

Our proof of Theorem 4.2 will use the so-called partial traces of the matrices B,. For every
B = (bj) € RV*N and every m € {1,---, N} we define the m'* partial trace of B by

(4.11) tr™ (B) = byy 4 bag 4 - - - =+ Dy -

In particular, tr™)(B) is tr(B), the trace of B. Our proof will make critical use of the partial
trace identities given by the following lemma.
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Lemma 4.7. Let R = (r;;) € RN*N be upper triangular. Then for every m € {1,--- ,N — 1}

(4.12) tr™ (RRT) — 1™ (RTR) = tr(R™TRM™) |
where R™ denotes the m'™ upper corner of R, which is defined by
0 - 0 rigmyny -+ TN
m |0 0 Ty T
(4.13) Rm = | o Tt T
0 --- 0 0 )

Remark. The right-hand side of (4.12) is zero for m = N because tr(RR?) = tr(RTR).

Proof. Because R is upper triangular we know that r;, = 0 for ;7 > k. Then for every
me{l,---, N — 1} we have

By subtracting the second expression on the top line from the first, we obtain the expression
on the bottom line. This proves (4.12). O
Proof of Theorem 4.2. For every m € {1,---, N} and every n € N define sy = tr™(B,).
Notice that s = tr™(B,) < tt™)(B,) = tr(B,) = tr(B). By Cholesky iteration (4.8) we
have B,y1 = R,RY and B, = RLR,, so that Lemma 4.7 implies

s = ™ (B,1,) = tr™ (R, RT) > ™ (RTR,) = 2™ (B,) = s .

n

Therefore for every m € {1,---, N} the sequence {sgm) > is nondecreasing and bounded
above by tr(B), whereby it converges. For every m € {1,--- N} let
(4.14) st = lim 5™

n—oo

These limits will be used to establish the limits for B,, and R,, asserted in (4.10).

Let (B,,)mm denote the m'" diagonal entry of B,,. Because each B, is symmetric and positive
definite, these entries are bound below and above respectively by the smallest and largest
eigenvalues of B,,. Because each B, is similar to B, these eigenvalues are the smallest and
largest eigenvalues of B. From definition (4.11) we see that

(B.)o = tr)(B,) form =1,
) ae™(B,) — tr™(B,)  for m e {2,--- ,N}.

Because sy = tr™(B,), the limits (4.14) imply that

s form=1,

415 Hm. (B )mm =
(4.15) im (B,) {S<m>—s<m—1> form € {2,--- ,N}.

n—o0
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In other words, all the diagonal entries of B,, converge as n — oo. Their limits lie in the interval
[Amins Amax), Where Apin and Ajyay are the smallest and largest eigenvalues of B.

Because s\ = tr™ (B,,), identity (4.12) can be recast as s — s = tr (RS{”’TRS”’). Then
the limits (4.14) imply that

lim tr(RYMTRI™) = lim sT— lim 0 = s — 50 — ¢
n—00 n—o00 n—00
Therefore

lim RM™ =0 for every m € {1,--- N —1}.

n—o0

Because every off-diagonal entry of R, lies in at least one upper corner RSZ”’, this shows that
all the off-diagonal entries of R,, vanish as n — co.

Let R, = D, + R, where D,, > 0 is diagonal and R, is strictly upper triangular. The previous
paragraph shows that

lim R, = 0.

n—o0
Let B, = Diag(B,)+ én where Diag(B,) is tkle diagonal part gf B,, and En is the off-diagonal
part of B,,. Because B, = RSRn = D2+ D,R, + RZD,L + RZR,L, we have
B, = D,R, + R'D, + RLR, — Diag(RIR,) .
Because each entry of D,, is bounded by v/Anax while ﬁn vanishes as n — 00, it follows that
lim B, = 0.

n—o0

By combining this limit with the limits (4.15), we see there exists a diagonal matrix D with
positive diagonal entries that lie within [v/Amin, v/ Amax] such that

lim B, = lim (Diag(B,)+ B,) = lim Diag(B,) = D*.
n—o00 n—o00

n—oo

This establishes the first limit in (4.10).
Finally, because B, = RIR, = D? + Dnén + EZDH + éfﬁn, we write

D?=B,—D,R, —R'D, — R'R,.

Therefore
lim D? = lim B, = D?,
n—o0 n—oo
whereby
lim R, = lim (D, +R,) = lim D, =D.
n—o0 n—oo n—o0
This establishes the second limit in (4.10). O

4.5. Covergence Results for QR Iteration. Here we present some convergence results for
QR iteration that are based on Theorem 4.2, which showed the convergence of Cholesky it-
eration. Our first result shows that QR iteration converges for symmetric, positive definite
matrices.
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Theorem 4.3. Let {A,}, {Q.}, and {R,} be the sequences generated by the QR iteration (4.2)
from a symmetric, positive definite matriv A € RN*YN . Then there exists a diagonal matriz D
with positive diagonal entries such that

(4.16) lim A, =D, lim Q, =1, lim R, =D.

n—o0 n—oo n—oo

The diagonal entries of D are the eigenvalues of A.

Proof. Because A is positive definite, it is normal. Let B, = AT A, = A2 By Lemma 4.6
the sequences {B,} and {R,} are the sequences generated by the Cholesky iteration (4.8) from
the matrix B = ATA = A%, By Theorem 4.2 there exists a diagonal matrix D with positive
diagonal entries such that

lim A? = lim B, = D?, lim R, =D.
n—oo n—oo n—o0o
It follows that
lim A, =D, lim Q, = lim A,R;'=DD™ ' =1.
n—o0 n—o0 n—o0

Because the diagonal entries of D? are the eigenvalues of B = A%, the diagonal entries of D are
the eigenvalues of A. O

Covergence results of QR iteration for other classes of matrices are more complicated. For
example, if A is an orthogonal matrix then the sequences {A,}, {@Q,}, and {R,} generated by
@R iteration for A are A,, = @), = A and R, = I. These sequences converge, because they are
stationary. However, they do not yield further information about the eigenstructure of A. This
class of examples includes many symmetric matrices, for example,

_ [cos(t) sin(t)
(4.17) A= (sin(t) — cos(t) for every t € R.
More generally, if @ is an orthogonal matrix and D is a diagonal matrix with positive diagonal
entries that commutes with @ then the sequences {4,}, {@.}, and {R,} generated by QR
iteration for A = QD = DQ are A, = A, @, = @, and R, = D. Every matrix in this class of
examples is normal.

For normal matrices the correspondence between Q)R iteration and Cholesky iteration given
by Lemma 4.6 combined with the convergence for Cholesky iteration given by Theorem 4.2
yields some partial convergence results for QR iteration. The easiest such result is the following.

Theorem 4.4. Let {A,}, {Q.}, and {R,} be the sequences generated by the QR iteration (4.2)
from a normal matrix A € RVN*N | Then there exists a diagonal matriz D with positive diagonal
entries such that

(4.18) lim R, = D.

n—oo

The diagonal entries of D are the singular values of A.

Proof. Because A is normal, Lemma 4.3 implies every A,, is normal. Let B,, = Az:An = AnAg;.
By Lemma 4.6 the sequences {B,} and {R,} are the sequences generated by the Cholesky
iteration (4.8) from the matrix B = ATA = AAT. By Theorem 4.2 there exists a diagonal
matrix D with positive diagonal entries such that

lim ATA, = lim B, = D?, lim R, =D.

n—oo n—oo n—o0



18

Because the diagonal entries of D? are the eigenvalues of B = AT A, the diagonal entries of D
are the singular values of A. OJ

4.6. Shifted QR Iteration. The convergence rate for QR iteration can be improved by adding
shifts. Given an invertible matrix A € RV*¥ | the shifted QR iteration for a sequence of shifts
{o,} is given by

(4.19) A=A, A, — ol = QuR,, Api1 = R,Q, + 0,1,

where every @), is orthogonal and every R, is upper triangular with positive diagonal entries.
In other words, @, R,, is a QR factorization of A, — o, 1.

Lemma 4.8. Let A € RY*Y be invertible. The sequences {A,}, {Qn}, and {R,} generated by
the shifted QR iteration (4.19) for shifts {o,} are uniquely defined when no o, is an eigenvalue
of A. Moreover, they satisfy

Qn(An—l—l - Jn[) = QanQn = (An - UnI)Qna An—l—l = QZATLQTL7

(4.20) -1
(Aps1 —onl)R, = R,Q,R, = R,(A, —0,1), Apns1 = RLALR, .

Remark. The first line in (4.20) shows that A, is similar to A, by the orthogonal matrix
Q,,, while the second shows that A, is similar to A, by the upper triangular matrix R, .
Proof. Because oy is not an eigenvalue of Ag = A, Ay — ool is invertible. We procede by
induction. Suppose that A, — 0,1 is invertible. Because A,, — 0,,[ is invertible it has a unique
@R factorization A, —o,I = Q,R,, whereby A, 1 = R,Q,+0,[ is uniquely defined. Moreover,
each R, has positive diagonal entries. The proof of (4.20) is left as an exercise. Because A,
is similar to A,, it is similar to A. Because 0,1 is is not an eigenvalue of A, it is not an
eigenvalue of A, 1, whereby A,,.1 — 0,.11 is invertible. O
Exercise. Prove (4.20).

The shifted QR iteration preserves many structural properties of A.

Lemma 4.9. Let {A,} be the sequence generated by the shifted QR iteration (4.19) for shifts
{o,} from an invertible matriv A € RV*V,

(a) If A is symmetric (AT = A) then so is every A,.

(b) If A is skew symmetric (AT = —A) then so is every A,.

(c) If A is normal (ATA = AAT) then so is every A,.

(d) If A is upper Hessenberg then so is every A,,.

Proof. Exercise. (Hint: Use (4.20).) O
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5. METHOD OF UNITARY ISOSPECTRAL FLOWS

5.1. Unitary Isospectral Flows. Let Q : R — CN*¥ be continuously differentiable and
pointwise unitary — i.e. () satisfies

(5.1) QLAY =QQ)"Q(t) =1 for every t € R.

Assume moreover that Q(0) = I. The unitary isospectral flow associated with @) acts on any
matrix Hy € CV*V as

(5.2) H(t) = Q(t) HoQ(t)" .

This flow is called isospectral because for each ¢ € R the matrix H(t) is similar to H(0) = H,,
whereby we see that

Sp(H (t)) = Sp(Hy) for every t € R.

In this section we will study these flows and how they can be used to compute the eigenvalues
and eigenspaces of a matrix.

5.2. Characterization of Isospectral Flows. Given @ : R — CV*¥ that is continuously
differentiable and pointwise unitary, for every ¢ € R define J(t) by

dQ(t
5:3) 1) =" oy,
Then it is clear that J : R — CY*¥ is continuous. Moreover, upon differentiating (5.1) we see
that
Q) 5y dQ)" _

which by (5.3) is just
(5.4) J)+Jt) =0 for every t € R.

Hence, J : R — CV*¥ is pointwise skew-adjoint over R. In other words, if Q : R — CV*V is a
continuously differentiable family of unitary matrices then J : R — CN*¥ defined by (5.3) is a
continuous family of skew-adjoint matrices.

Conversely, let J : R — CV*¥ be continuous and pointwise skew-adjoint over R. Motivated
by (5.3), consider the matrix initial-value problem

(5.5) Camn=Jmen, Qo =1

We claim this problem has a unique solution @ : R — CV*¥ that is continuously differentiable
and pointwise unitary over R.

To prove this claim we must show that Q(¢t) = Q(¢)~'. We do this by showing that Q(¢)¥
and Q(t)! solve the same initial-value problem. Indeed, the adjoint of (5.5) is

(56) %QWH:@GW#0H=—QmHﬂw, Q)" =1,
while
d -1 _ -1 dQ(t) -1 _ —1 1
(5.7) TR =)=~ = -1 QM Q)
=-QmU®), QO =1.



20

Here we have used the fact that

d

0= (QWewM™) -

O Qi+ San

Because the initial-value problem (5.6) satified by Q(¢) is identical to the initial-value problem
(5.7) satified by Q(¢)™!, we conclude that Q(¢)¥ = Q(t)™'.

The above arguments show that a continuously differentiable family of unitary matrices Q(t)
is characterized as the solution of the initial-value problem (5.5) associated with a continuous
families of skew-adjoint matrices J(t). Now let H(t) be the unitary isospectral flow given by
(5.2). A direct calculation shows that H(t) satisfies the initial-value problem

GHG) QW) . aQ()"
T - @ Hy Q(t)" + Q(t) Ho T

= J(1) Q(t) HoQ(t)" — Q(t) Ho Q(t)" J (1)
J)H(t) — H@t)J(t),  H(0)=H.

The unitary isospectral flow H(t) is thereby characterized as the solution of the above initial-
value problem associated with a continuous families of skew-adjoint matrices J(t).

5.3. Isospectral Flow Equations. The isospectral flow equation associated with a continuous
families of skew-adjoint matrices (t)

(5.8)

This equation has many remarkable properties.
Lemma 5.1. If H(t) and K(t) are solutions of the isospectral flow equation (5.8) then so are

(1) aH(t)+ BK(t)  foreverya, B €R,
HK(t),

(
(¢ )
t)" for everyn € N,
)
)"

T TR

)
(i)
(iv)
(v)

tH

=

1

=

t

(
(
(
( provided H(t) is invertible.

Proof. Assertion (i) follows because the isospectral flow equation (5.8) is linear.
Assertion (ii) follows from the calculation

d dH (1) K(1)
G HOK D) = =2 K(@ >+H<t> —
= (JOH(t) — H(t)J(t)) K(t) + H(t) (J(t)K(t) — K(t)J(t))

= J(t) H(t) K(t) —H(t) K(t) J(t) .

Assertion (i77) follows from assertion (ii) by induction on n. Indeed, (iii) clearly holds for
n = 1. Now we suppose (ii7) holds for n and show it holds for n 4+ 1. Because H(t) and H(t)"
are solutions of (5.8), by assertion (iz) H(t)"*' = H(t)H(t)" is also a solution of (5.8). Hence,
assertion (i77) holds for n + 1.
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Assertion (iv) follows by taking the adjoint of the isospectral flow equation (5.8) while using
the fact J(t) is skew-adjoint. One finds that

YOT _ 0y 1) — () (1) = B 10" — (0" H (1)

dt
=-—HO*JO) +JOHOT =JO)HOT — H®)?J(t).

Finally, assertion (v) follows from the calculation

WO 0 B ) = o) (J0)80) - H0)I0) )
=—Ht) ' JO)+JOHG) P =Jt)HE) " —HE) (@) .
This completes the proof of the lemma. 0J

Remark. Alternatively, one could give the proofs of assertions (ii), (iv), and (v) in terms
of Q(t), the solution of (5.5). For example, to prove assertion (ii) one argues that, because
H(t) and K (t) are solutions of (5.8), they can been expressed as H(t) = Q(t)H (0)Q(t)" and
K(t) = Q(t)K(0)Q(t). It then follows that

H(H)K(t) = Q)H(0)Q()" Q) K(0)Q()" = Q(t)H(0)K(0)Q(t)",

whereby one sees H(t) K (t) is a solution of (5.8). Similarly, to prove assertions (iv) and (v) one
shows that

H" =QMH0)"QW",  H(t)™ =QMH(0)"'Qt)".

It is also clear that H(t) is invertible for every t if and only if it is invertible for at least one t.

Lemma 5.1 has the following corollary.

Corollary 5.1. Let H(t) be a solution of the isospectral flow equation (5.8) with H(0) = H,.

(1) If Hy is self-adjoint then so is H(t) for every t € R.
(2) If Hy is skew-adjoint then so is H(t) for everyt € R.
(3) If Hy is normal then so is H(t) for every t € R.

5.4. Diagonalization by Unitary Isospectral Flows. Given any self-adjoint matrix H we
would like to find a skew-adjoint matrix J(H) such that solutions H (t) of the isospectral flow
system (5.8) converge to a diagonal matrix as ¢t — oo.

One choice of J(H) can be constructed by first decomposing H as H = D + L+ L¥ where D
is diagonal and L is strictly lower triangular, then setting J(H) = L — L*. System (5.8) then
becomes

(5.9) i—if =2(LL" = L"L) + (LD — DL) + (DL — L D) .
In the next section we will show that this flow diagonalizes any tridiagonal matrix.
More generally, an isospectral flow has the form
(5.10) (Z—i]:JH—HJ, H(0) = H,
thgrei J ): L—L", f(H)= D+ L+L" and f is any function that is analytic in a neighborhood
of Sp(Hy).
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Equation (5.10) is completely integrable. This means that its solution can be expressed as a
transformation of the solution of a linear system. In particular, the solution of (5.10) is given

by
(5.11) H(t) = Q)" HoQ(t)
where Q(t)R(t) is the QR factorization of the exponential matrix exp (¢f(Hp)). In other words,
to solve (5.10) we first compute exp (tf(Ho)), perform the QR factorization
exp (tf(Ho)) = Q)R(t),
and use the resulting Q(¢) in (5.11). We will not prove (5.11) here.

Remark. The @ R-iteration can be recovered in this framework by choosing f(z) = log(z).
Specifically, the Q) R-iterates { Hx}72, associated with Hy are given by Hy = H (k) where H(t)
is the solution of (5.10) given by (5.11). For example, for ¢ = 1 we have

exp (tf(Ho)) = exp (1log(Ho)) = Hy = QoRo = Q(1)R(1),
whereby from (5.11) we see that

H(1) = Q(l)HHOQ(l) = RoQo = H; .
Exercise. Check that Hy = H(k) for every k € N as claimed in the above remark.

5.5. Symmetric Tridiagonal Case. Here we consider the case where

b a4 0 .- 0
ar by ap :
(5.12) H=|0 a b . o |=D+L+L".
. aN-1
0 -+ 0 an-1 by

We saw earlier that every symmetric matrix can be efficiently brought into this form. We
assume that H is initially irreducible — namely, that a; # 0 for every j =1,--- , N — 1.
In this case LL¥ and L L are diagonal and the isospectral flow equation (5.9) decomposes

as

dD dL

— =2(LL* - LHL — =LD-DL.
dt ( ), dt
In terms of the entries b; and a; these become
db; )
d—t]:2(aj2—aj2+1) forj=0,1,--- ,N—1,
(5.13) da.
=l =by) forj=1.2- N 1.

Here we adopt the convention that ag = ay = 0 when those terms arise in the first equation.
Notice that each a; will remain nonzero if it is initially nonzero.

It is clear that the only stationary points of this flow are when a1 = ay = --- = ay_1 = 0.
This means that H is diagonal. Because H has simple eigenvalues, this stationary point will
be stable if and only if

b0<b1<"'<b]v_2<b]v_1.



23

Theorem 5.1. Let H(t) have the tridiagonal form (5.12), be irreducible, and satisfy equation
(5.13). Then H(t) converges ast — oo to the diagonal matriz with eigenvalues increasing down
the diagonal.

Proof. By Lemma 5.1, the trace of H(t)? is conserved by the flow. One has that

N-1 N-1
tr(H2) = Z bj2 + 2 Z ajz.
j=0 j=1

The fact this is conserved implies that all the b; and a; are bounded functions of ¢.
Now let s,, be the m* partial trace of H:

m—1
sm:ij form=1,--- N.
5=0

By (5.13) one sees that

[y

dSm m—1 db m—

(514) E: d—;:2z(a]‘2_af+1):_2ai§0 fOrm:L...’N_
J=0 j=0

Therefore s,,(t) is a decreasing function of ¢. But it is also bounded below. Hence, for every

m=1,---, N we see that

lim s,,(t) = s exists .
t—o00
Moreover, because s,,(t) is decreasing we see that
tlim Sm(t+h) = s uniformly over A > 0.
—00

Then for every m =0,---, N — 1 we know that
lim by, (¢t + k) = Im (Sp1(t + h) — s (t + h))
t—o00 t—o00

_ o0 oo — 1,00 :
= Spi1 — Sy = by uniformly over h > 0,

where we understand that sp = s§® = 0. The diagonal entries of H(t) therefore converge as
t — 0.
To show the off-diagonal entries of H () vanish as t — oo, we begin by integrating equation
(5.14) over [t,t + h] and passing to the limit as ¢ — oo to find that
t+h
m(t) —sm(t+h
(515  lim an(P)2dt = lim Sm) = Sml 1)

t—o0 t t—o0 2

—0 uniformly over h > 0.

Upon integrating the second equation of (5.13) over [t, '] we find that

an(®) = anlt) o [ (1) — b ()] ).

which can be expressed as

/ h'
anlt+ 1) _ o ( / oo (£ + B") — bn(t + 1)) dh”) |
am (1) 0
We thereby see that
/
lim am(t + 1) = exp ([bpe_, — bXIN) uniformly over b’ > 0.

t—o0 Ay, (t)
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When this result is combined with (5.15) we see that for every h > 0
t+h h

0= lim am()? At = lim [ an,(t + B)*dR
t—00 t t—o0 0
h / 2
— lim W+ PN G i, (1)?
t—=oo Jo A, (t) t—00

h
_ / exp (2[5, — b=I') I Lim ap(£)?
0 t—o0
21 —b>*lh) — 1
— eXp( [ m—1 m] ) hm am(t)
2[b55_1 — b5 t=o0

> h lim a,,(t)?.
t—r00

2

We thereby conclude that
tlim an,(t) =0.
—00

This result is consistent with second equation of (5.13) if and only if b3, — b2° < 0.



