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1. Power Methods

1.1. Power Method. The simplest method to compute the eigenvalues and eigenvectors of
a matrix is the power method. We illustrate this method for a matrix A ∈ RN×N that is
symmetric and positive definite. Suppose the eigenvalues of A are simple and strictly ordered
as

(1.1) λ1 > λ2 > · · · > λN−1 > λN .

Let v1, v2, · · · , vN−1, vN be corresponding unit eigenvectors. Because {vk}Nk=1 is an orthonormal
basis of RN , every unit vector x ∈ R

N can be expanded as

(1.2) x = α1v1 + α2v2 + · · ·+ αN−1vN−1 + αNvN , where αk = vTk x .

Then

(1.3)
Anx = α1A

nv1 + α2A
nv2 + · · ·+ αN−1A

nvN−1 + αNA
nvN

= α1λ
n
1 v1 + α2λ

n
1 v2 + · · ·+ αN−1λ

n
N−1vN−1 + αNλ

n
NvN .

If α1 6= 0 then we see from (1.1) that

(1.4) lim
n→∞

1

λn
1

Anx = α1v1 + lim
n→∞

N∑

k=2

(
λk

λ1

)n

αkvk = α1v1 .

This shows that the eigenvector α1v1 emerges from repeated applications of A to x.

Of course, we may not use (1.4) directly because we do not know λ1. Rather, we use it to
motivate the iteration

(1.5) x0 = x , xn+1 =
Axn

‖Axn‖
.

If α1 6= 0 then this so-called power iteration recovers the eigenpair (λ1, v1) as

(1.6) lim
n→∞

‖Axn‖ = λ1 , lim
n→∞

xn = v1 .

We will not prove this fact here.
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2. Tranformations to Simpler Forms

2.1. Introduction. One strategy to compute the eigenstructure of a matrix A ∈ RN×N is to
transform it to a simpler form from which its eigenstructure can be read off. This is done by
repeated application of similarity transformations, which have the form

(2.1) A 7→ B = U−1AU , where det(U) 6= 0 .

When matrices A and B are related in this way they are said to be similar.
It is clear that if A and B are similar then Sp(A) = Sp(B). Moreover, they will have the

same characteristic polynomial because from (2.1) we see that

pB(ζ) = det(ζI − B) = det
(
ζ−1U − U−1AU

)
= det

(
U−1(ζI − A)U

)

= det
(
U−1

)
det(ζI −A) det(U) = det(ζI −A) = pA(ζ) .

In addition, if A and B are similar then they will have the same eigenstructure. Recall that
(λ, v) ∈ C× CN is said to be generalized eigenpair of A with degree m ∈ Z+ when

(λI − A)mv = 0 and (λI − A)m−1v 6= 0 .

If A and B are similar and (λ, v) is a generalized eigenpair of A with degree m then (λ, U−1v) is
a generalized eigenpair of B with degree m. Indeed, a direct calculation that uses (2.1) shows
that

(λI −B)mU−1v =
(
U−1(λI − A)U

)m
U−1v

= U−1(λI −A)mUU−1v = U−1(λI − A)mv = 0 ,

(λI −B)m−1U−1v =
(
U−1(λI − A)U

)m−1
U−1v

= U−1(λI −A)m−1UU−1v = U−1(λI −A)m−1v 6= 0 ,

which shows that (λ, U−1v) is a generalized eigenpair of B with degree m.

2.2. Stability of Similarity Transformations. Similarity transformations of the form (2.1)
should be stable to perturbations otherwise repeated applications of them would be numerically

unstable. Let 0 < δ << 1. Suppose we perturb A by δÃ and U by δŨ where Ã and Ũ are any

N ×N matrices. Because U is invertible we know that U + δŨ will be invertible for sufficiently
small δ. Let Bδ be defined by

(2.2) Bδ =
(
U + δŨ

)−1(
A+ δÃ

)(
U + δŨ

)
.

We want to estimate how close Bδ is to B = U−1AU . Specifically, we will bound ‖Bδ − B‖
where ‖ · ‖ denotes the matrix norm induced by the Euclidean vector norm.

We will use the fact that if δ ‖U−1Ũ‖ < 1 then I + δ U−1Ũ is invertible with

(2.3)
∥∥(I + δ U−1Ũ

)−1∥∥ ≤ 1

1− δ ‖U−1Ũ‖
.

Because U + δŨ = U
(
I + δ U−1Ũ

)
, we see that if δ ‖U−1Ũ‖ < 1 then U + δ Ũ is invertible with

(
U + δ Ũ

)−1
=
(
I + δ U−1Ũ

)−1
U−1 .

Therefore when δ ‖U−1Ũ‖ < 1 we can express Bδ defined by (2.2) as

Bδ =
(
I + δ U−1Ũ

)−1
U−1

(
A+ δ Ã

)
U
(
I + δ U−1Ũ

)
.
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This can be bounded as

(2.4)

‖Bδ‖ ≤
∥∥(I + δ U−1Ũ

)−1∥∥ ‖U−1‖
∥∥A+ δÃ

∥∥ ‖U‖
∥∥I + δ U−1Ũ

∥∥

≤ ‖U−1‖ ‖U‖
∥∥A + δÃ

∥∥ 1 + δ ‖U−1Ũ‖
1− δ ‖U−1Ũ‖

.

By making use of the identity

(2.5)
(
U + δŨ

)−1 − U−1 = −δ U−1Ũ
(
U + δŨ

)−1
,

and definition (2.2) of Bδ we see that

Bδ − B =
(
U + δŨ

)−1(
A+ δÃ

)(
U + δŨ

)
− U−1AU

=
((

U + δŨ
)−1 − U−1

) (
A+ δÃ

)(
U + δŨ

)
+ δU−1ÃU + δU−1

(
A + δÃ

)
Ũ

= δ
[
U−1ÃU + U−1

(
A+ δÃ

)
Ũ − U−1Ũ

(
U + δŨ

)−1(
A+ δÃ

)(
U + δŨ

)]
.

= δ
[
U−1ÃU + U−1

(
A+ δÃ

)
U
(
U−1Ũ

)
−
(
U−1Ũ

)
Bδ

]
.

Hence, by assuming δ ‖U−1Ũ‖ < 1 and using bound (2.4) we obtain the stability bound

(2.6)

‖Bδ −B‖ ≤ δ
[
‖U−1‖ ‖Ã‖ ‖U‖+ ‖U−1‖ ‖A+ δ Ã‖ ‖U‖ ‖U−1Ũ‖+ ‖U−1Ũ‖ ‖Bδ‖

]

≤ δ ‖U−1‖ ‖U‖
[
‖Ã‖+ ‖A+ δÃ‖

(
1 +

1 + δ ‖U−1Ũ‖
1− δ ‖U−1Ũ‖

)
‖U−1Ũ‖

]

= δ ‖U−1‖ ‖U‖
[
‖Ã‖+ 2 ‖A+ δÃ‖ ‖U−1Ũ‖

1− δ ‖U−1Ũ‖

]
.

This bound suggests that numerical errors might grow by a factor of ‖U−1‖ ‖U‖ every time the
similarity transformation (2.1) is applied.

The potential growth of these numerical errors is best controlled if we restrict the class of
similarity transforms we will use to those that satisfy

‖U−1‖ ‖U‖ = cond(U) =
σmax

σmin

= 1 ,

where σmax and σmin are the largest and smallest singular values of U . It can be shown that this
is true if and only if Sp(UTU) = {1}, which is true if and only if UTU = I. Therefore the class
of similarity transformations should be restricted to those where U is an orthogonal matrix,
so-called orthogonal similarity transformations. Matrices A and B are said to be orthogonally
similar if there exists an orthogonal matrix Q such that B = QTAQ.

The stability bound (2.6) can be improved when restricted to the class of orthogonal similarity

transformations. Let 0 < δ << 1. Suppose we perturb A by δÃ and Q by δQ̃ where Ã and Q̃
are any N ×N matrices. Let B and Bδ be defined by

B = QTAQ , Bδ =
(
Q+ δ Q̃

)T (
A + δ Ã

)(
Q+ δ Q̃

)
.

Then

Bδ −B = δ QT ÃQ+ δ Q̃T
(
A+ δ Ã

)
Q + δ QT

(
A+ δ Ã

)
Q̃+ δ2Q̃T

(
A + δ Ã

)
Q̃ ,
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whereby

(2.7) ‖Bδ − B‖ ≤ δ
[
‖Ã‖+ 2‖A+ δ Ã‖ ‖Q̃‖+ δ ‖A+ δ Ã‖ ‖Q̃‖2

]
.

This stability bound is better than the one obtained by setting U = Q and Ũ = Q̃ in (2.6).

This is because of the (Q+ δ Q̃)T that appears in the Bδ here rather than the (Q+ δ Q̃)−1 that
would appear in (2.2) and because of the fact that taking the transpose of a matrix is more
stable than computing its inverse. This fact is another reason to use only orthogonal similarity
transformations.

Remark. We did not assume that the matrix Q + δ Q̃ is orthogonal in the above argument.
This is because a numerical approximation of an orthogonal matrix is rarely orthogonal.

Remark. For complex matrices the arguments are very similar to those given above, but the
conclusion is that the class of similarity transformations should be restricted to those for which
U is a unitary matrix, so-called unitary transformations. Matrices A and B are said to be
unitarily similar if there exists a unitary matrix U such that B = UHAU .

Exercise. Prove that if δ ‖U−1Ũ‖ < 1 then I + δ U−1Ũ is invertible and bound (2.3) holds.

Exercise. Verify identity (2.5).

Exercise. Show that cond(U) = 1 if and only if Sp(UTU) = {1}.
Exercise. Show that Sp(UTU) = {1} if and only if UTU = I.

Exercise. Show that the stability bound (2.7) is better than the one we would obtain by

setting U = Q and Ũ = Q̃ in (2.6).

2.3. Elementary Reflections and Rotations. Every orthogonal matrix can be built up from
products of elementary reflections and rotations. Elementary reflections are given by matrices
in the form

(2.8) I − 2
uuT

‖u‖2 where u ∈ R
N is nonzero .

The associated reflection is through the hyperplane perpendicular to u. Elementary rotations
are given by matrices in the form

(2.9) exp

(
t

u ∧ v

‖u ∧ v‖

)
where u, v ∈ R

N are linearly independent and t ∈ R .

Here u∧ v = vuT − uvT is a skew-symmetric matrix and ‖u∧ v‖ is its matrix norm induced by
the Euclidean norm. It can be shown that

‖u ∧ v‖2 = ‖u‖2‖v‖2 − (uTv)2 > 0 .

The associated rotation leaves fixed all vectors perpendicular to u and v. It rotates all vectors
in the plane spanned by u and v in the direction that move u towards v when t > 0 and in the
opposite direction when t < 0.

Exercise. Show that ‖u ∧ v‖ is given by the expression given above.

If u ∈ RN is nonzero then we can define the unit vector û = u/‖u‖. Moreover, it is clear that

I − 2ûûT = I − 2
uuT

‖u‖2 .

Therefore every elementary reflection can be associated with a unit vector û. It is clear that
this association is not unique because the same reflection is also associated with −û.



5

Remark. If û is a unit vector then the matrix R = I − 2ûûT satifies R2 = 1. This relation
shows that the eigenvalues of R lie in the set {1,−1}. It can be checked that −1 is an eigenvalue
of multiplicity 1 whose eigenvectors are all nonzero vectors that are proportional to û while
1 is an eigenvalue of multiplicity N − 1 whose eigenvectors are all nonzero vectors that are
perpendicular to û.

Exercise. Verify all the claims in the above remark.

If u, v ∈ RN are linearly independent then using the Gram-Schmidt procedure we can define
the orthonormal vectors

û =
u

‖u‖ , v̂ =
v − ûûTv

‖v − ûûTv‖ .

Because

u ∧ (v − ûûTv) = (v − ûûTv)uT − u(v − ûûTv)T

= vuT − uvT − ûTv(ûuT − uûT ) = vuT − uvT = u ∧ v ,

and

‖u‖2‖v − ûûTv‖2 = ‖u‖2
(
‖v‖2 − (ûTv)2

)
= ‖u‖2‖v‖2 − (uTv)2 = ‖u ∧ v‖2 ,

we see that

û ∧ v̂ =
u ∧ (v − ûûTv)

‖u‖ ‖v − ûûTv‖ =
u ∧ v

‖u ∧ v‖ .

In particular, we see that ‖û ∧ v̂‖ = 1. It thereby is clear that for every t ∈ R we have

exp(t û ∧ v̂) = exp

(
t

u ∧ v

‖u ∧ v‖

)
.

Therefore every elementary rotation can be associated with an orthnormal set {û, v̂}. This
association is not unique because the same rotation is associated with any orthonormal basis
of span{û, v̂}.
Remark. If û and v̂ are orthonormal then the matrix A = û ∧ v̂ satisfies A3 + A = 0.
This relation shows that the eigenvalues of A lie in the set {0, i,−i}. It can be checked that
0 is an eigenvalue of multiplicity N − 2 whose eigenvectors are all nonzero vectors that are
perpendicular to both û and v̂. It can also be checked that i and −i are each an eigenvalue of
multiplicity 1 whose complex eigenvectors are all nonzero vectors proportional to either û− iv̂
or û+ iv̂ respectively.

Exercise. Verify all the claims in the above remark.

Remark. If û and v̂ are orthonormal then the matrix A = û ∧ v̂ satisfies A3 + A = 0. This
relation can be used to show that the matrix exponential is

exp(t A) = I + sin(t)A + (1− cos(t))A2 .

When expressed in terms of û and v̂ this becomes

exp(t û ∧ v̂) =
(
I − ûûT − v̂v̂T

)
+ sin(t)

(
v̂ûT − ûv̂T

)
+ cos(t)

(
ûûT + v̂v̂T

)
.

This matrix has eigenvalues 1, eit, and e−it with multiplicities N − 2, 1, and 1 when t 6= nπ.

Exercise. Verify all the claims in the above remark.
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In the context of numerical methods the elementary reflection matrices are commonly called
Householder matrices. An important subfamily of Householder matrices have the form

(2.10) Qj
H(t) =




1 0 · · · 0 0 0 · · · 0

0
. . .

. . .
...

...
...

...
...

. . . 1 0 0 0 · · · 0
0 · · · 0 cos(t) sin(t) 0 · · · 0
0 · · · 0 sin(t) − cos(t) 0 · · · 0

0 · · · 0 0 0 1
. . .

...
...

...
...

...
. . .

. . . 0
0 · · · 0 0 0 · · · 0 1




,

where j ∈ {1, · · · , N − 1} is the position on the diagonal where cos(t) appears.

Exercise. Show that Qj
H(t) = I − 2ûûT with û = sin(1

2
t) êj − cos(1

2
t) êj+1, where êj and êj+1

are the jth and (j + 1)th Euclidean basis vectors.

In the context of numerical methods the elementary reflection matrices are commonly called
Givens matrices. An important subfamily of Givens matrices have the form

(2.11) Qj
G(t) =




1 0 · · · 0 0 0 · · · 0

0
. . .

. . .
...

...
...

...
...

. . . 1 0 0 0 · · · 0
0 · · · 0 cos(t) − sin(t) 0 · · · 0
0 · · · 0 sin(t) cos(t) 0 · · · 0

0 · · · 0 0 0 1
. . .

...
...

...
...

...
. . .

. . . 0
0 · · · 0 0 0 · · · 0 1




,

where j ∈ {1, · · · , N − 1} is the position on the diagonal where the first cos(t) appears.

Exercise. Show that Qj
G(t) = exp(t êj ∧ êj+1) where êj and êj+1 are the jth and (j + 1)th

Euclidean basis vectors.

Remark. The virtue of the Householder and Givens matrices given by (2.10) and (2.11) is
that they require at most four multiplications to apply to any vector. They will play a leading
role in the QR method that we will study later.

Remark. Generalizations of the Householder and Givens matrices given by (2.10) and (2.11)
that are equally sparse can be defined for any two Euclidean basis vectors êj and êk with j < k
and any t ∈ R by

Qjk
H (t) = I − 2ûûT with û = sin(1

2
t) êj − cos(1

2
t) êk ,

Qjk
G (t) = exp(t êj ∧ êk) .

These reduce to Qj
H(t) and Qj

G(t) respectively when k = j + 1.
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3. Reduction to Hessenberg Form

3.1. Hessenberg Form. It is straightforward to orthogonally transform any matrix into one
that is in Hessenberg form. As we will soon see, this simpler form is amenable to algorithms
that reveal its eigenstructure. Throughout this section we will restrict our main discussion to
real matrices. We begin with the definition of Hessenberg form.

Definition 3.1. A matrix A = (ajk) ∈ RN×N is said to be upper (lower) Hessenbreg if ajk = 0
for j > k + 1 (k > j + 1).

An upper Hessenberg matrix A looks like

A =




a11 a12 a13 · · · a1N

a21 a22 a23
. . .

...

0 a32 a33
. . . a(N−2)N

...
. . .

. . .
. . . a(N−1)N

0 · · · 0 aN(N−1) aNN




.

Equivalently, its sparsity pattern can be pictured as

A =




∗ ∗ ∗ · · · ∗
∗ ∗ ∗ . . .

...

0 ∗ ∗ . . . ∗
...

. . .
. . .

. . . ∗
0 · · · 0 ∗ ∗




.

Our main result is the following.

Lemma 3.1. For every A ∈ RN×N there exists an orthogonal matrix Q such that QTAQ is
upper Hessenberg.

Proof. We will prove for every k = 1, · · · , N − 1 there exists an orthogonal Qk ∈ RN×N such
that QT

kAQk has the form

(3.1) QT
kAQk =

(
Hk BT

k

Ck Dk

)
,

where Hk ∈ R
k×k is upper Hessenberg, Bk, Ck ∈ R

(N−k)×k, Dk ∈ R
(N−k)×(N−k), and Ck has the

partitioned form

Ck =
(
0 · · · 0 ck

)
, for some ck ∈ R

N−k .

The proof is by induction on k.

For k = 1 it is clear that (3.1) holds with Q1 = I,

H1 =
(
a11
)
, B1 =




a12
...

a1N


 , C1 =




a21
...

aN1


 , D1 =




a22 · · · a2N
...

. . .
...

aN2 · · · aNN


 .

Now suppose for some k ≥ 1 with k < N−1 that (3.1) holds for some orthogonal matrix Qk.
We must construct an orthogonal matrix Qk+1 such that (3.1) holds for k + 1. If ck = 0 then
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QT
kAQk is already in the desired form, so we may take Qk+1 = Qk. If ck 6= 0 then let ĉk =

ck
|ck|

,

ê =
(
1 0 · · · 0

)T ∈ RN−k and

Q̃ =

(
I 0
0 I − 2ûûT

)
,

where

(3.2) û =





ĉk − ê

|ĉk − ê| if ĉk 6= ê

0 otherwise
.

Set Qk+1 = QkQ̃. Then

QT
k+1AQk+1 = Q̃QT

kAQkQ̃

= Q̃

(
Hk BT

k

Ck Ak

)
Q̃ =

(
Hk BT

k (I − 2ûûT )
(I − 2ûûT )Ck (I − 2ûûT )Ak(I − 2ûûT )

)
.

�

We will employ the following corollary of Lemma 3.1 in the subsequent subsection.

Corollary 3.1. If AT = A then QTAQ is symmetric and tridiagonal.

Proof. By Lemma 3.1 there exists an orthogonal matrix Q such that H = QTAQ is upper
Hessenberg. Because AT = A we see that HT = (QTAQ)T = QTATQ = QTAQ = H , whereby
H is symmetric. Because H is symmetric and upper Hessenberg it must be tridiagonal. �

3.2. Eigenpairs of Symmetric Tridiagonal Matrices. Every symmetric N×N real matrix
A has N linearly independent real eigenvectors {vj}Nj=1 with corresponding real eigenvalues

{λj}Nj=1. The eigenpairs of A are {(λj, vj)}Nj=1. The problem of computing eigenpairs of A can
be reduced to the problem of computing eigenpairs of the symmetric tridiagonal matrix H =
QTAQ, where Q is the orthogonal matrix given by Corollary 3.1. Specifically, if {(λj, uj)}Nj=1 are

eigenpairs of H then {(λj, Quj)}Nj=1 are eigenpairs of A. Indeed, if Huj = λjuj and H = QTAQ
then we see that

QTAQuj = λjuj =⇒ AQuj = λjQuj .

In this section we show how to compute the eigenpairs of the symmetric tridiagonal matrix H .

Because H is symmetric and tridiagonal, it has the form

(3.3) H =




µ1 ν2 0 · · · 0

ν2 µ2 ν3
. . .

...

0 ν3 µ3
. . . 0

...
. . .

. . .
. . . νN

0 · · · 0 νN µN




.

This matrix will be irreducible if and only if

(3.4)

N∏

m=2

νm 6= 0 .

If H is reducible then the eigenpair problem for H decouples into eigenpair problems of smaller
irreducible matrices of the same form. Therefore we will assume that (3.4) is satisfied.
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Exercise. Prove that H given by (3.3) is irreducible if and only if (3.4) holds.

An important consequence of H being irreducible is that it has simple eigenvalues. Moreover,
the eigenstructure of H can be built from the family of polynomials {pn(ζ)}Nn=0 defined by

(3.5)

p0(ζ) = 1 ,

p1(ζ) = (ζ − µ1)p0(ζ) ,

pn(ζ) = (ζ − µn)pn−1(ζ)− ν 2
npn−2(ζ) for n = 2, · · · , N .

Some properties of these polynomials are collected in the following lemma.

Lemma 3.2. Let {pn(ζ)}Nn=0 be the family of polynomials defined by (3.5) where νn 6= 0 for
every n = 2, · · · , N . Then for every n = 1, · · · , N the polynomial pn(ζ) is monic, has degree
n, and has n simple real roots that strictly interlace with the n− 1 simple real roots of pn−1(ζ).

Proof. The fact that pn(ζ) is monic and has degree n follows by induction on n from (3.5).
The details of the proof of this fact are left as an exercise.

We will use induction to prove that pn(ζ) has n simple real roots that strictly interlace with
the n− 1 simple real roots of pn−1(ζ). This means that if we have shown that pn−1(ζ) has real
roots

λ
(n−1)
1 < λ

(n−1)
2 < · · · < λ

(n−1)
n−2 < λ

(n−1)
n−1 ,

then we must show that pn(ζ) has real roots λ
(n)
1 < λ

(n)
2 < · · · < λ

(n)
n−1 < λ

(n)
n , that strictly

interlace as

(3.6) λ
(n)
1 < λ

(n−1)
1 < λ

(n)
2 < λ

(n−1)
2 < · · · < λ

(n−1)
n−2 < λ

(n)
n−1 < λ

(n−1)
n−1 < λ(n)

n .

When this property is combined with the fact that pn−1(ζ) ∼ ζn−1 as |ζ | → ∞, we see that

(3.7) sign
(
pn−1

(
λ(n)
m

))
= (−1)n−m for every m = 1, · · · , n .

This last fact will play a technical role in our proof.

Because p0(ζ) = 1 and p1(ζ) = ζ − µ1, we see that p1(ζ) has the single simple real root

λ
(1)
1 = µ1 and that p0(λ

(1)
1 ) = 1. Therefore (3.6) and (3.7) hold for n = 1

Now suppose for some n ∈ {2, · · · , N} we know that (3.6) and (3.7) hold for n − 1. This
means we know that pn−1(ζ) has n− 1 simple real roots that satisfy

λ
(n−1)
1 < λ

(n−1)
2 < · · · < λ

(n−1)
n−2 < λ

(n−1)
n−1 ,

and
sign

(
pn−2

(
λ(n−1)
m

))
= (−1)n−m−1 for every m = 1, · · · , n− 1 .

Then the last relation in (3.5) implies that

pn(λ
(n−1)
m ) = (ζ − µn)pn−1(λ

(n−1)
m )− ν 2

n pn−2(λ
(n−1)
m ) = −ν 2

n pn−2(λ
(n−1)
m ) .

This relation together with the one above it and the hypothesis νn 6= 0 implies that

sign
(
pn(λ

(n−1)
m )

)
= − sign

(
pn−2(λ

(n−1)
m )

)
= (−1)n−m for every m = 1, · · · , n− 1 .

When this fact is combined with the fact that pn(ζ) ∼ ζn as |ζ | → ∞, a sign analysis shows
that pn(ζ) must have at least one root in each of the n intervals

(−∞, λ
(n−1)
1 ) , (λ

(n−1)
1 , λ

(n−1)
2 ) , · · · (λ

(n−1)
n−2 , λ

(n−1)
n−1 ) , (λ

(n−1)
n−1 ,∞) .

Therefore the nth degree polynomial pn(ζ) must have n simple real roots that satisfy the strict
interlacing property (3.6), whereby (3.7) holds too. �
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We can now give the eigenstructure of H in terms of the polynomials {pn(ζ)}Nn=0.

Theorem 3.1. Let H ∈ RN×N be an irreducible symmetric tridiagonal matrix in the form
(3.3). For every n = 0, · · · , N let pn(ζ) be defined by (3.5). Then the spectrum of H is simple
and given by

(3.8) Sp(H) =
{
λ ∈ R : pN(λ) = 0

}
.

Moreover, for each λ ∈ Sp(H) an associated eigenvector is v(λ) where v(ζ) = Πu(ζ)

(3.9) u(ζ) =




p0(ζ)
p1(ζ)
...

pN−1(ζ)


 , Π =




π1 0 · · · 0

0 π2
. . .

...
...

. . .
. . . 0

0 · · · 0 πN


 ,

with π1 = 1 and πn = πn−1/νn for n = 2, · · · , N .

Proof. The defining relations (3.5) for {pn(ζ)}Nn=0 may be recast in the vector form

(3.10) ζ u(ζ) = H̃u(ζ) + pN (ζ)êN ,

where the matrix H̃ and vector êN are given by

H̃ =




µ1 1 0 · · · 0

ν 2
2 µ2 1

. . .
...

0 ν 2
3 µ2

. . . 0
...

. . .
. . .

. . . 1
0 · · · 0 ν 2

N µN




, êN =




0
...
0
1


 .

The matrix H̃ is related to H by ΠH̃ = HΠ where Π is given by (3.9). Upon multiplying
equation (3.10) by Π and using the facts that Πu(ζ) = v(ζ) and ΠêN = πN êN we find that

ζ v(ζ) = Hv(ζ) + πNpN(ζ)êN .

By evaluating this relation at ζ = λ where λ is any root of pN(ζ) we obtain λ v(λ) = Hv(λ).
We see that v(λ) 6= 0 because its first entry is p0(λ) = 1. Hence, (λ, v(λ)) is an eigenpair of H .
By Lemma 3.2 there are N simple real roots of pN(ζ). We thereby have constructed a complete
set of N eigenpairs of H . �

Remark. Because pN(ζ) is a monic polynomial of degree N with simple roots that are the
eigenvalues of H , we conclude that pN(ζ) is the characteristic polynomial of H . Therefore it is
also the characteristic polynomial of every matrix A that is similar to H .

Remark. The roots of pN(ζ) might be computed numerically using Newton’s method. When
doing so pN(ζ) can be computed using (3.5) while p′N (ζ) can be computed using

p′1(ζ) = 1 ,

p′2(ζ) = (ζ − µ2)p
′
1(ζ) + p1(ζ) ,

p′n(ζ) = (ζ − µk)p
′
n−1(ζ) + pn−1(ζ)− ν 2

k p
′
n−2(ζ) for n = 3, · · · , N .

This approach is only effective when N is not large.
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4. QR Methods

The best methods for computing the eigenstructure of a matrix are so-called QR-methods,
which are based on QR factorization.

4.1. QR Factorization. We begin with some basic facts about QR factorization.

Theorem 4.1. (QR Factorization) For every A ∈ RN×N there exists an orthogonal matrix
Q and an upper triangular matrix R with nonnegative diagonal entries such that A = QR.
Moreover, the diagonal entries of R are positive if and only if A is invertible, in which case the
factorization is unique.

Remark. Because
ATA = (QR)T (QR) = RTQTQR = RTR ,

we see that RTR is a Cholesky factorization of ATA. If A is invertible then ATA has a unique
Cholesky factorization RTR such that R is upper triangular and has positive diagonal entries.
In that case we can define Q = AR−1 and check that

QTQ =
(
AR−1

)T (
AR−1

)
= R−TATAR−1 = R−TRTRR−1 = I ,

whereby Q is orthogonal. The QR factorization of A is thereby obtained from the Cholesky
factorization of ATA.

Remark. The above observation is close to a proof of Theorem 4.1. Indeed, for the case when
A is invertible all that remains is to prove the Cholesky Factorization Theorem. Below we give
a proof based on an alternative approach that uses Householder reflections.

The key to our proof of Theorem 4.1 will be the following lemma, which was essentially
proved in the last section.

Lemma 4.1. Let a ∈ Rn. Then there exists an orthogonal matrix Q̃ auch that Q̃Ta = ‖a‖ê1,
where ê1 ∈ Rn is the first Euclidean basis vector.

Proof. Let Q̃ = I − 2uuT with

u =





â− ê1
‖â− ê1‖

where â =
a

‖a‖ if a 6= ‖a‖ê1 ,

0 otherwise .

A direct calculation shows that this Q̃ does the job. �

Remark. The matrix Q̃ = I − 2uuT is a Householder reflection when u 6= 0 and I otherwise.

In either case Q̃T = Q̃.

Proof of Theorem 4.1. We show by induction that for every m = 1, · · · , N − 1 there exists
an orthogonal matrix Qm such that QT

mA has the form

(4.1) QT
mA =

(
Rm Bm

0 Am

)
,

where Rm ∈ Rm×m is upper triangular and has nonnegative diagonal entries.

For m = 1, let a0 ∈ RN and Ã0 ∈ RN×(N−1) such that A =
(
a0 Ã0

)
. By Lemma 4.1 there

exists an orthogonal matrix Q̃0 such that

Q̃T
0 a0 = ‖a0‖ ê1 , where ê1 ∈ R

N .
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Upon setting Q1 = Q̃0, we see that

QT
1A = Q̃T

0

(
a0 Ã0

)
=
(
Q̃T

0 a0 Q̃T
0 Ã0

)
=
(
‖a0‖ ê1 Q̃T

0 Ã0

)
,

which has the form (4.1) for m = 1.

Now suppose there exists an orthogonal matrix Qk such that QT
kA has the form (4.1) with

m = k for some k ≥ 1 with k < N − 1. Let ak ∈ R
N−k and Ãk ∈ R

(N−k)×(N−k−1) such that
Ak =

(
ak Ãk

)
. By Lemma 4.1 there exists an orthogonal matrix Q̃k such that

Q̃T
k ak = ‖ak‖ ê1 , where ê1 ∈ R

N−k .

Let bk ∈ Rk and B̃k ∈ Rk×(N−k−1) such that Bk =
(
bk B̃k

)
. Upon setting

Qk+1 = Qk

(
I 0

0 Q̃k

)
,

we see that

QT
k+1A =

(
I 0

0 Q̃T
k

)
QT

kA =

(
I 0

0 Q̃T
k

)(
Rk Bk

0 Ak

)
=

(
Rk Bk

0 Q̃T
kAk

)

=

(
Rk bk B̃k

0 Q̃T
k ak Q̃T

k Ãk

)
=

(
Rk bk B̃k

0 ‖ak‖ ê1 Q̃T
k Ãk

)
,

which has the form (4.1) with m = k + 1. �

4.2. QR Iteration. Given an invertible matrix A ∈ RN×N , the basic QR iteration is given by

(4.2) A0 = A , An = QnRn , An+1 = RnQn ,

where every Qn is orthogonal and every Rn is upper triangular with positive diagonal entries.
In other words, QnRn is a QR factorization of An.

Lemma 4.2. Let A ∈ RN×N be invertible. The sequences {An}, {Qn}, and {Rn} generated by
the basic QR iteration (4.2) are uniquely defined and satisfy

(4.3)
QnAn+1 = QnRnQn = AnQn , An+1 = QT

nAnQn ,

An+1Rn = RnQnRn = RnAn , An+1 = RnAnR
−1
n .

Remark. The first line in (4.3) shows that An+1 is similar to An by the orthogonal matrix Qn,
while the second shows that An+1 is similar to An by the upper triangular matrix R−1

n .

Proof. By induction we can show that each An is invertible, whereby it has a unique QR
factorization An = QnRn, whereby An+1 = RnQn is uniquely defined. Moreover, each Rn has
positive diagonal entries. The proof of (4.3) is left as an exercise. �

Exercise. Prove (4.3).

The QR iteration preserves many structural properties of A.

Lemma 4.3. Let {An} be the sequence generated by the basic QR iteration (4.2) from an
invertible matrix A ∈ RN×N .

(a) If A is symmetric (AT = A) then so is every An.
(b) If A is skew symmetric (AT = −A) then so is every An.
(c) If A is normal (ATA = AAT ) then so is every An.
(d) If A is upper Hessenberg then so is every An.
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Proof. Exercise. (Hint: Use (4.3).) �

Given the sequences {Qn} and {Rn} generated by the basic QR iteration (4.2), define the
sequences {Un} and {Tn} by

(4.4) U0 = I , Un+1 = UnQn , T0 = I , Tn+1 = RnTn .

It follows by induction that

Un = Q0Q1 · · ·Qn−2Qn−1 , Tn = Rn−1Rn−2 · · ·R1R0 .

and that every Un is orthogonal while every Tn is upper triangular with positive diagonal entries.

Lemma 4.4. The sequences {An}, {Un}, and {Tn} generated by the basic QR iteration satisfy

(4.5) An = UT
n AUn , An = TnAT

−1
n ,

and

(4.6) UnTn = Un−kA
k
n−kTn−k for k = 0, 1, · · · , n .

Remark. In particular, when k = n then (4.6) becomes

(4.7) UnTn = An .

In other words, UnTn is the QR factorization of An.

Proof. The proof of (4.5) is left as an exercise. The proof of (4.6) proceeds by induction
on k. Indeed, (4.6) clearly holds when k = 0 because in that case it reduces to the identity
UnTn = UnTn. We now assume it holds for some k < n and show it holds for k + 1.

When the fact Qn−k−1An−k = An−k−1Qn−k−1 is applied k times one obtains the identity

Qn−k−1A
k
n−k = A k

n−k−1Qn−k−1 .

It then follows that

UnTn = Un−kA
k
n−kTn−k = Un−k−1Qn−k−1A

k
n−kRn−k−1Tn−k−1

= Un−k−1A
k
n−k−1Qn−k−1Rn−k−1Tn−k−1

= Un−k−1A
k
n−k−1An−k−1Tn−k−1 = Un−k−1A

k+1
n−k−1Tn−k−1 .

This shows that (4.6) holds for k + 1. �

Exercise. Prove (4.5).

4.3. Cholesky Iteration. We have already seen that if A = QR is a QR factorization of A
then a Cholesky factorization of ATA is ATA = RTR. Here we show that QR iteration is
related to Cholesky iteration, an analogous iteration based on Cholesky factorization.

Given a symmetric positive definite matrix B ∈ RN×N , the Cholesky iteration is given by

(4.8) B0 = A , Bn = RT
nRn , Bn+1 = RnR

T
n ,

where every Rn is upper triangular with positive diagonal entries. In other words, RT
nRn is the

Cholesky factorization of Bn.

Lemma 4.5. Let B ∈ RN×N be symmetric and positive definite. The sequences {Bn} and {Rn}
generated by the Cholesky iteration (4.8) are uniquely defined and satisfy

(4.9) Bn+1Rn = RnR
T
nRn = RnBn , Bn+1 = RnBnR

−1
n .
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Remark. Here (4.9) shows that Bn+1 is similar to Bn by the upper triangular matrix R−1
n .

Proof. By induction we can show that each Bn is symmetric and positive definite, whereby it
has a unique Cholesky factorization Bn = RT

nRn, whereby Bn+1 = RnR
T
n is uniquely defined.

Moreover, each Rn has positive diagonal entries. The proof of (4.9) is left as an exercise. �

Exercise. Prove (4.9).

Cholesky iteration is related to QR iteration for normal matrices.

Lemma 4.6. Let {An} and {Rn} be the sequences generated by the basic QR iteration (4.2)
from an invertible, normal matrix A ∈ RN×N . Let Bn = AT

nAn and B = ATA. Then the
sequences {Bn} and {Rn} are equal to the sequences generated by the Cholesky iteration (4.8)
from the symmetric, positive definite matrix B.

Proof. We prove that Bn is the nth Cholesky iterate associated with B = ATA by induction.
For n = 0 this is true because B0 = AT

0A0 = ATA = B.

Now suppose that Bn is the nth Cholesky iterate associated with B = ATA for some n ≥ 0.
Because An = QnRn, we see that

Bn = AT
nAn = (QnRn)

TQnRn = RT
nQ

T
nQnRn = RT

nRn .

Hence, Bn = RT
nRn is the Cholesky factorization of Bn. By Lemma 4.3 An+1 is normal. Because

An+1 is normal and An+1 = RnQn, we see that

Bn+1 = AT
n+1An+1 = An+1A

T
n+1 = RnQn(RnQn)

T = RnQnQ
T
nR

T
n = RnR

T
n .

Hence, Bn+1 is related to Bn through Rn as given by the Cholesky iteration (4.8). Therefore if
Bn is the nth Cholesky iterate associated with B = ATA then Bn+1 is the (n + 1)th Cholesky
iterate associated with B = ATA. �

4.4. Convergence of Cholesky Iteration. Our main result regarding Cholesky iteration is
the following convergence result.

Theorem 4.2. Let {Bn} and {Rn} be the sequences generated by the Cholesky iteration (4.8)
from a symmetric, positive definite matrix B ∈ RN×N . Then there exists a diagonal matrix D
with positive diagonal entries such that

(4.10) lim
n→∞

Bn = D2 , lim
n→∞

Rn = D .

The diagonal entries of D2 are the eigenvalues of B.

Remark. The diagonal entries of D2 will be the eigenvalues of B. This convergence theorem
does not mean that Cholesky iteration is a good way to compute these eigenvalues. Indeed,
Cholesky iteration is not stable because it is not based upon orthogonal transformations.

Our proof of Theorem 4.2 will use the so-called partial traces of the matrices Bn. For every
B = (bjk) ∈ RN×N and every m ∈ {1, · · · , N} we define the mth partial trace of B by

(4.11) tr(m)(B) = b11 + b22 + · · ·+ bmm .

In particular, tr(N)(B) is tr(B), the trace of B. Our proof will make critical use of the partial
trace identities given by the following lemma.
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Lemma 4.7. Let R = (rjk) ∈ RN×N be upper triangular. Then for every m ∈ {1, · · · , N − 1}
(4.12) tr(m)

(
RRT

)
− tr(m)

(
RTR

)
= tr

(
R(m)TR(m)

)
,

where R(m) denotes the mth upper corner of R, which is defined by

(4.13) R(m) =




0 · · · 0 r1(m+1) · · · r1N
...

...
...

...
0 · · · 0 rm(m+1) · · · rmN

0 · · · 0 0 · · · 0
...

...
...

...
0 · · · 0 0 · · · 0




.

Remark. The right-hand side of (4.12) is zero for m = N because tr(RRT ) = tr(RTR).

Proof. Because R is upper triangular we know that rjk = 0 for j > k. Then for every
m ∈ {1, · · · , N − 1} we have

tr(m)
(
RRT

)
=

m∑

j=1

N∑

k=j

r 2
jk , tr(m)

(
RTR

)
=

m∑

k=1

k∑

j=1

r 2
jk =

m∑

j=1

m∑

k=j

r 2
jk ,

tr
(
R(m)TR(m)

)
=

m∑

j=1

N∑

k=m+1

r 2
jk .

By subtracting the second expression on the top line from the first, we obtain the expression
on the bottom line. This proves (4.12). �

Proof of Theorem 4.2. For every m ∈ {1, · · · , N} and every n ∈ N define s
(m)
n = tr(m)(Bn).

Notice that s
(m)
n = tr(m)(Bn) ≤ tr(N)(Bn) = tr(Bn) = tr(B). By Cholesky iteration (4.8) we

have Bn+1 = RnR
T
n and Bn = RT

nRn, so that Lemma 4.7 implies

s
(m)
n+1 = tr(m)(Bn+1) = tr(m)

(
RnR

T
n

)
≥ tr(m)

(
RT

nRn

)
= tr(m)(Bn) = s(m)

n .

Therefore for every m ∈ {1, · · · , N} the sequence {s(m)
n }∞n=0 is nondecreasing and bounded

above by tr(B), whereby it converges. For every m ∈ {1, · · · , N} let

(4.14) s(m) = lim
n→∞

s(m)
n .

These limits will be used to establish the limits for Bn and Rn asserted in (4.10).

Let (Bn)mm denote the mth diagonal entry of Bn. Because each Bn is symmetric and positive
definite, these entries are bound below and above respectively by the smallest and largest
eigenvalues of Bn. Because each Bn is similar to B, these eigenvalues are the smallest and
largest eigenvalues of B. From definition (4.11) we see that

(Bn)mm =

{
tr(1)(Bn) for m = 1 ,

tr(m)(Bn)− tr(m−1)(Bn) for m ∈ {2, · · · , N} .

Because s
(m)
n = tr(m)(Bn), the limits (4.14) imply that

(4.15) lim
n→∞

(Bn)mm =

{
s(1) for m = 1 ,

s(m) − s(m−1) for m ∈ {2, · · · , N} .



16

In other words, all the diagonal entries of Bn converge as n → ∞. Their limits lie in the interval
[λmin, λmax], where λmin and λmax are the smallest and largest eigenvalues of B.

Because s
(m)
n = tr(m)(Bn), identity (4.12) can be recast as s

(m)
n+1−s

(m)
n = tr

(
R

(m)T
n R

(m)
n

)
. Then

the limits (4.14) imply that

lim
n→∞

tr
(
R(m)T

n R(m)
n

)
= lim

n→∞
s
(m)
n+1 − lim

n→∞
s(m)
n = s(m) − s(m) = 0 .

Therefore

lim
n→∞

R(m)
n = 0 for every m ∈ {1, · · · , N − 1} .

Because every off-diagonal entry of Rn lies in at least one upper corner R
(m)
n , this shows that

all the off-diagonal entries of Rn vanish as n → ∞.

Let Rn = Dn+R̃n where Dn > 0 is diagonal and R̃n is strictly upper triangular. The previous
paragraph shows that

lim
n→∞

R̃n = 0 .

Let Bn = Diag(Bn) + B̃n where Diag(Bn) is the diagonal part of Bn and B̃n is the off-diagonal

part of Bn. Because Bn = RT
nRn = D 2

n +DnR̃n + R̃T
nDn + R̃T

n R̃n, we have

B̃n = DnR̃n + R̃T
nDn + R̃T

n R̃n − Diag
(
R̃T

n R̃n

)
.

Because each entry of Dn is bounded by
√
λmax while R̃n vanishes as n → ∞, it follows that

lim
n→∞

B̃n = 0 .

By combining this limit with the limits (4.15), we see there exists a diagonal matrix D with
positive diagonal entries that lie within [

√
λmin,

√
λmax] such that

lim
n→∞

Bn = lim
n→∞

(
Diag(Bn) + B̃n

)
= lim

n→∞
Diag(Bn) = D2 .

This establishes the first limit in (4.10).

Finally, because Bn = RT
nRn = D 2

n +DnR̃n + R̃T
nDn + R̃T

n R̃n, we write

D 2
n = Bn −DnR̃n − R̃T

nDn − R̃T
n R̃n .

Therefore

lim
n→∞

D 2
n = lim

n→∞
Bn = D2 ,

whereby

lim
n→∞

Rn = lim
n→∞

(
Dn + R̃n

)
= lim

n→∞
Dn = D .

This establishes the second limit in (4.10). �

4.5. Covergence Results for QR Iteration. Here we present some convergence results for
QR iteration that are based on Theorem 4.2, which showed the convergence of Cholesky it-
eration. Our first result shows that QR iteration converges for symmetric, positive definite
matrices.
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Theorem 4.3. Let {An}, {Qn}, and {Rn} be the sequences generated by the QR iteration (4.2)
from a symmetric, positive definite matrix A ∈ RN×N . Then there exists a diagonal matrix D
with positive diagonal entries such that

(4.16) lim
n→∞

An = D , lim
n→∞

Qn = I , lim
n→∞

Rn = D .

The diagonal entries of D are the eigenvalues of A.

Proof. Because A is positive definite, it is normal. Let Bn = AT
nAn = A 2

n . By Lemma 4.6
the sequences {Bn} and {Rn} are the sequences generated by the Cholesky iteration (4.8) from
the matrix B = ATA = A2. By Theorem 4.2 there exists a diagonal matrix D with positive
diagonal entries such that

lim
n→∞

A 2
n = lim

n→∞
Bn = D2 , lim

n→∞
Rn = D .

It follows that

lim
n→∞

An = D , lim
n→∞

Qn = lim
n→∞

AnR
−1
n = DD−1 = I .

Because the diagonal entries of D2 are the eigenvalues of B = A2, the diagonal entries of D are
the eigenvalues of A. �

Covergence results of QR iteration for other classes of matrices are more complicated. For
example, if A is an orthogonal matrix then the sequences {An}, {Qn}, and {Rn} generated by
QR iteration for A are An = Qn = A and Rn = I. These sequences converge, because they are
stationary. However, they do not yield further information about the eigenstructure of A. This
class of examples includes many symmetric matrices, for example,

(4.17) A =

(
cos(t) sin(t)
sin(t) − cos(t)

)
for every t ∈ R .

More generally, if Q is an orthogonal matrix and D is a diagonal matrix with positive diagonal
entries that commutes with Q then the sequences {An}, {Qn}, and {Rn} generated by QR
iteration for A = QD = DQ are An = A, Qn = Q, and Rn = D. Every matrix in this class of
examples is normal.

For normal matrices the correspondence between QR iteration and Cholesky iteration given
by Lemma 4.6 combined with the convergence for Cholesky iteration given by Theorem 4.2
yields some partial convergence results for QR iteration. The easiest such result is the following.

Theorem 4.4. Let {An}, {Qn}, and {Rn} be the sequences generated by the QR iteration (4.2)
from a normal matrix A ∈ RN×N . Then there exists a diagonal matrix D with positive diagonal
entries such that

(4.18) lim
n→∞

Rn = D .

The diagonal entries of D are the singular values of A.

Proof. Because A is normal, Lemma 4.3 implies every An is normal. Let Bn = AT
nAn = AnA

T
n .

By Lemma 4.6 the sequences {Bn} and {Rn} are the sequences generated by the Cholesky
iteration (4.8) from the matrix B = ATA = AAT . By Theorem 4.2 there exists a diagonal
matrix D with positive diagonal entries such that

lim
n→∞

AT
nAn = lim

n→∞
Bn = D2 , lim

n→∞
Rn = D .
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Because the diagonal entries of D2 are the eigenvalues of B = ATA, the diagonal entries of D
are the singular values of A. �

4.6. Shifted QR Iteration. The convergence rate forQR iteration can be improved by adding
shifts. Given an invertible matrix A ∈ RN×N , the shifted QR iteration for a sequence of shifts
{σn} is given by

(4.19) A0 = A , An − σnI = QnRn , An+1 = RnQn + σnI ,

where every Qn is orthogonal and every Rn is upper triangular with positive diagonal entries.
In other words, QnRn is a QR factorization of An − σnI.

Lemma 4.8. Let A ∈ RN×N be invertible. The sequences {An}, {Qn}, and {Rn} generated by
the shifted QR iteration (4.19) for shifts {σn} are uniquely defined when no σn is an eigenvalue
of A. Moreover, they satisfy

(4.20)
Qn(An+1 − σnI) = QnRnQn = (An − σnI)Qn , An+1 = QT

nAnQn ,

(An+1 − σnI)Rn = RnQnRn = Rn(An − σnI) , An+1 = RnAnR
−1
n .

Remark. The first line in (4.20) shows that An+1 is similar to An by the orthogonal matrix
Qn, while the second shows that An+1 is similar to An by the upper triangular matrix R−1

n .

Proof. Because σ0 is not an eigenvalue of A0 = A, A0 − σ0I is invertible. We procede by
induction. Suppose that An − σnI is invertible. Because An − σnI is invertible it has a unique
QR factorization An−σnI = QnRn, whereby An+1 = RnQn+σnI is uniquely defined. Moreover,
each Rn has positive diagonal entries. The proof of (4.20) is left as an exercise. Because An+1

is similar to An, it is similar to A. Because σn+1 is is not an eigenvalue of A, it is not an
eigenvalue of An+1, whereby An+1 − σn+1I is invertible. �

Exercise. Prove (4.20).

The shifted QR iteration preserves many structural properties of A.

Lemma 4.9. Let {An} be the sequence generated by the shifted QR iteration (4.19) for shifts
{σn} from an invertible matrix A ∈ RN×N .

(a) If A is symmetric (AT = A) then so is every An.
(b) If A is skew symmetric (AT = −A) then so is every An.
(c) If A is normal (ATA = AAT ) then so is every An.
(d) If A is upper Hessenberg then so is every An.

Proof. Exercise. (Hint: Use (4.20).) �
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5. Method of Unitary Isospectral Flows

5.1. Unitary Isospectral Flows. Let Q : R → CN×N be continuously differentiable and
pointwise unitary — i.e. Q satisfies

(5.1) Q(t)Q(t)H = Q(t)HQ(t) = I for every t ∈ R .

Assume moreover that Q(0) = I. The unitary isospectral flow associated with Q acts on any
matrix H0 ∈ C

N×N as

(5.2) H(t) = Q(t)H0Q(t)H .

This flow is called isospectral because for each t ∈ R the matrix H(t) is similar to H(0) = H0,
whereby we see that

Sp
(
H(t)

)
= Sp

(
H0

)
for every t ∈ R .

In this section we will study these flows and how they can be used to compute the eigenvalues
and eigenspaces of a matrix.

5.2. Characterization of Isospectral Flows. Given Q : R → CN×N that is continuously
differentiable and pointwise unitary, for every t ∈ R define J(t) by

(5.3) J(t) =
dQ(t)

dt
Q(t)H .

Then it is clear that J : R → CN×N is continuous. Moreover, upon differentiating (5.1) we see
that

dQ(t)

dt
Q(t)H +Q(t)

dQ(t)H

dt
= 0 ,

which by (5.3) is just

(5.4) J(t) + J(t)H = 0 for every t ∈ R .

Hence, J : R → CN×N is pointwise skew-adjoint over R. In other words, if Q : R → CN×N is a
continuously differentiable family of unitary matrices then J : R → C

N×N defined by (5.3) is a
continuous family of skew-adjoint matrices.

Conversely, let J : R → CN×N be continuous and pointwise skew-adjoint over R. Motivated
by (5.3), consider the matrix initial-value problem

(5.5)
d

dt
Q(t) = J(t)Q(t) , Q(0) = I .

We claim this problem has a unique solution Q : R → CN×N that is continuously differentiable
and pointwise unitary over R.

To prove this claim we must show that Q(t)H = Q(t)−1. We do this by showing that Q(t)H

and Q(t)−1 solve the same initial-value problem. Indeed, the adjoint of (5.5) is

(5.6)
d

dt
Q(t)H = Q(t)HJ(t)H = −Q(t)HJ(t) , Q(0)H = I ,

while

(5.7)

d

dt
Q(t)−1 = −Q(t)−1dQ(t)

dt
Q(t)−1 = −Q(t)−1J(t)Q(t)Q(t)−1

= −Q(t)−1J(t) , Q(0)−1 = I .
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Here we have used the fact that

0 =
d

dt

(
Q(t)Q(t)−1

)
=

dQ(t)

dt
Q(t)−1 +Q(t)

d

dt
Q(t)−1 .

Because the initial-value problem (5.6) satified by Q(t)H is identical to the initial-value problem
(5.7) satified by Q(t)−1, we conclude that Q(t)H = Q(t)−1.

The above arguments show that a continuously differentiable family of unitary matrices Q(t)
is characterized as the solution of the initial-value problem (5.5) associated with a continuous
families of skew-adjoint matrices J(t). Now let H(t) be the unitary isospectral flow given by
(5.2). A direct calculation shows that H(t) satisfies the initial-value problem

dH(t)

dt
=

dQ(t)

dt
H0Q(t)H +Q(t)H0

dQ(t)H

dt
= J(t)Q(t)H0Q(t)H −Q(t)H0Q(t)HJ(t)

= J(t)H(t)−H(t) J(t) , H(0) = H0 .

The unitary isospectral flow H(t) is thereby characterized as the solution of the above initial-
value problem associated with a continuous families of skew-adjoint matrices J(t).

5.3. Isospectral Flow Equations. The isospectral flow equation associated with a continuous
families of skew-adjoint matrices J(t) is

(5.8)
dH(t)

dt
= J(t)H(t)−H(t) J(t) .

This equation has many remarkable properties.

Lemma 5.1. If H(t) and K(t) are solutions of the isospectral flow equation (5.8) then so are

(i) αH(t) + βK(t) for every α, β ∈ R ,

(ii) H(t)K(t) ,

(iii) H(t)n for every n ∈ N ,

(iv) H(t)H ,

(v) H(t)−1 provided H(t) is invertible .

Proof. Assertion (i) follows because the isospectral flow equation (5.8) is linear.
Assertion (ii) follows from the calculation

d

dt

(
H(t)K(t)

)
=

dH(t)

dt
K(t) +H(t)

dK(t)

dt
=
(
J(t)H(t)−H(t)J(t)

)
K(t) +H(t)

(
J(t)K(t)−K(t)J(t)

)

= J(t)H(t)K(t)−H(t)K(t) J(t) .

Assertion (iii) follows from assertion (ii) by induction on n. Indeed, (iii) clearly holds for
n = 1. Now we suppose (iii) holds for n and show it holds for n+ 1. Because H(t) and H(t)n

are solutions of (5.8), by assertion (ii) H(t)n+1 = H(t)H(t)n is also a solution of (5.8). Hence,
assertion (iii) holds for n+ 1.
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Assertion (iv) follows by taking the adjoint of the isospectral flow equation (5.8) while using
the fact J(t) is skew-adjoint. One finds that

dH(t)H

dt
=
(
J(t)H(t)

)H −
(
H(t) J(t)

)
= H(t)HJ(t)H − J(t)HH(t)H

= −H(t)HJ(t) + J(t)H(t)H = J(t)H(t)H −H(t)HJ(t) .

Finally, assertion (v) follows from the calculation

dH(t)−1

dt
= −H(t)−1dH(t)

dt
H(t)−1 = −H(t)−1

(
J(t)H(t)−H(t)J(t)

)
H(t)−1

= −H(t)−1 J(t) + J(t)H(t)−1 = J(t)H(t)−1 −H(t)−1 J(t) .

This completes the proof of the lemma. �

Remark. Alternatively, one could give the proofs of assertions (ii), (iv), and (v) in terms
of Q(t), the solution of (5.5). For example, to prove assertion (ii) one argues that, because
H(t) and K(t) are solutions of (5.8), they can been expressed as H(t) = Q(t)H(0)Q(t)H and
K(t) = Q(t)K(0)Q(t)H . It then follows that

H(t)K(t) = Q(t)H(0)Q(t)HQ(t)K(0)Q(t)H = Q(t)H(0)K(0)Q(t)H ,

whereby one sees H(t)K(t) is a solution of (5.8). Similarly, to prove assertions (iv) and (v) one
shows that

H(t)H = Q(t)H(0)HQ(t)H , H(t)−1 = Q(t)H(0)−1Q(t)H .

It is also clear that H(t) is invertible for every t if and only if it is invertible for at least one t.

Lemma 5.1 has the following corollary.

Corollary 5.1. Let H(t) be a solution of the isospectral flow equation (5.8) with H(0) = H0.

(1) If H0 is self-adjoint then so is H(t) for every t ∈ R.
(2) If H0 is skew-adjoint then so is H(t) for every t ∈ R.
(3) If H0 is normal then so is H(t) for every t ∈ R.

5.4. Diagonalization by Unitary Isospectral Flows. Given any self-adjoint matrix H we
would like to find a skew-adjoint matrix J(H) such that solutions H(t) of the isospectral flow
system (5.8) converge to a diagonal matrix as t → ∞.

One choice of J(H) can be constructed by first decomposing H as H = D+L+LH where D
is diagonal and L is strictly lower triangular, then setting J(H) = L− LH . System (5.8) then
becomes

(5.9)
dH

dt
= 2
(
LLH − LHL

)
+
(
LD −DL

)
+
(
DLH − LHD

)
.

In the next section we will show that this flow diagonalizes any tridiagonal matrix.
More generally, an isospectral flow has the form

(5.10)
dH

dt
= JH −HJ , H(0) = H0

where J = L−LH , f(H) = D+L+LH , and f is any function that is analytic in a neighborhood
of Sp(H0).
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Equation (5.10) is completely integrable. This means that its solution can be expressed as a
transformation of the solution of a linear system. In particular, the solution of (5.10) is given
by

(5.11) H(t) = Q(t)HH0Q(t) ,

where Q(t)R(t) is the QR factorization of the exponential matrix exp
(
tf(H0)

)
. In other words,

to solve (5.10) we first compute exp
(
tf(H0)

)
, perform the QR factorization

exp
(
tf(H0)

)
= Q(t)R(t) ,

and use the resulting Q(t) in (5.11). We will not prove (5.11) here.

Remark. The QR-iteration can be recovered in this framework by choosing f(z) = log(z).
Specifically, the QR-iterates {Hk}∞k=0 associated with H0 are given by Hk = H(k) where H(t)
is the solution of (5.10) given by (5.11). For example, for t = 1 we have

exp
(
tf(H0)

)
= exp

(
1 log(H0)

)
= H0 = Q0R0 = Q(1)R(1) ,

whereby from (5.11) we see that

H(1) = Q(1)HH0Q(1) = R0Q0 = H1 .

Exercise. Check that Hk = H(k) for every k ∈ N as claimed in the above remark.

5.5. Symmetric Tridiagonal Case. Here we consider the case where

(5.12) H =




b0 a1 0 · · · 0

a1 b1 a2
. . .

...

0 a2 b2
. . . 0

...
. . .

. . .
. . . aN−1

0 · · · 0 aN−1 bN−1




= D + L+ LH .

We saw earlier that every symmetric matrix can be efficiently brought into this form. We
assume that H is initially irreducible — namely, that aj 6= 0 for every j = 1, · · · , N − 1.

In this case LLH and LHL are diagonal and the isospectral flow equation (5.9) decomposes
as

dD

dt
= 2(LLH − LHL) ,

dL

dt
= LD −DL .

In terms of the entries bj and aj these become

(5.13)

dbj
dt

= 2
(
a 2
j − a 2

j+1

)
for j = 0, 1, · · · , N − 1 ,

daj
dt

= aj(bj−1 − bj) for j = 1, 2, · · · , N − 1 .

Here we adopt the convention that a0 = aN = 0 when those terms arise in the first equation.
Notice that each aj will remain nonzero if it is initially nonzero.

It is clear that the only stationary points of this flow are when a1 = a2 = · · · = aN−1 = 0.
This means that H is diagonal. Because H has simple eigenvalues, this stationary point will
be stable if and only if

b0 < b1 < · · · < bN−2 < bN−1 .
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Theorem 5.1. Let H(t) have the tridiagonal form (5.12), be irreducible, and satisfy equation
(5.13). Then H(t) converges as t → ∞ to the diagonal matrix with eigenvalues increasing down
the diagonal.

Proof. By Lemma 5.1, the trace of H(t)2 is conserved by the flow. One has that

tr
(
H2
)
=

N−1∑

j=0

b 2j + 2

N−1∑

j=1

a 2
j .

The fact this is conserved implies that all the bj and aj are bounded functions of t.
Now let sm be the mth partial trace of H :

sm =

m−1∑

j=0

bj for m = 1, · · · , N .

By (5.13) one sees that

(5.14)
dsm
dt

=

m−1∑

j=0

dbj
dt

= 2

m−1∑

j=0

(
a 2
j − a 2

j+1

)
= −2a 2

m ≤ 0 for m = 1, · · · , N .

Therefore sm(t) is a decreasing function of t. But it is also bounded below. Hence, for every
m = 1, · · · , N we see that

lim
t→∞

sm(t) = s∞m exists .

Moreover, because sm(t) is decreasing we see that

lim
t→∞

sm(t+ h) = s∞m uniformly over h ≥ 0 .

Then for every m = 0, · · · , N − 1 we know that

lim
t→∞

bm(t+ h) = lim
t→∞

(
sm+1(t+ h)− sm(t + h)

)

= s∞m+1 − s∞m ≡ b∞m uniformly over h ≥ 0 ,

where we understand that s0 = s∞0 = 0. The diagonal entries of H(t) therefore converge as
t → ∞.

To show the off-diagonal entries of H(t) vanish as t → ∞, we begin by integrating equation
(5.14) over [t, t + h] and passing to the limit as t → ∞ to find that

(5.15) lim
t→∞

∫ t+h

t

am(t
′)2 dt′ = lim

t→∞

sm(t)− sm(t+ h)

2
→ 0 uniformly over h ≥ 0 .

Upon integrating the second equation of (5.13) over [t, t′] we find that

am(t
′) = am(t) exp

(∫ t′

t

[bm−1(t
′′)− bm(t

′′)] dt′′
)
,

which can be expressed as

am(t + h′)

am(t)
= exp

(∫ h′

0

[bm−1(t+ h′′)− bm(t+ h′′)] dh′′

)
.

We thereby see that

lim
t→∞

am(t + h′)

am(t)
= exp

(
[b∞m−1 − b∞m ]h′

)
uniformly over h′ ≥ 0 .
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When this result is combined with (5.15) we see that for every h > 0

0 = lim
t→∞

∫ t+h

t

am(t
′)2 dt′ = lim

t→∞

∫ h

0

am(t + h′)2 dh′

= lim
t→∞

∫ h

0

(
am(t+ h′)

am(t)

)2

dh′ lim
t→∞

am(t)
2

=

∫ h

0

exp
(
2[b∞m−1 − b∞m ]h′

)
dh′ lim

t→∞
am(t)

2

=
exp

(
2[b∞m−1 − b∞m ]h

)
− 1

2[b∞m−1 − b∞m ]
lim
t→∞

am(t)
2

≥ h lim
t→∞

am(t)
2 .

We thereby conclude that
lim
t→∞

am(t) = 0 .

This result is consistent with second equation of (5.13) if and only if b∞m−1 − b∞m < 0. �


