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1. Initial-Value Problems for Ordinary Differential Systems

1.1. Introduction. We will study initial-value problems for first-order systems of N ordinary
differential equations that are in the normal form

(1.1) x′ = f(t, x) ,

where x ∈ Ω for some domain Ω ⊂ RN and f : (tL, tR)×Ω → RN is a vector field. Such system
arise naturally in science and engineering. They also arise from building approximations to
partial differential equations. In many settings N can be very large. For example, N can be 108

or more for a model of a complex physical system like the climate, a combustion engine, or parts
of the human body. Indeed, if a three dimensional region is partitioned into 200×200×100 cells
and there are 25 variables per cell in the model then N is 108. Many models are much larger.
Usually the best we can hope to do is approximate the solution of such models numerically.

Before we present any numerical methods for approximating solutions of (1.1), we give an
overview of some basic theory of those solutions. We will see that good numerical methods are
built upon a firm theoretical foundations.

Many higher-order systems can be recast as a larger first-order system in the form (1.1). For
example, this can be done for every mth order system in the normal form

(1.2) y(m) = g
(

t, y, y′, · · · , y(m−1)
)

.

There is more than one way to do this. One way is to set

(1.3) x =













x1

x2
...

xm−1

xm













, f(t, x) =













x2

x3
...

xm

g(t, x1, x2, · · · , xm)













,

where x1, x2, · · · , xm each have the same dimension as y, so that the dimension of x is m times
the dimension of y. Then a solution x(t) of (1.1) is related to a solution y(t) of (1.2) by

(1.4) x(t) =













x1(t)
x2(t)

...
xm−1(t)
xm(t)













=













y(t)
y′(t)

...
y(m−2)(t)
y(m−1)(t)













.

Therefore the numerical methods for first-order systems can be used to approximate solutions
of higher-order systems in the form (1.2) with the transformation (1.3).

Exercise. Suppose that g(t, x1, x2, · · · , xm) is jointly continous in all of its variables. Show
that if y(t) is a m-times continuously differentiable solution of (1.2), and x(t) is defined by (1.4)
then x(t) is a continuously differentiable solution of (1.1) given by (1.4). Show conversely that
if x(t) is a continuously differentiable solution of (1.1) given by (1.4) and y(t) = x1(t) then y(t)
is a m-times continuously differentiable solution of (1.2).
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1.2. Motivating Examples. Before developing the theory of solutions for first-order systems
in the form (1.1), we motivate different aspects of that theory through a sequence of examples.
These examples often appear in elementary courses on differential equations.

1.2.1. Solutions of Explicit Systems. The system (1.1) is said to be explicit when f(t, x) is
independent of x, in which case it has the form

(1.5) x′ = f(t) .

We see that x = F (t) is a solution of this equation if and only if F is a primitive of f . If this
equation has one solution then it has a family of solutions given by the indefinite integral of f
— namely, by

x =

∫

f(t) dt = F (t) + c , where F ′(t) = f(t) and c is any constant .

Moreover, there are no other solutions. This family is called a general solution of the equation.
In order to pick a unique solution from this family we must impose an additional condition

that determines c. We do this by imposing a so-called initial condition of the form

x(tI) = xI ,

where tI is called the initial time or initial point, while xI is called the initial value or initial
datum. The combination of the differential equation with the above initial condition is the
so-called initial-value problem given by

x′ = f(t) , x(tI) = xI .

1.2.2. Solutions of Linear Systems.

1.2.3. Solutions of Nonlinear Equations that Blow-Up. Solution of

Example. Find all solutions to the equation

x′ = x2 .

Solution. This equation has the stationary solution x = 0. Nonstationary solutions are given
implicitly by

t =

∫

dx

x2
= −

1

x
+ c .

We can solve for x explicitly to find the family of solutions

x =
1

c − t
.

Notice that this solution is not defined at t = c. Therefore it is really two solutions — one for
t < c and one for t > c. Because

lim
t→c−

1

c − t
= +∞ , lim

t→c+

1

c − t
= −∞ ,

we say that the solution for t < c “blows-up” to ∞ as t → c− while the solution for t > c
“blows-up” to −∞ as t → c+. (Here t → c− means that t approaches c from below while
t → c+ means that t approaches c from above.) Also notice that none of these solutions ever
hits the stationary solution x = 0.

Remark. The above example shows that solutions of nonlinear equations can “blow-up” even
when the right-hand side of the equation is continuous everywhere. This is in marked contrast
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with linear equations where the solution will not blow-up if the coefficients and forcing are
continuous everywhere.

1.2.4. Initial-Value Problems with Nonunique Solutions. Example. Find all solutions to the
initial-value problem

x′ = 3x
2

3 , x(0) = 0 .

Solution. We see that x = 0 is a stationary point of this equation. Therefore x(t) = 0 is
a stationary solution whose interval of definition is (−∞,∞). However, let us carry out our
recipe for nonstationary solutions to see where it leads. These solutions are given implicitly by

t =

∫

dx

3x
2

3

=

∫

1
3
x−

2

3 dx = x
1

3 + c .

Upon solving this for x we find x = (t − c)3 where c is an arbitrary constant. The initial
condition then implies that

0 = (0 − c)3 = −c3 ,

whereby c = 0. Hence, we have found two solutions of the initial-value problem: x(t) = 0 and
x(t) = t3.

In fact, as we will now show, there are many more solutions of the initial-value problem. Let
a and b be any two numbers such that a ≤ 0 ≤ b and define x(t) by

x(t) =











(t − a)3 for t < a ,

0 for a ≤ t ≤ b ,

(t − b)3 for b < t .

This function is continuously differentiable with

x′(t) =











3(t − a)2 for t < a ,

0 for a ≤ t ≤ b ,

3(t − b)2 for b < t ,

whereby it clearly satisfies the initial-value problem. When a = b = 0 this reduces to x(t) = t3.

Similarly, for every a ≤ 0 we can construct the solution

x(t) =

{

(t − a)3 for t < a ,

0 for a ≤ t ,

while for every b ≥ 0 we can construct the solution

x(t) =

{

0 for t ≤ b ,

(t − b)3 for b < t .

The interval of definition for each of these solutions is also (−∞,∞).
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2. Explicit One-Step Methods

2.1. Numerical Approximations. Suppose we are interested in the solution x(t) of the
initial-value problem

(2.1) x′ = f(t, x) , x(tI) = xI ,

over the time interval [tI , tF ] — i.e. for tI ≤ t ≤ tF . Here tI is called the initial time while tF
is called the final time. A numerical method partitions the time interval [tI , tF ] by selecting
times {tn}

nF

n=0 such that

tI = t0 < t1 < t2 < · · · < tnF−1 < tnF
= tF ,

and computes values {xn}
nF

n=0 such that

x0 = x(t0) = x(tI) = xI ,

xn approximates x(tn) for n = 1, 2, · · · , nF .

For good numerical methods, these approximations will improve as the partition is refined.
So for a sufficiently refined partition we can plot the points {(tn, xn)}nF

n=0 in [tI , tF ] × RN and
“connect the dots” to get an accurate picture of how x(t) behaves over the time interval [tI , tF ].

When numerical methods are introduced in elementary courses it is common to use uniform
time steps. This means that for a given number of time steps nF we pick the times {tn}

nF

n=1 to
partition [tI , tF ] uniformly as

(2.2) tn = tI + nh for n = 0, 1, · · · , nF where h =
tF − tI

nF

.

Here h is called the step size. If we want a more accurate numerical solution then we simply
rerun the method with a smaller step size by picking a larger nF .

However, in sophisticated software packages neither the times {tn}
nF

n=1 nor nF are chosen
beforehand. Rather, the step size hn = tn+1 − tn is chosen adaptively to meet certain criteria.
These criteria might include:

• keeping some estimate of the error below a prescribed tolerance,
• keeping the relative change in entries of x below a prescribed fraction,
• requiring the dyanamical stability properties of the numerical method to be consistent

with the dyanamical stability properties of the equation x′ = f(t, x),
• maintaining the positivity of those entries of x which would remain positive under the

evolution governed by the equation x′ = f(t, x).

There are other possible criteria. Each criterion gives an upper bound on the step size hn.
For example, the criterion that the method stop at tF is hn ≤ tF − tn. Then hn is taken to
be the minimum of these upper bounds. Developing such criteria requires a firm theoretical
understanding of numerical methods.

We will begin with the study of so-called one-step methods. Given f(t, x) and hn a one-step
method computes the value of xn+1 for n = 0, 1, · · · , nF − 1 from (tn, xn). Later we will study
so-called multi-step methods. Given f(t, x) and hn an m-step method for some integer m ≥ 2
computes the value of xn+1 for n = m − 1, m, · · · , nF − 1 from (tn, xn), (tn−1, xn−1), · · · , and
(tn−m+1, xn−m+1).
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2.2. Explicit and Implicit Euler Methods. The simplest (and least accurate) numerical
methods are the Euler methods. These can be derived many ways. Here we give a simple
approach based on the definition of the derivative through difference quotients.

If we start with the fact that

lim
h→0

x(t + h) − x(t)

h
= x′(t) = f(t, x(t)) ,

then for small positive h we have

x(t + h) − x(t)

h
≈ f(t, x(t)) .

Upon solving this for x(t + h) we find that

x(t + h) ≈ x(t) + hf(t, x(t)) .

If we set t = tn and t + h = tn+1 in this relation (so that h = hn) then it is equivalent to

x(tn+1) ≈ x(tn) + hnf(tn, x(tn)) .

Because xn and xn+1 approximate x(tn) and x(tn+1) respectively, this suggests setting

(2.3) xn+1 = xn + hnf(tn, xn) for n = 0, 1, · · · , nF − 1 .

This so-called Euler method was introduced by Leonhard Euler in 1768.

Alternatively, we could have started with the fact that

lim
h→0

x(t) − x(t − h)

h
= x′(t) = f(t, x(t)) .

Then for small positive h we have

x(t) − x(t − h)

h
≈ f(t, x(t)) .

Upon solving this for x(t − h) we find that

x(t − h) ≈ x(t) − hf(t, x(t)) .

If we set t = tn+1 and t − h = tn in this relation (so that h = hn) then it is equivalent to

x(tn+1) − hnf(tn+1, x(tn+1)) ≈ x(tn) .

Because xn and xn+1 approximate x(tn) and x(tn+1) respectively, this suggests setting

(2.4) xn+1 − hnf(tn+1, xn+1) = xn for n = 0, 1, · · · , nF − 1 .

This method is called the implicit Euler or backward Euler method. It is called the implicit
Euler method because equation (2.4) implicitly relates xn+1 to xn. It is called the backward
Euler method because the difference quotient upon which it is based steps backward in time
(from t to t − h). In contrast, the Euler method (2.3) sometimes called the explicit Euler or
forward Euler method because it gives xn+1 explicitly and because the difference quotient upon
which it is based steps forward in time (from t to t + h).

2.3. Methods Based on Taylor Approximation. The explicit (or forward) Euler method
can be understood as the first in a sequence of explicit methods that can be derived from the
Taylor approximation formula.
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2.3.1. Explicit Euler Method Revisited. The explicit Euler method can be derived from the
first-order Taylor approximation, which is also known as the tangent line approximation. This
approximation states that if x(t) is twice continuously differentiable then

(2.5) x(t + h) = x(t) + hx′(t) + O(h2) .

Here the O(h2) means that the remainder vanishes at least as fast as h2 as h tends to zero. It
is clear from (2.5) that for small positive h we have

x(t + h) ≈ x(t) + hx′(t) .

Because x(t) satisfies (2.1), this is the same as

x(t + h) ≈ x(t) + hf(t, x(t)) .

If we set t = tn and t + h = tn+1 in this relation (so that h = hn) then it is equivalent to

x(tn+1) ≈ x(tn) + hnf(tn, x(tn)) .

Because xn and xn+1 approximate x(tn) and x(tn+1) respectively, this suggests setting

(2.6) xn+1 = xn + hnf(tn, xn) for n = 0, 1, · · · , nF − 1 ,

which is exactly the Euler method (2.3).

2.3.2. Local and Global Errors. An advantage of viewing the Euler method through the tangent
line approximation (2.5) is that we gain some understanding of how its error behaves as we
decrease the step size h. The O(h2) term in (2.5) represents the local error, which is error the
approximation makes at each step.

If we use uniform time steps given by (2.2) and halve the step size h by doubling the number
nF of time steps taken to get to time tF then by (2.5) the local error will be reduced by a factor
of roughly one quarter. If we assume that errors add (which is often the case) then the error
at tF will reduce by a factor of roughly one half. In other words, doubling the number of time
steps will reduce the error by about a factor of one half. Similarly, tripling the number of time
steps will reduce the error by about a factor of one third. Indeed, we will show that the error of
the explicit Euler method is O(h) over the interval [tI , tF ]. The best way to think about this is
that if we take nF steps and the error made at each step is O(h2) then we can expect that the
acummulation of the local errors will lead to a global error of O(h2)nF . Because (2.2) states
that hnF = tF − tI , which is a number that is independent of h and nF , we see that global
error of the explicit Euler method is O(h). This was shown by Cauchy in 1824. Moreover, the
error of the implicit Euler method behaves the same way.

Global error is a more meaningful concept than local error because it tells us how fast a
method converges over the entire interval [tI , tF ]. Therefore we identify the order of a method
by the order of its global error. In particular, methods like the Euler methods with global errors
of O(h) are first-order methods. By reasoning similar to that given in the previous paragraph,
methods whose local error is O(hm+1) will have a global error of O(hm+1)nF = O(hm) and
thereby are mth-order methods.

Higher-order methods are more complicated than the explicit Euler method. The hope is
that this cost is overcome by the fact that its error improves faster as you increase nF — or
what is equivalent by (2.2), as you decrease h. For example, if we halve the time step h of a
fourth-order method then the global error will reduce by a factor of 1/16. Similarly, tripling
the number of time steps will reduce the error by about a factor of 1/81.
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2.3.3. Higher-Order Taylor-Based Methods. The second-order Taylor approximation states that
if x(t) is thrice continuously differentiable then

(2.7) x(t + h) = x(t) + hx′(t) + 1
2
h2x′′(t) + O(h3) .

Here the O(h3) means that the remainder vanishes at least as fast as h3 as h tends to zero. It
is clear from (2.7) that for small positive h one has

(2.8) x(t + h) ≈ x(t) + hx′(t) + 1
2
h2x′′(t) .

Because x(t) satisfies (2.1), we see by the chain rule from multivariable calculus that

x′′(t) =
d

dt

(

x′(t)
)

=
d

dt
f(t, x(t)) = ∂tf(t, x(t)) + x′(t) · ∂xf(t, x(t))

= ∂tf(t, x(t)) + f(tn, x(tn)) · ∂xf(t, x(t)) .

Hence, equation (2.8) is the same as

x(t + h) ≈ x(t) + hf(t, x(t)) + 1
2
h2
(

∂tf(t, x(t)) + f(tn, x(tn)) · ∂xf(t, x(t))
)

.

If we set t = tn and t + h = tn+1 in this relation (so that h = hn) then it is equivalent to

x(tn+1) ≈ x(tn) + hnf(tn, x(tn)) + 1
2
h 2

n

(

∂tf(tn, x(tn)) + f(tn, x(tn)) · ∂xf(tn, x(tn))
)

.

Because xn and xn+1 approximate x(tn) and x(tn+1) respectively, this suggests setting

(2.9)
xn+1 = xn + hnf(tn, xn) + 1

2
h 2

n

(

∂tf(tn, xn) + f(tn, xn) · ∂xf(tn, xn)
)

for n = 0, 1, · · · , nF − 1 .

We call this the second-order Taylor-based method.

Remark. We can generalize our derivation of the second-order Taylor-based method by using
the mth-order Taylor approximation to derive an explicit numerical method whose error is
O(hm) over the interval [tI , tF ] — a so-called mth-order method. However, the formulas for
these methods grow in complexity. For example, the third-order method is

(2.10)

xn+1 = xn + hnf(tn, xn) + 1
2
h 2

n

(

∂tf(tn, xn) + f(tn, xn) · ∂xf(tn, xn)
)

+ 1
6
h 3

n

[

∂ttf(tn, xn) + 2f(tn, xn) · ∂xtf(tn, xn) + f(tn, xn)⊗2 : ∂xxf(tn, xn)

+
(

∂tf(tn, xn) + f(tn, xn) · ∂xf(tn, xn)
)

· ∂xf(tn, xn)
]

for n = 0, 1, · · · , nF − 1 .

This complexity of these methods makes them far less practical for general algorithms than the
next class of methods we will study.

2.4. Methods Based on Quadrature. The starting point for our next class of methods will
be the Fundamental Theorem of Calculus — specifically, the fact

x(t + h) − x(t) =

∫ t+h

t

x′(s) ds .

Because x(t) satisfies (2.1), this becomes

(2.11) x(t + h) = x(t) +

∫ t+h

t

f(s, x(s)) ds .
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In 1895 Carl Runge proposed using quadrature rules (numerical integration) to construct ap-
proximations to the definite integral above in the form

(2.12)

∫ t+h

t

f(s, x(s)) ds = K(h, t, x(t)) + O(hm+1) ,

where m ∈ Z+. The key point here is that K(h, t, x(t)) depends on x(t), but does not depend
on x(s) for any s 6= t. When approximation (2.12) is placed into (2.11) we obtain

x(t + h) = x(t) + K(h, t, x(t)) + O(hm+1) .

If we let t = tn and t + h = tn+1 above then this is equivalent to

x(tn+1) = x(tn) + K(hn, tn, x(tn)) + O(hm+1
n ) .

Because xn and xn+1 approximate x(tn) and x(tn+1) respectively, this suggests setting

(2.13) xn+1 = xn + K(hn, tn, xn) for n = 0, 1, · · · , nF − 1 .

Hence, every approximation of the form (2.12) yields the mth-order explicit one-step method
(2.13) for approximating solutions of (2.1). Here we will present methods associated with
four basic quadrature rules that are covered in most calculus courses: the left-hand rule, the
trapezoidal rule, the midpoint rule, and the Simpson rule.

2.4.1. Explicit Euler Method Revisited Again. The left-hand rule approximates the definite
integral on the left-hand side of (2.12) as

∫ t+h

t

f(s, x(s)) ds = hf(t, x(t)) + O(h2) .

This approximation is already in the form (2.12) with K(h, t, x) = hf(t, x). Method (2.13)
thereby becomes

xn+1 = xn + hnf(tn, xn) for n = 0, 1, · · · , nF − 1 ,

which is exactly the explicit Euler method (2.3).

In practice, the explicit Euler method is implemented by initializing x0 = xI and then for
n = 0, · · · , nF − 1 cycling through the instructions

k = hnf(tn, xn) , xn+1 = xn + k .

2.4.2. Runge-Trapezoidal Method. The trapezoidal rule approximates the definite integral on
the left-hand side of (2.12) as

∫ t+h

t

f(s, x(s)) ds =
h

2

[

f(t, x(t)) + f(t + h, x(t + h))
]

+ O(h3) .

This approximation is not in the form (2.12) because of the x(t + h) on the right-hand side. If
we approximate this x(t + h) by the explicit Euler method then we obtain

∫ t+h

t

f(s, x(s)) ds =
h

2

[

f(t, x(t)) + f
(

t + h, x(t) + hf(t, x(t))
)]

+ O(h3) .

This approximation is in the form (2.12) with

K(h, t, x) =
h

2

[

f(t, x) + f
(

t + h, x + hf(t, x)
)]

.
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Method (2.13) thereby becomes

xn+1 = xn +
hn

2

[

f(tn, xn) + f
(

tn+1, xn + hnf(tn, xn)
)]

for n = 0, 1, · · · , nF − 1 .

This is often called the improved Euler method. However, that name is sometimes used for other
methods and is not very descriptive. Rather, we will call this the Runge-trapezoidal method
because it was proposed by Runge based on the trapeziodal rule. This name makes the origins
of the method clear.

In practice, the Runge-trapezoidal method is implemented by initializing x0 = xI and then
for n = 0, · · · , nF − 1 cycling through the instructions

k1 = hnf(tn, xn) ,

k2 = hnf(tn + hn, xn + k1) ,

xn+1 = xn + 1
2
[k1 + k2] .

The so-called working variables k1 and k2 are overwritten each cycle.

2.4.3. Runge-Midpoint Method. The midpoint rule approximates the definite integral on the
left-hand side of (2.12) as

∫ t+h

t

f(s, x(s)) ds = hf
(

t + 1
2
h, x(t + 1

2
h)
)

+ O(h3) .

This approximation is not in the form (2.12) because of the x(t + 1
2
h) on the right-hand side.

If we approximate this x(t + 1
2
h) by the explicit Euler method then we obtain

∫ t+h

t

f(s, x(s)) ds = hf
(

t + 1
2
h, x(t) + 1

2
hf(t, x(t))

)

+ O(h3) .

This approximation is in the form (2.12) with

K(h, t, x) = hf
(

t + 1
2
h, x + 1

2
hf(t, x)

)

.

Method (2.13) thereby becomes

xn+1 = xn + hnf
(

tn + 1
2
hn, xn + 1

2
hnf(tn, xn)

)

for n = 0, 1, · · · , nF − 1 .

This is often called the modified Euler method. However, that name is sometimes used for
other methods and is not very descriptive. Rather, we will call this the Runge-midpoint method
because it was proposed by Runge based on the midpoint rule. This name makes the origins
of the method clear.

In practice, the Runge-midpoint method is implemented by initializing x0 = xI and then for
n = 0, · · · , nF − 1 cycling through the instructions

k1 = hnf(tn, xn) ,

k2 = hnf(tn + 1
2
hn, xn + 1

2
k1) ,

xn+1 = xn + k2 .

Here again k1 and k2 are overwritten each cycle. In fact, k1 can be overwritten by k2.
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2.4.4. Classical Runge-Kutta Method. In 1901 Wilhelm Kutta presented the family of explicit
numerical methods that are now called the explict Runge-Kutta methods. We will study this
family in Section 4. Kutta favored one member of this family that is based of the Simpson rule.
The Simpson rule approximates the definite integral on the left-hand side of (2.12) as
∫ t+h

t

f(s, x(s)) ds =
h

6

[

f(t, x(t)) + 4f
(

t + 1
2
h, x(t + 1

2
h)
)

+ f
(

t + h, x(t + h)
)]

+ O(h5) .

This approximation is not in the form (2.12) because of the x(t + 1
2
h) and x(t + h) on the

right-hand side. If we approximate these with the explicit Euler method as we did before then
we will degrade the local error to O(h3). Kutta found an approximation that is consistent with
the O(h5) local error of the Simpson rule. This led to a method that became so widely used
that it became known as the Runge-Kutta method. We will call it the classical Runge-Kutta
method. We will derive this method later. Here we give its basic algorithm.

In practice the classical Runge-Kutta method is implemented by initializing x0 = xI and
then for n = 0, · · · , nF − 1 cycling through the instructions

k1 = hnf(tn, xn) ,

k2 = hnf(tn + 1
2
hn, xn + 1

2
k1) ,

k3 = hnf(tn + 1
2
hn, xn + 1

2
k2) ,

k4 = hnf(tn + hn, xn + k3) ,

xn+1 = xn + 1
6

[

k1 + 2k2 + 2k3 + k4

]

.

The variables k1, k2, k3, and k4 are overwritten each cycle. In fact, we can be more efficient with
storage by overwriting kj by kj+1 after adding the kj contribution to xn+1. The psuedocode is

k := hnf(tn, xn) , xn+1 := xn + 1
6
k ,

k := hnf(tn + 1
2
hn, xn + 1

2
k) , xn+1 := xn+1 + 1

3
k ,

k := hnf(tn + 1
2
hn, xn + 1

2
k) , xn+1 := xn+1 + 1

3
k ,

k := hnf(tn + hn, xn + k) , xn+1 := xn+1 + 1
6
k .

Here := means that the variable on the left is assigned the value of the expression on the right.

Remark. This Runge-Kutta method requires four evaluations of f(t, x) to advance each time
step, whereas the second-order methods each required only two. Therefore it requires roughly
twice as much computational work per time step as those methods.

Remark. Notice that if we set hn = h above then because

xn ≈ x(tn) ,

xn + 1
2
k1 ≈ x(tn + 1

2
h) ,

xn + 1
2
k2 ≈ x(tn + 1

2
h) ,

xn + k3 ≈ x(tn + h) ,

k1 ≈ hf
(

tn, x(tn)
)

k2 ≈ hf
(

tn + 1
2
h, x(tn + 1

2
h)
)

,

k3 ≈ hf
(

tn + 1
2
h, x(tn + 1

2
h)
)

,

k4 ≈ hf
(

tn + h, x(tn + h)
)

,

we see that

xn+1 ≈ x(tn) +
h

6

[

f(tn, x(tn)) + 4f
(

tn + 1
2
h, x(tn + 1

2
h)
)

+ f
(

tn + h, x(tn + h)
)]

.

This Runge-Kutta method thereby looks consistant with the Simpson rule approximation. This
argument does not prove that this method is fourth order, but later we will show that it is.
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3. Analysis of Explicit One-Step Methods

Let x(t) be the solution of the initial-value problem

(3.1) x′ = f(t, x) , x(tI) = xI .

We consider numerical approximations to x(t) over an interval [tI , tF ] that are generated by
explicit one-step methods of the form

(3.2) xn+1 = xn + hnΦ(hn, tn, xn) .

We will prove that these approximations converge by first establishing a stability bound and
then a consistency estimate. Let the discretization error D(h, t, x( · )) be defined by

(3.3) D(h, t, x( · )) =
x(t + h) − x(t)

h
− Φ(h, t, x(t)) .

3.1. Cauchy Stability Lemma. In 1824 Cauchy proved that the Euler method converges.
His basic stability estimate applies to any one-step method of the form (3.2).

Lemma 3.1. Let Ω ⊂ RN be a bounded domain such that x(t) ∈ Ω for every t ∈ [tI , tF ] and
xn ∈ Ω for every n ∈ {1, · · · , nF}. Let Λ > 0 such that Φ(h, t, x) satisfies the Lipschitz estimate

(3.4) ‖Φ(h, t, x) − Φ(h, t, y)‖ ≤ Λ‖x − y‖ for every h ∈ [0, 1], t ∈ [tI , tF ], x, y ∈ Ω .

Let en = xn − x(tn) and dn = D(hn, tn, x( · )). Then we have the Cauchy stability bound

(3.5) ‖en‖ ≤ e(tn−t0)Λ‖e0‖ +
e(tn−t0)Λ − 1

Λ
max{‖dj‖ : j = 0, · · · , n − 1} for every n ∈ Z+ .

Proof. By definition (3.3) we have

x(tn+1) = x(tn) + hnΦ(hn, tn, x(tn)) + hndn .

By subtracting this relation from (3.2) and using the fact en = xn − x(tn) we find that

en+1 = en + hn

[

Φ(hn, tn, xn) − Φ(hn, tn, x(tn))
]

− hndn .

By the triangle inequality and the Lipschitz estimate (3.4) we obtain the bound

‖en+1‖ ≤ (1 + hnΛ)‖en‖ + hn‖dn‖ .

Upon working out the first three cases we see that

‖e1‖ ≤ (1 + h0Λ)‖e0‖ + h0‖d0‖ ,

‖e2‖ ≤ (1 + h1Λ)‖e1‖ + h1‖d1‖

≤ (1 + h1Λ)(1 + h0Λ)‖e0‖ + (1 + h1Λ)h0‖d0‖ + h1‖d1‖ ,

‖e3‖ ≤ (1 + h2Λ)‖e2‖ + h2‖d2‖

≤ (1 + h2Λ)(1 + h1Λ)(1 + h0Λ)‖e0‖

+ (1 + h2Λ)(1 + h1Λ)h0‖d0‖ + (1 + h2Λ)h1‖d1‖ + h2‖d2‖ .

The pattern seen above suggests that for every n ∈ Z+ we have the iterated bound

(3.6) ‖en‖ ≤
n−1
∏

j=0

(1 + hjΛ) ‖e0‖ +
n−2
∑

j=0

n−1
∏

i=j+1

(1 + hiΛ) hj‖dj‖ + hn−1‖dn−1‖ .

where the summation is zero when n = 1. This bound can be verfied by induction.
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Now we need a couple of elementary inequalities. The first is obtained by using the facts
that tn − t0 = h0 + · · ·+ hn−1 and that ey ≥ 1 + y for every y ∈ R to get

(3.7a) e(tn−t0)Λ = e(h0+···+hn−1)Λ =
n−1
∏

i=0

ehiΛ ≥
n−1
∏

i=0

(1 + hiΛ) .

The second requires more work. Because the function s 7→ e−sΛ is strictly decreasing over R,
the right-hand quadrature rule gives a lower bound to its definite integral over any interval.
Therefore we can use the fact that tn − t0 = h0 + · · ·+ hn−1 to obtain the inequality
∫ tn−t0

0

e−sΛ ds ≥ e−h0Λh0 + e−(h0+h1)Λh1 + · · · + e−(h0+···+hn−2)Λhn−2 + e−(h0+···+hn−1)Λhn−1 .

Upon multiplying this inequality by e(tn−t0)Λ and again using fact that tn− t0 = h0 + · · ·+hn−1,
we see that

e(tn−t0)Λ − 1

Λ
= e(tn−t0)Λ

∫ tn−t0

0

e−sΛ ds

≥ e(h1+···+hn−1)Λh0 + e(h2+···+hn−1)Λh1 + · · ·+ ehn−1Λhn−2 + hn−1

=

n−2
∑

i=0

n−1
∏

i=j+1

ehiΛ hj + hn−1 ,

where the summation is zero when n = 1. Then using the fact that ey ≥ 1 + y for every y ∈ R

we obtain the inequality

(3.7b)
e(tn−t0)Λ − 1

Λ
≥

n−2
∑

i=0

n−1
∏

i=j+1

(1 + hiΛ) hj + hn−1 .

Finally, the Cauchy stability bound (3.5) is obtained by combining the iterated bound (3.6)
with the elementary inequalities (3.7). �

Exercise. Use induction to verify the iterated bound (3.6).

Exercise. Derive the Cauchy stability bound (3.5) by combining the iterated bound (3.6) with
the elementary inequalities (3.7).

Remark. The significance of the Cauchy stability bound (3.5) is that it estimates the size of
the error at the nth step ‖en‖ by the sum of the sizes of the intial error ‖e0‖ and the maximum
discretization error max{‖dj‖ : j = 1, · · · , n} times respectively the coefficients

e(tn−t0)Λ , and
e(tn−t0)Λ − 1

Λ
,

which are independent of the choice of time step sizes h1, h2, · · · , hn. This independence was
a consequence of the elementary inequalities (3.7).

Remark. In order to apply this lemma to a particular method we have to extablish the
Lipschitz estimate (3.4) for some Λ. If Φ(h, t, x) is differentiable with respect to x and the
matrix of partial derivatives ∂xΦ(h, t, x) is bounded over [0, hmax]× [tI , tF ]×Ω and Ω is convex
then we can take

Λ = ‖∂xΦ‖∞ = sup
{

‖∂xΦ(h, t, x)‖ : (h, t, x) ∈ [0, hmax] × [tI , tF ] × Ω
}

.

Here ‖∂xΦ(h, t, x)‖ denotes the matrix norm of ∂xΦ(h, t, x) induced by the vector norm that
appears in the Lipschitz estimate (3.4).
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Remark. Cauchy considered the explicit Euler method, for which Φ(h, t, x) = f(t, x). In that
case if f(t, x) is continuously differentiable over [tI , tF ] × Ω where Ω is convex and compact
then we can take

Λ = L = ‖∂xf‖∞ = sup
{

‖∂xf(t, x)‖ : (t, x) ∈ [tI , tF ] × Ω
}

.

Remark. For Runge-Kutta methods a Lipschitz constant Λ for Φ(h, t, x) can be obtained in
terms of L and hmax, which are the Lipschitz constant for f(t, x) and the maximum value of h.
For example, because for the Runge-trapezoidal method we have

Φ(h, t, x) = 1
2
[f(t, x) + f(t + h, x + hf(t, x))] ,

we see that

‖Φ(h, t, x) − Φ(h, t, y)‖ ≤ 1
2
‖f(t, x) − f(t, y)‖

+ 1
2
‖f(t + h, x + hf(t, x)) − f(t + h, y + hf(t, y))‖

≤ 1
2
L‖x − y‖ + 1

2
L‖x + hf(t, x) − y − hf(t, y)‖

≤ 1
2
L‖x − y‖ + 1

2
L‖x − y‖ + 1

2
Lh‖f(t, x) − f(t, y)‖

≤ L‖x − y‖ + 1
2
L2hmax‖x − y‖

= L(1 + 1
2
Lhmax) ‖x − y‖ .

Therefore we can take Λ = L(1 + 1
2
Lhmax). Notice that Λ approaches L as hmax → 0. This will

always be the case for Runge-Kutta methods whenever f(t, x) is continuous because of the way
Φ(h, t, x) is constructed and because Φ(0, t, x) = f(t, x).

Exercise. Give a Lipschitz constant Λ for Φ(h, t, x) in terms of L and hmax for the classical
Runge-Kutta method, where L is a Lipschitz constant for f(t, x) over R × RN and hmax is the
maximum value of h.

3.2. Convergence Theorem. Proving the convergence of any numerical method usually has
three steps. The first is to establish a stability bound. The second is to show that a consistancy
condition is satisfied. The third is to show that “stability plus consistancy impiles convergence.”
In the present setting the stability bound is provided by the Cauchy stability bound (3.5) that
was established by Lemma 3.1. The consistancy conditions will have the following form.

Definition 3.1. An explicit one-step method in the form (3.2) is said to be consistent with the
differential equation x′ = f(t, x) over [tI , tF ] × Ω if for every solution x(t) of x′ = f(t, x) such
that x(t) ∈ Ω for every [tI , tF ] the discretization error D(h, t, x( · )) defined by (3.3) satisfies

(3.8a) lim
h→0

‖D(h, t, x( · ))‖ = 0 uniformly in t over [tI , tF ) .

Moreover, the method is said to be consistent through order m for some m > 0 if for every
solution x(t) of x′ = f(t, x) such that x(t) ∈ Ω for every [tI , tF ] there exists C > 0 such that

(3.8b) ‖D(h, t, x( · ))‖ ≤ C hm for every [t, t + h] ⊂ [tI , tF ] .

Remark. We will show how to establish such consistancy conditions later. At this point we
remark that to do so for m > 1 generally requires additional regularity assumptions on f(t, x).
For example, we will show that (3.8b) holds for the classical Runge-Kutta method with m = 4
when f(t, x) is four times continuously differentiable over R × RN .

We now show that “stability plus consistancy impiles convergence.” This will be relatively
easy because the hard work was done when we established the Cauchy stability bound (3.5).
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Theorem 3.1. Let x(t) be the unique solution of the initial-value problem (3.1) over [tI , tF ].
Let {tn}

nF

n=0 a partition of [tI , tF ] such that

tI = t0 < t1 < · · · < tn < · · · < tnF
= tF .

Let hn = tn+1 − tn for every n ∈ {0, · · · , nF − 1}. Let x0 = xI and {xn}
nF

n=1 be generated by
the one-step method (3.2). Let Ω ⊂ R

N be a bounded domain such that x(t) ∈ Ω for every
t ∈ [tI , tF ] and xn ∈ Ω for every n ∈ {0, · · · , nF}. Let Φ(h, t, x) satisfy the Lipschitz estimate
(3.4) for some Λ > 0. Let en = xn − x(tn) for every n ∈ {0, · · · , nF}. If the discretization
error D(h, t, x( · )) defined by (3.3) satisfies the consistency condition (3.8a) then we have the
convergence

(3.9a) max
{

‖en‖ : n = 1, · · · , nF

}

→ 0 as hmax → 0 ,

where hmax = max{hn : n = 0, · · · , nF − 1}. Moreover, if D(h, t, x( · )) satisfies the mth-order
consistency condition (3.8b) for some m > 0 and some C > 0 then we have the convergence
rate estimate

(3.9b) max
{

‖en‖ : n = 1, · · · , nF

}

≤ C
e(tF −tI )Λ − 1

Λ
hm

max .

Remark. The convergence rate estimate (3.9b) says that a sequence of applications of the
one-step method (3.2) with smaller and smaller hmax will produce errors that will vanish at
least as fast as hm

max.

Proof. We will only prove that the convergence rate estimate (3.9b) follows when D(h, t, x( · ))
satisfies the consistency condition (3.8b). The proof that the convergence (3.9a) follows when
D(h, t, x( · )) satisfies the consistency condition (3.8a) is left as an exercise.

Because x0 = xI , t0 = tI , and x(tI) = xI we see that ε0 = x0−x(t0) = xI−x(tI) = xI−xI = 0.
Because x(t) ∈ Ω for every t ∈ [tI , tF ] and xn ∈ Ω for every n ∈ {0, · · · , nF}, and because
Φ(h, t, x) satisfies the Lipschitz estimate (3.4), Lemma 3.1 yields the stability bound

‖en‖ ≤
e(tn−t0)Λ − 1

Λ
max{‖dj‖ : j = 0, · · · , n − 1} for every n ∈ {1, · · · , nF} ,

where dn = D(hn, tn, x( · )) for every n ∈ {0, · · · , nF − 1}. Because D(h, t, x( · )) satisfies the
consistency condition (3.8b), we have the inequality

‖dj‖ = ‖D(hj, tj, x( · ))‖ ≤ C hm
j ≤ C hm

max for every j ∈ {0, · · · , nF − 1} .

When this inequality is placed into the stability bound above it, we see that

‖en‖ ≤ C
e(tn−t0)Λ − 1

Λ
hm

max for every n ∈ {1, · · · , nF} .

The convergence rate estimate (3.9b) follows from this by using the fact that tn − t0 ≤ tF − tI
and taking a maximum. �

Exercise. Prove that if D(h, t, x( · )) satisfies condition (3.8a) then convergence (3.9a) holds.

Remark. In order to apply this theorem to obtain a convergence estimate for the one-step
method (3.2) given by a particular Φ(h, t, x), we have to establish the Lipschitz estimate (3.4)
and the consistency condition (3.8). Earlier we discussed how to obtain the Lipschitz estimate.
We will establish consistency conditions by Taylor expanding D(h, t, x( · )) in h.
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3.3. Taylor Expansions. The discretization error D(h, t, x( · )) that was defined by (3.3) for
the one-step method (3.2) given by a particular Φ(h, t, x) can be expressed as

(3.10) D(h, t, x( · )) =
Fhx(t) − hΦ(h, t, x(t))

h
,

where Fh is the forward difference operator defined by Fhx(t) = x(t + h)− x(t). Therefore the
Taylor expansion of D(h, t, x( · )) in h is simply the Taylor expansion of Fhx(t) in h minus the
Taylor expansion of hΦ(h, t, x(t)) in h, all divided by h. The first expansion is the same for all
methods, so we carry it out here.

From advanced calculus we know that if x(t) is m-times continously differentiable over [tL, tR]
for some m ∈ Z+ then for every t ∈ [tL, tR] and every h 6= 0 such that t + h ∈ [tL, tR] we have

(3.11a) x(t + h) = T m
h x(t) + Rm

h x(t) ,

where T m
h x(t) and Rm

h x(t) are given by

T m
h x(t) = x(t) + hx′(t) + 1

2
h2x′′(t) + · · · + 1

m!
x(m)(t) ,(3.11b)

Rm
h x(t) =

1

(m − 1)!

∫ t+h

t

(t + h − s)m−1
(

x(m)(s) − x(m)(t)
)

ds .(3.11c)

Moreover, it can be shown that Rm
h x(t) = o(hm) — i.e. that

lim
h→0

Rm
h x(t)

hm
= 0 .

This result implies that Rm
h x(t) becomes smaller than every nonzero term in T m

h x(t) as h → 0.
We call T m

h x(t) the mth-order Taylor polynomial for x at t and call Rm
h x(t) the mth-order Taylor

remainder for x at t.

If x(t) has more regularity then we can obtain alternative forms for the remainder Rm
h x(t)

that allow better estimates on it. For example, if x(t) is (m+1)-times differentiable over [tL, tR]
then the Lagrange Remainder Theorem states that

(3.12a) Rm
h x(t) =

1

(m + 1)!
hm+1x(m+1)(r) , where r lies between t and t + h .

Similarly, if x(t) is (m+1)-times continuously differentiable over [tL, tR] then the usual Cauchy
Remainder Theorem states that

(3.12b) Rm
h x(t) =

1

m!

∫ t+h

t

(t + h − s)mx(m+1)(s) ds .

In either case if x(m+1)(t) is bounded over [tL, tR] then we have the bound

(3.13a) ‖Rm
h x(t)‖ ≤

1

(m + 1)!
|h|m+1

∥

∥x(m+1)
∥

∥

∞
.

A similar bound can be obtained if we assume that x(m)(t) is only Lipschitz continuous over
[tL, tR] — i.e. that there exists λ such that ‖x(m)(s)−x(m)(t)‖ ≤ λ|s− t| for every s, t ∈ [tL, tR].
In that case we can derive directly from (3.11c) the bound

(3.13b) ‖Rm
h x(t)‖ ≤

1

(m + 1)!
|h|m+1λ .

In each case of (3.13) we see that Rm
h x(t) = O(hm+1). This is what arises in most applications.
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Now let x(t) be any solution of x′ = f(t, x). If f(t, x) is m times continuously differentiable
then x(t) will be (m + 1) times continuously differentiable. In that case by (3.11) we have the
Taylor expansion

(3.14) x(t + h) = x(t) + hx′(t) + 1
2
h2x′′(t) + · · ·+ 1

m!
hmx(m)(t) + Rm

h x(t) ,

where Rm
h x(t) satisfies (3.13a). In order to use this expansion we must use the fact x′ = f(t, x)

to express x′′(t) through x(m+1)(t) in terms of f(t, x) and its derivatives evaluated at x = x(t).

By differentiating the relation x′ = f(t, x) four times with respect to t we find that

x′′ = ∂tf + x′ · ∂xf ,

x′′′ = ∂ttf + 2x′ · ∂txf + x′⊗2 : ∂xxf + x′′ · ∂xf ,

x′′′′ = ∂tttf + 3x′ · ∂ttxf + 3x′⊗2 : ∂txxf + x′⊗3 ... ∂xxxf

+ 3x′′ · (∂txf + x′ · ∂xxf) + x′′′ · ∂xf ,

x′′′′′ = ∂ttttf + 4x′ · ∂tttxf + 6x′⊗2 : ∂ttxxf + 4x′⊗3 ... ∂txxxf

+ 6x′′ ·
(

∂ttxf + 2x′ · ∂txxf + x′⊗2 : ∂xxxf
)

+ 3x′′⊗2 : ∂xxf

+ 4x′′′ · (∂txf + x′ · ∂xxf) + x′′′′ · ∂xf .

Here we have suppressed the (t, x) dependence of f(t, x) and its derivatives and the t dependence
of x(t) and its derivatives. Therefore we can express x′′, x′′′, x′′′′, and x′′′′′ in terms of f and its
derivatives through fourth order as

x′′ = ∂tf + f · ∂xf ,(3.15a)

x′′′ = ∂ttf + 2f · ∂txf + f⊗2 : ∂xxf + (∂tf + f · ∂xf) · ∂xf ,(3.15b)

x′′′′ = ∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf

+ 3(∂tf + f · ∂xf) · (∂txf + f · ∂xxf)(3.15c)

+ (∂ttf + 2f · ∂txf + f⊗2 : ∂xxf) · ∂xf

+
(

(∂tf + f · ∂xf) · ∂xf
)

· ∂xf ,

x′′′′′ = ∂ttttf + 4f · ∂tttxf + 6f⊗2 : ∂ttxxf + 4f⊗3 ... ∂txxxf + f⊗4 :: ∂xxxxf

+ 6(∂tf + f · ∂xf) · (∂ttxf + 2f · ∂txxf + f⊗2 : ∂xxxf)

+ 3(∂tf + f · ∂xf)⊗2 : ∂xxf

+ 4(∂ttf + 2f · ∂txf + f⊗2 : ∂xxf) · (∂txf + f · ∂xxf)

+ 4
(

(∂tf + f · ∂xf) · ∂xf
)

· (∂txf + f · ∂xxf)(3.15d)

+
(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

· ∂xf

+ 3
(

(∂tf + f · ∂xf) · (∂txf + f · ∂xxf)
)

· ∂xf

+
(

(∂ttf + 2f · ∂txf + f⊗2 : ∂xxf) · ∂xf
)

· ∂xf

+
((

(∂tf + f · ∂xf) · ∂xf
)

· ∂xf
)

· ∂xf .

Such calculations become much messier when carried out to higher orders, so we will stop here.
These suffice for us to recover many classical results. We will illustrate with some examples.
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Example. Let f(t, x) be once continuously differentiable. Show that the explicit Euler method
is indeed first order.

Solution. For the explicit Euler method we have Φ(h, t, x) = f(t, x), so that by (3.14) and
(3.13a) with m = 1

‖D(h, t, x( · ))‖ =

∥

∥

∥

∥

Fhx(t) − hf(t, x(t))

h

∥

∥

∥

∥

=

∥

∥

∥

∥

R1
hx(t)

h

∥

∥

∥

∥

≤ 1
2
|h|‖x′′‖∞ .

Because x′′ = (∂tf + f · ∂xf) by (3.15a), if x(t) remains within a compact convex set Ω then

‖x′′‖∞ ≤ ‖∂tf‖∞ + ‖f‖∞‖∂xf‖∞ ,

where for our given vector norm ‖ · ‖ we have

‖f‖∞ = max
{

‖f(t, x)‖ : (t, x) ∈ [tI , tF ] × Ω
}

,

‖∂tf‖∞ = max
{

‖∂tf(t, x)‖ : (t, x) ∈ [tI , tF ] × Ω
}

,

‖∂xf‖∞ = max
{

‖∂xf(t, x)‖ : (t, x) ∈ [tI , tF ] × Ω
}

.

Therefore the explicit Euler method is first order. �

Here ‖∂xf(t, x)‖ denotes the induced derivative norm, which is defined in terms of our given
vector norm by

‖∂xf(t, x)‖ = max

{

‖y · ∂xf(t, x)‖

‖y‖
: y ∈ R

N , y 6= 0

}

.

Below we will use the induced second derivative norm, which is defined by

‖∂xxf(t, x)‖ = max

{

‖(y1 ⊗ y2) : ∂xxf(t, x)‖

‖y1‖ ‖y2‖
: y1, y2 ∈ R

N , y1 6= 0, y2 6= 0

}

.

Example. Let f(t, x) be twice continuously differentiable. Show that the second-order Taylor-
based method is indeed second order.

Solution. For the second-order Taylor-based method we have

Φ(h, t, x) = f(t, x) + 1
2
h
(

∂tf(t, x) + f(t, x) · ∂xf(t, x)
)

,

so that by (3.14) and (3.13a) with m = 2

‖D(h, t, x( · ))‖ =

∥

∥

∥

∥

Fhx(t) − hΦ(h, t, x(t))

h

∥

∥

∥

∥

=

∥

∥

∥

∥

R2
hx(t)

h

∥

∥

∥

∥

≤ 1
6
h2‖x′′′‖∞ .

Because by (3.15b)

x′′′ = ∂ttf + 2f · ∂txf + f⊗2 : ∂xxf + (∂tf + f · ∂xf) · ∂xf ,

if x(t) remains within a compact convex set Ω then

‖x′′′‖∞ ≤ ‖∂ttf‖∞ + 2‖f‖∞‖∂txf‖∞ + ‖f‖ 2
∞
‖∂xxf‖∞ +

(

‖∂tf‖∞ + ‖f‖∞‖∂xf‖∞
)

‖∂xf‖∞ ,

where ‖f‖∞, ‖∂tf‖∞, and ‖∂xf‖∞ are defined as in the previous problem while

‖∂ttf‖∞ = max
{

‖∂ttf(t, x)‖ : (t, x) ∈ [tI , tF ] × Ω
}

,

‖∂txf‖∞ = max
{

‖∂txf(t, x)‖ : (t, x) ∈ [tI , tF ] × Ω
}

,

‖∂xxf‖∞ = max
{

‖∂xxf(t, x)‖ : (t, x) ∈ [tI , tF ] × Ω
}

.

Therefore the second-order Taylor-based method is second order. �
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Remark. The proof that the mth order Taylor-based method is mth order is essentially the
same because in that case by (3.14) we have Fhx(t) − hΦ(h, t, x(t)) = Rm

h x(t).

Example. Let f(t, x) be twice continuously differentiable. Show that the Runge-trapezoidal
method is indeed second-order.

Solution. For the Runge-trapezoidal method we have

Φ(h, t, x) = 1
2
[f(t, x) + f(t + h, x + hf(t, x))] .

Because

∂hΦ(h, t, x) = 1
2

(

∂tf(t + h, x + hf(t, x)) + f(t, x) · ∂xf(t + h, x + hf(t, x))
)

,

∂hhΦ(h, x, h) = 1
2

(

∂ttf(t + h, x + hf(t, x)) + 2f(t, x) · ∂txf(t + h, x + hf(t, x))

+ f(t, x)⊗2 : ∂xxf(t + h, x + hf(t, x))
)

,

the Taylor expansion of Φ(h, t, x) in h at h = 0 is

Φ(h, t, x) = Φ(0, t, x) + h∂hΦ(0, t, x) + R1
hΦ(t, x)

= f(t, x) + 1
2
h
(

∂tf(t, x) + f(t, x) · ∂xf(t, x)
)

+ R1
hΦ(t, x) ,

where

R1
hΦ(t, x) =

∫ h

0

(h − s)∂hhΦ(s, t, x) ds .

We have the bound
‖R1

hΦ(t, x)‖ ≤ 1
2
h2‖∂hhΦ‖∞ ,

where
‖∂hhΦ‖∞ ≤ max

{

‖∂hhΦ(h, t, x)‖ : (h, t, x) ∈ [0, hmax] × [tI , tF ] × Ω
}

.

By (3.14) and (3.13a) with m = 2

‖D(h, t, x( · ))‖ =

∥

∥

∥

∥

Fhx(t) − hΦ(h, t, x(t))

h

∥

∥

∥

∥

=

∥

∥

∥

∥

R2
hx(t) − hR1

hΦ(t, x(t))

h

∥

∥

∥

∥

≤
‖R2

hx(t)‖

h
+ ‖R1

hΦ(t, x(t))‖ ≤ 1
6
h2‖x′′′‖∞ + 1

2
h2‖∂hhΦ‖∞ .

This shows that there exists C > 0 such that

‖D(h, t, x( · ))‖ ≤ Ch2 ,

which shows that the Runge-trapezoidal method is second order. �

Remark. We can obtain an upper bound on C from the bounds
∥

∥∂ttf + 2f · ∂txf + f⊗2 : ∂xxf
∥

∥

∞
≤ ‖∂ttf‖∞ + 2‖f‖∞‖∂txf‖∞ + ‖f‖ 2

∞
‖∂xxf‖∞ ,

∥

∥(∂tf + f · ∂xf) · ∂xf
∥

∥

∞
≤ ‖∂tf‖∞‖∂xf‖∞ + ‖f‖∞‖∂xf‖

2
∞

.

By adding the error bounds of the Taylor expansions we obtain

C ≤ 5
12

(

‖∂ttf‖∞ + 2‖f‖∞‖∂txf‖∞ + ‖f‖ 2
∞
‖∂xxf‖∞

)

+ 1
6

(

‖∂tf‖∞‖∂xf‖∞ + ‖f‖∞‖∂xf‖
2
∞

)

.
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4. Explicit Runge-Kutta Methods

The one-step methods presented in this section are the explicit members of the family of
Runge-Kutta methods. The implicit members of this family will be presented later.

4.1. Runge, Heun, and Kutta. Carl Runge had described just a few methods in his 1895
paper, including the Runge trapezoid and midpoint methods. In 1900 Karl Heun presented a
family of explicit methods that included all of those studied by Runge as special cases. In 1901
Wilhelm Kutta enlarged this family to what we now call the explicit Runge-Kutta methods.
Here we give an overview of these early results, which were for the case N = 1.

Heun characterized the computational effort of these methods by how many evaluations of
f(t, x) are needed to compute K(h, t, x). A method that requires s evaluations of f(t, x) is
called an s-stage method. The explicit Euler method, for which K(h, t, x) = hf(t, x), is the
only consistent one-stage method.

4.1.1. Two-Stage Methods. Heun considered the family of two-stage methods in the form

(4.1a) K(h, t, x) = α1k1 + α2k2 , with α1 + α2 = 1 ,

where k1 and k2 are given by two evaluations of f(t, x) as

(4.1b) k1 = hf(t, x) , k2 = hf(t + βh, x + βk1) , for some β > 0 .

Heun showed the two-stage method (4.1) is second-order for every f(t, x) if and only if

(4.2) α1 = 1 −
1

2β
, α2 =

1

2β
.

These include the Runge trapeziodal method, which is given by α1 = α2 = 1
2

and β = 1, and

the Runge midpoint method, which is given by α1 = 0, α2 = 1, and β = 1
2
. Heun also showed

that no two-stage method (4.1) is third-order for every f(t, x).

Remark. Second-order, two-stage methods are often called Heun methods in recognition of
his work. Of these Heun favored the method given by α1 = 1

4
, α2 = 3

4
, and β = 2

3
, which is

third order in the special case when ∂xf = 0.

4.1.2. Three-Stage Methods. Heun also considered families of three- and four-stage methods in
his 1900 paper. However in 1901 Kutta introduced families of s-stage methods that where more
general when s ≥ 3. For example, Kutta considered the family of three-stage methods in the
form

(4.3a) K(h, t, x) = α1k1 + α2k2 + α3k3 , with α1 + α2 + α3 = 1 ,

where k1, k2, and k3 are given by three evaluations of f(t, x) as

(4.3b)

k1 = hf(t, x) ,

k2 = hf(t + β2h, x + γ21k1) , with β2 = γ21 ,

k3 = hf(t + β3h, x + γ31k1 + γ32k2) , with β3 = γ31 + γ32 .

Kutta showed the three-stage method (4.3) is second-order for every f(t, x) if and only if

(4.4a) α2β2 + α3β3 = 1
2
;

and is third-order for every f(t, y) if and only if in addition

(4.4b) α2β
2
2 + α3β

2
3 = 1

3
, α3γ32β2 = 1

6
.

Kutta also showed that no three-stage method (4.3) is fourth-order for every f(t, x).
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Remark. Heun had shown the analogus results restricted to the case γ31 = 0. He favored the
third-order method given by

(4.5)
α1 = 1

4
, α2 = 0 , α3 = 3

4
,

β2 = γ21 = 1
3
, β3 = γ32 = 2

3
, γ31 = 0 ,

which is the third-order method requiring the fewest arithmetic operations. Kutta favored the
third-order method given by

(4.6)
α1 = 1

6
, α2 = 2

3
, α3 = 1

6
,

β2 = γ21 = 1
2
, β3 = 1 , γ31 = −1 , γ32 = 2 ,

which agrees with the Simpson rule in the special case when ∂xf = 0.

4.1.3. Four-Stage Methods. Kutta also considered the family of four-stage methods in the form

(4.7a) K(h, t, x) = α1k1 + α2k2 + α3k3 + α4k4 , with α1 + α2 + α3 + α4 = 1 ,

where k1, k2, k3, and k4 are given by four evaluations of f(t, x) as

(4.7b)

k1 = hf(t, x) ,

k2 = hf(t + β2h, x + γ21k1) , with β2 = γ21 ,

k3 = hf(t + β3h, x + γ31k1 + γ32k2) , with β3 = γ31 + γ32 ,

k4 = hf(t + β4h, x + γ41k1 + γ42k2 + γ43k3) , with β4 = γ41 + γ42 + γ43 .

Kutta showed the four-stage method (4.7) is second-order for every f(t, x) if and only if

(4.8a) α2β2 + α3β3 + α4β4 = 1
2
;

is third-order for every f(t, x) if and only if in addition

(4.8b) α2β
2
2 + α3β

2
3 + α4β

2
4 = 1

3
, α3γ32β2 + α4

(

γ42β2 + γ43β3

)

= 1
6
;

and is fourth-order for every f(t, x) if and only if in addition

(4.8c)
α2β

3
2 + α3β

3
3 + α4β

3
4 = 1

4
, α3γ32β

2
2 + α4

(

γ42β
2
2 + γ43β

2
3

)

= 1
12

,

α3β3γ32β2 + α4β4

(

γ42β2 + γ43β3

)

= 1
8
, α4γ43γ32β2 = 1

24
.

Kutta also showed that no four-stage method (4.7) is fifth-order for every f(t, x).

Remark. Heun had shown the analogus results restricted to the case γ31 = γ41 = γ42 = 0.
Kutta favored the classical Runge-Kutta method presented earlier, which is given by

(4.9)
α1 = 1

6
, α2 = 1

3
, α3 = 1

3
, α4 = 1

6
,

β2 = γ21 = 1
2
, β3 = γ32 = 1

2
, γ31 = 0 , β4 = γ43 = 1 , γ41 = γ42 = 0 .

This is the fourth-order method that both requires the fewest arithmetic operations and is
consistent with the Simpson rule.
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4.1.4. General Multi-Stage Methods. More generally, Kutta considered the family of s-stage
methods in the form

(4.10a) Ks(h, t, x) =

s
∑

j=1

αjkj , with

s
∑

j=1

αj = 1 ,

where kj for j = 1, · · · , s are given by s evaluations of f(t, x) as

(4.10b)

k1 = hf(t, x) ,

kj = hf

(

t + βjh , x +

j−1
∑

i=1

γjiki

)

, with βj =

j−1
∑

i=1

γji , for j = 2, · · · , s .

Kutta showed that no five-stage method (4.10) is fifth order for every f(t, x). This result might
be surprising because for s = 1, 2, 3, and 4 there were s-stage methods that were sth order.
Kutta then characterized those six-stage methods (4.10) that are fifth-order for every f(t, x).
We will not give the conditions he found here.

Remark. Programmable electrionic computers were invented over fifty years after Runge,
Heun, and Kutta carried out their work. Early numerical computations had less precision
than they do today. Higher-order methods suffer from round-off error more than lower-order
methods. Because round-off error is larger on machines with less precision, there was little
advantage to using higher-order methods on early machines. As machines became more precise,
the classical Runge-Kutta method became widely used to solve differential equations because
it offers a nice balance between order and round-off error.

4.2. Butcher Tables. We encode the s-stage explicit Runge-Kutta method (4.10) by its
Butcher table:

0
β2 γ21

β3 γ31 γ32
...

...
...

. . .

βs γs1 γs2 · · · γs(s−1)

1 α1 α2 · · · αs−1 αs

Notice that each entry in the first column is the sum of the entries to its right. For example,
the Runge-trapezoidal, Runge-midpoint, second-order Heun methods have the Butcher tables

0
1 1
1 1

2
1
2

0
1
2

1
2

1 0 1

0
2
3

2
3

1 1
4

3
4

The third-order Heun and third-order Kutta methods have the Butcher tables

0
1
3

1
3

2
3

0 2
3

1 1
4

0 3
4

0
1
2

1
2

1 −1 2
1 1

6
2
3

1
6
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The Kutta three-eighths and classical Runge-Kutta methods (both singled out by Kutta) are
fourth-order and have the Butcher tables

0
1
3

1
3

2
3

−1
3

1
1 1 −1 1
1 1

8
3
8

3
8

1
8

0
1
2

1
2

1
2

0 1
2

1 0 0 1
1 1

6
1
3

1
3

1
6

The Kutta three-eighths method is based on the Simpson three-eighths quadrature rule. Kutta
prefered the classical Runge-Kutta method because it has fewer arithmetic operations and
because the Simpson rule is generally more accurate than the Simpson three-eighths rule.

Remark. One of the most important developments in Runge-Kutta methods since their inven-
tion is embedded methods, which emerged in the 1950s. These methods maintain a prescribed
error tolerance by selecting a different h for each time step based upon an error estimate made
by compairing related Runge-Kutta methods of orders m and m + 1. By “related” we mean
that the methods are built from the same evaluations of f(t, x), so that they can be computed
simultaniously. The MATLAB command “ode45” uses a Runge-Kutta embedded method to
select its step size. Originally it used a fourth-order method invented by Fehlberg in 1969,
sometimes denoted RKF45. Currently it uses a fifth-order method invented by J.R. Dormand
and P.J. Prince in 1980, sometimes denoted RKDP54. This method might be replaced by a
higher-order embedded method as faster machines with smaller round-off error become more
common. One candidate to fill this role is an eighth-order method invented by Dormand and
Prince in 1981, a seventh-order/eighth-order Runge-Kutta embedded method sometimes de-
noted RKDP87. There are other candidates.

4.3. Order Conditions. In this subsection we derive and analyze the order conditions given
in the previous subsection 4.1. The family of s-stage explicit Runge-Kutta methods (4.10) can
be put into the form

(4.11) Ks(h, t, x) = k1 + α2∆21 + · · · + αs∆s1 ,

where ∆j1 = kj − k1 and the first six kj = kj(h, t, x) are

k1 = hf(t, x) ,(4.12a)

k2 = hf(t + β2h, x + β2k1) ,(4.12b)

k3 = hf
(

t + β3h, x + β3k1 + γ32∆21

)

,(4.12c)

k4 = hf
(

t + β4h, x + β4k1 + γ42∆21 + γ43∆31

)

,(4.12d)

k5 = hf
(

t + β5h, x + β5k1 + γ52∆21 + γ53∆31 + γ54∆41

)

,(4.12e)

k6 = hf
(

t + β6h, x + β6k1 + γ62∆21 + γ63∆31 + γ64∆41 + γ65∆51

)

.(4.12f)

Here we have suppressed the dependance of each kj on (h, t, x).

The discretization error for these methods are given by

(4.13) Ds(h, t, x( · )) =
Fhx(t) − Ks(h, t, x(t))

h
,

where x(t) is any solution of x′ = f(t, x). We will derive the order conditions for the two,
three, and four-stage methods by computing the Taylor expansion of Ds(h, t, x( · )) in h and
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seek conditions on the parameters that must be satisfied for the method to satisfy a consistency
condition of order m.

If we assume that f(t, x) is five times continuously differentiable then by combining relations
(3.14) and (3.15) we see that the Taylor expansion of Fhx(t) in h has the form

(4.14)

Fhx = hf + 1
2
h2(∂tf + f · ∂xf)

+ 1
6
h3
[(

∂ttf + 2f · ∂txf + f⊗2 : ∂xxf
)

+ (∂tf + f · ∂xf) · ∂xf
]

+ 1
24

h4
[(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

+ 3(∂tf + f · ∂xf) · (∂txf + f · ∂xxf)

+
(

∂ttf + 2f · ∂txf + f⊗2 : ∂xxf
)

· ∂xf

+
(

(∂tf + f · ∂xf) · ∂xf
)

· ∂xf
]

+ 1
120

h5
[

∂ttttf + 4f · ∂tttxf + 6f⊗2 : ∂ttxxf + 4f⊗3 ... ∂txxxf + f⊗4 :: ∂xxxxf

+ 6(∂tf + f · ∂xf) · (∂ttxf + 2f · ∂txxf + f⊗2 : ∂xxxf)

+ 3(∂tf + f · ∂xf)⊗2 : ∂xxf

+ 4(∂ttf + 2f · ∂txf + f⊗2 : ∂xxf) · (∂txf + f · ∂xxf)

+ 4
(

(∂tf + f · ∂xf) · ∂xf
)

· (∂txf + f · ∂xxf)

+
(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

· ∂xf

+ 3
(

(∂tf + f · ∂xf) · (∂txf + f · ∂xxf)
)

· ∂xf

+
(

(∂ttf + 2f · ∂txf + f⊗2 : ∂xxf) · ∂xf
)

· ∂xf

+
((

(∂tf + f · ∂xf) · ∂xf
)

· ∂xf
)

· ∂xf
]

+ O(h6) .

We see from (4.11) that the Taylor expansion of Ks can be computed from the Taylor
expansions of ∆j1 = kj − k1 for j = 2, · · · , s. We will obtain these expansions from the Taylor
expansion of f(t + βh, x + βk) in h and k given by

f(t + βh, x + βk) = f(t, x) + β(h∂tf + k · ∂xf) + 1
2
β2
(

h2∂ttf + 2hk ·∂txf + k⊗2 :∂xxf
)

+ 1
6
β3
(

h3∂tttf + 3h2k · ∂ttxf + 3k⊗2 : ∂txxf + k⊗3 ... ∂xxxf
)

+ 1
24

β4
(

h4∂ttttf + 4h3k ·∂tttxf + 6k⊗2 :∂ttxxf + 4k⊗3 ... ∂txxxf + k⊗4 ::∂xxxxf
)

(4.15)

+ O
(

h5 + ‖k‖5
)

.

4.3.1. Stage Two. By setting β = β2 and k = k1 = hf in (4.15), we see from (4.12a) and
(4.12b) that

(4.16)

∆21 = β2h
2(∂tf + f · ∂xf) + 1

2
β 2

2 h3
(

∂ttf + 2f · ∂txf + f⊗2 : ∂xxf
)

+ 1
6
β 3

2 h4
(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

+ 1
24

β 4
2 h5
(

∂ttttf + 4f · ∂tttxf + 6f⊗2 : ∂ttxxf + 4f⊗3 ... ∂txxxf + f⊗4 :: ∂xxxxf
)

+ O(h6) .



24

4.3.2. Stage Three. By setting β = β3 and k = k1 + γ32∆21/β3 in (4.15), we see from (4.12a)
and (4.12c) that

∆31 = β3h
2(∂tf + f · ∂xf) + hγ32∆21 · ∂xf

+ 1
2
β 2

3 h3(∂ttf + 2f · ∂txf + f⊗2 : ∂xxf)

+ β3h
2γ32∆21 · (∂txf + f · ∂xxf) + 1

2
hγ 2

32∆
⊗2
21 : ∂xxf

+ 1
6
β 3

3 h4
(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

+ 1
2
β 2

3 h3γ32∆21 ·
(

∂ttxf + 2f · ∂txxf + f⊗2 : ∂xxxf
)

+ 1
24

β 4
3 h5
(

∂ttttf + 4f · ∂tttxf + 6f⊗2 : ∂ttxxf + 4f⊗3 ... ∂txxxf + f⊗4 :: ∂xxxxf
)

+ O(h6) .

Upon placing the expansion of ∆21 given by (4.16) into this we obtain

(4.17)

∆31 = β3h
2(∂tf + f · ∂xf) + γ32β2h

3(∂tf + f · ∂xf) · ∂xf

+ 1
2
β 2

3 h3(∂ttf + 2f · ∂txf + f⊗2 : ∂xxf)

+ 1
2
γ32β

2
2 h4
(

∂ttf + 2f · ∂txf + f⊗2 : ∂xxf
)

· ∂xf

+ β3γ32β2h
4(∂t + f · ∂xf) · (∂txf + f · ∂xxf)

+ 1
6
β 3

3 h4
(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

+ 1
6
γ32β

3
2 h5
(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

· ∂xf

+ β3γ32β
2
2 h5
(

∂ttf + 2f · ∂txf + f⊗2 : ∂xxf
)

· (∂txf + f · ∂xxf)

+ 1
2
γ 2

32β
2
2 h5(∂t + f · ∂xf)⊗2 : ∂xxf

+ 1
2
β 2

3 γ32β2h
5(∂t + f · ∂xf) ·

(

∂ttxf + 2f · ∂txxf + f⊗2 : ∂xxxf
)

+ 1
24

β 4
3 h5
(

∂ttttf + 4f · ∂tttxf + 6f⊗2 : ∂ttxxf + 4f⊗3 ... ∂txxxf + f⊗4 :: ∂xxxxf
)

+ O(h6) .

4.3.3. Stage Four. By setting β = β4 and k = k1 +(γ42∆21)+γ43∆31)/β4 in (4.15), we see from
(4.12a) and (4.12d) that

∆41 = β4h
2(∂tf + f · ∂xf) + h(γ42∆21 + γ43∆31) · ∂xf

+ 1
2
β 2

4 h3(∂ttf + 2f · ∂txf + f⊗2 : ∂xxf)

+ β4h
2(γ42∆21 + γ43∆31) · (∂txf + f · ∂xxf) + 1

2
h(γ42∆21 + γ43∆31)

⊗2 : ∂xxf

+ 1
6
β 3

4 h4
(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

+ 1
2
β 2

4 h3(γ42∆21 + γ43∆31) ·
(

∂ttxf + 2f · ∂txxf + f⊗2 : ∂xxxf
)

+ 1
24

β 4
4 h5
(

∂ttttf + 4f · ∂tttxf + 6f⊗2 : ∂ttxxf + 4f⊗3 ... ∂txxxf + f⊗4 :: ∂xxxxf
)

+ O(h6) .
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Upon placing the expansions of ∆21 and ∆31 given by (4.16) and (4.17) into this we obtain

(4.18)

∆41 = β4h
2(∂tf + f · ∂xf) + 1

2
β 2

4 h3(∂ttf + 2f · ∂txf + f⊗2 : ∂xxf)

+ (γ42β2 + γ43β3)h
3(∂tf + f · ∂xf) · ∂xf

+ 1
6
β 3

4 h4
(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

+ 1
2

(

γ42β
2
2 + γ43β

2
3

)

h4
(

∂ttf + 2f · ∂txf + f⊗2 : ∂xxf
)

· ∂xf

+ β4(γ42β2 + γ43β3)h
4(∂t + f · ∂xf) · (∂txf + f · ∂xxf)

+ γ43γ32β2h
4
(

(∂tf + f · ∂xf) · ∂xf
)

· ∂xf

+ 1
24

β 4
4 h5
(

∂ttttf + 4f · ∂tttxf + 6f⊗2 : ∂ttxxf + 4f⊗3 ... ∂txxxf + f⊗4 :: ∂xxxxf
)

+ O(h6) .

4.3.4. Stage Five. By setting β = β5 and k = k1 + (γ52∆21) + γ53∆31 + γ54∆41)/β5 in (4.15),
we see from (4.12a) and (4.12e) that

∆51 = β5h
2(∂tf + f · ∂xf) + h(γ52∆21 + γ53∆31 + γ54∆41) · ∂xf

+ 1
2
β 2

5 h3(∂ttf + 2f · ∂txf + f⊗2 : ∂xxf)

+ β5h
2(γ52∆21 + γ53∆31 + γ54∆41) · (∂txf + f · ∂xxf)

+ 1
2
h(γ52∆21 + γ53∆31 + γ54∆41)

⊗2 : ∂xxf

+ 1
6
β 3

5 h4
(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

+ 1
2
β 2

5 h3(γ52∆21 + γ53∆31 + γ54∆41) ·
(

∂ttxf + 2f · ∂txxf + f⊗2 : ∂xxxf
)

+ 1
24

β 4
5 h5
(

∂ttttf + 4f · ∂tttxf + 6f⊗2 : ∂ttxxf + 4f⊗3 ... ∂txxxf + f⊗4 :: ∂xxxxf
)

+ O(h6) .

4.3.5. Stage Six. By setting β = β6 and k = k1 + (γ62∆21) + γ63∆31 + γ64∆41 + γ65∆51)/β6 in
(4.15), we see from (4.12a) and (4.12f) that

∆61 = β6h
2(∂tf + f · ∂xf) + h(γ62∆21 + γ63∆31 + γ64∆41 + γ65∆51) · ∂xf

+ 1
2
β 2

6 h3(∂ttf + 2f · ∂txf + f⊗2 : ∂xxf)

+ β6h
2(γ62∆21 + γ63∆31 + γ64∆41 + γ54∆51) · (∂txf + f · ∂xxf)

+ 1
2
h(γ62∆21 + γ63∆31 + γ64∆41 + γ54∆51)

⊗2 : ∂xxf

+ 1
6
β 3

6 h4
(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

+ 1
2
β 2

6 h3(γ62∆21 + γ63∆31 + γ64∆41 + γ54∆51) ·
(

∂ttxf + 2f · ∂txxf + f⊗2 : ∂xxxf
)

+ 1
24

β 4
6 h5
(

∂ttttf + 4f · ∂tttxf + 6f⊗2 : ∂ttxxf + 4f⊗3 ... ∂txxxf + f⊗4 :: ∂xxxxf
)

+ O(h6) .
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4.3.6. Two-Stage Methods. The family of two-stage explicit Runge-Kutta methods given by
(4.11) has two parameters: α2 and β2. From (4.16) we obtain the expansion

K2(h, t, x) = k1 + α2∆21

= hf + α2β2h
2(∂tf + f · ∂xf) + 1

2
α2β

2
2 h3
(

∂ttf + 2f · ∂txf + f⊗2 : ∂xxf
)

+ O(h4) .

Upon comparing this with expansion (4.14) for Fhx(t) we see that this method is second order
for every f(t, x) if and only if

(4.19) α2β2 = 1
2
.

There is no two-stage explicit Runge-Kutta method that is third order for every f(t, x) because
there is no term in the K2(h, t, x) expansion to match the 1

6
h3(∂tf + f · ∂xf) · ∂xf term that

appears in the expansion (4.14) of Fhx(t).

4.3.7. Three-Stage Methods. The family of three-stage explicit Runge-Kutta methods given by
(4.11) has five parameters: α2, α3, β2, β3, and γ32. From (4.16) and (4.17) we obtain the
expansion

K3(h, t, x) = k1 + α2∆21 + α3∆31

= hf + (α2β2 + α3β3)h
2(∂tf + f · ∂xf)

+ 1
2

(

α2β
2
2 + α3β

2
3

)

h3
(

∂ttf + 2f · ∂txf + f⊗2 : ∂xxf
)

+ α3γ32β2h
3(∂tf + f · ∂xf) · ∂xf

+ 1
6

(

α2β
3
2 + α3β

3
3

)

h4
(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

+ 1
2
α3γ32β

2
2 h4
(

∂ttf + 2f · ∂txf + f⊗2 : ∂xxf
)

· ∂xf

+ α3β3γ32β2h
4(∂t + f · ∂xf) · (∂txf + f · ∂xxf) + O(h5) .

Upon comparing this with expansion (4.14) of Fhx(t) we see that this method is second order
for every f(t, x) if and only if

(4.20a) α2β2 + α3β3 = 1
2
;

and is third order if and only if in addition

(4.20b) α2β
2
2 + α3β

2
3 = 1

3
, α3γ32β2 = 1

6
.

There is no three-stage explicit Runge-Kutta method that is fourth order for every f(t, x)
because there is no term in the K3(h, t, x) expansion to match the 1

24
h4((∂tf +f ·∂xf) ·∂xf) ·∂xf

term that appears in the expansion (4.14) of Fhx(t).

4.3.8. Four-Stage Methods. The family of four-stage explicit Runge-Kutta methods given by
(4.11) has nine parameters: α2, α3, α4, β2, β3, β4, γ32, γ42, and γ43. From (4.16), (4.17), and
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(4.18) we obtain the expansion

K4(h, t, x) = k1 + α2∆21 + α3∆31 + α4∆41

= hf + (α2β2 + α3β3 + α4β4)h
2(∂tf + f · ∂xf)

+ 1
2

(

α2β
2
2 + α3β

2
3 + α4β

2
4

)

h3
(

∂ttf + 2f · ∂txf + f⊗2 : ∂xxf
)

+ (α3γ32β2 + α4γ42β2 + α4γ43β3)h
3(∂tf + f · ∂xf) · ∂xf

+ 1
6

(

α2β
3
2 + α3β

3
3 + α4β

3
4

)

h4
(

∂tttf + 3f · ∂ttxf + 3f⊗2 : ∂txxf + f⊗3 ... ∂xxxf
)

+ 1
2

(

α3γ32β
2
2 + α4γ42β

2
2 + α4γ43β

2
3

)

h4
(

∂ttf + 2f · ∂txf + f⊗2 : ∂xxf
)

· ∂xf

+ (α3β3γ32β2 + α4β4γ42β2 + α4β4γ43β3)h
4(∂t + f · ∂xf) · (∂txf + f · ∂xxf)

+ α4γ43γ32β2h
4
(

(∂tf + f · ∂xf) · ∂xf
)

· ∂xf + O(h5) .

Upon comparing this with expansion (4.14) for Fhx(t) we see that this method is second order
for every f(t, x) if and only if

(4.21a) α2β2 + α3β3 + α4β4 = 1
2
;

is third order if and only if in addition

(4.21b) α2β
2
2 + α3β

2
3 + α4β

2
4 = 1

3
, α3γ32β2 + α4γ42β2 + α4γ43β3 = 1

6
;

and is fourth order if and only if in addition

(4.21c)
α2β

3
2 + α3β

3
3 + α4β

3
4 = 1

4
, α3γ32β

2
2 + α4γ42β

2
2 + α4γ43β

2
3 = 1

12
,

α3β3γ32β2 + α4β4γ42β2 + α4β4γ43β3 = 1
8
, α4γ43γ32β2 = 1

24
.

There is no four-stage explicit Runge-Kutta method that is fifth order for every f(t, x) because
there is no term in the K4(h, t, x) expansion to match the 1

120
h5(((∂tf +f ·∂xf) ·∂xf) ·∂xf) ·∂xf

term that would appear in the expansion (4.14) of Fhx(t) if it were carried out to one more
order.



28

5. Consistent Dynamical Stability

In this section we consider autonomous first-order systems in the form

(5.1) x′ = f(x) .

Dynamical stability theory has to do with the study of whether two solutions that are close to
each other will either approach each other, repell each other, or stay about the same distance
apart as time increases. In this section we develop a theory that determines when an explicit
one-step method exhibits the same dynamical stability behavior as (5.1) for the special case
when one of the solutions is stationary. This is a property of the numerical method as t increases
for fixed h. It is not addressed by the convergence theory developed in Section 3, which studies
the numerical method as h decreases for fixed t.

5.1. Dynamic Stability for Linear Systems. We specialize to linear systems in the form

(5.2) x′ = Ax .

Solutions of (5.2) are given by x(t) = etAxI where etA is the matrix exponential. Recall that
the matrix A is diagonalizable if and only if it has a complete set of eigenpairs {(λi, vi)}

N
i=1.

We will assume that this is the case. Then we can write

etA = V etDV −1 ,

where V is the matrix whose ith column is vi and D is the diagonal matrix whose ith diagonal
entry is λi, whereby etD is the diagonal matrix whose ith diagonal entry is etλi .

The matrix etA has the following dynamical stability properties.

• When xI lies in the subspace spanned by the eigenvectors of A whose eigenvalues have
negative real part then x(t) = etAxI will remain in this span and will decay to zero as
t → ∞. We call this span the attracting subspace of etA.

• When xI lies in the subspace spanned by the eigenvectors of A whose eigenvalues have
positive real part then x(t) = etAxI will remain in this span and will grow unboundedly
as t → ∞. We call this span the repelling subspace of etA.

• When xI lies in the subspace spanned by the eigenvectors of A whose eigenvalues have
zero real part then x(t) = etAxI will remain in this span and will move in a quasiperiodic
orbit. We call this span the center subspace of etA.

Here we charaterize when a large class of explicit one-step methods applied to system (5.2)
respect these properties.

We will consider explicit one-step methods that for step size h take the form

(5.3) xn+1 = g(hA)xn ,

where g(ζ) is a polynomial with g(0) = 1 and g′(0) = 1.

Exercise. Show that every mth-order explicit Taylor-based method applied to system (5.2)
has the form (5.3) with

g(ζ) = 1 + ζ + 1
2
ζ2 + · · · + 1

m!
ζm .

Exercise. Show that the Runge-trapezoidal and Runge-midpoint methods applied to system
(5.2) has the form (5.3) with

g(ζ) = 1 + ζ + 1
2
ζ2 .

Remark. We will find g(ζ) for general explicit Runge-Kutta methods in the next subsection.
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The matrix g(hA) is an appoximation to ehA. Because A is diagonalizable we can write

g(hA) = V g(hD)V −1 ,

where V and D are as before. Then g(hA) has the following dynamical stability properties.

• When xI lies in the subspace spanned by the eigenvectors of A whose eigenvalues λ
satisfy |g(hλ)| < 1 then xn = g(hA)nxI will remain in this span and will decay to zero
as n → ∞. This span is called the attracting subspace of g(hA).

• When xI lies in the subspace spanned by the eigenvectors of A whose eigenvalues λ sat-
isfy |g(hλ)| > 1 then xn = g(hA)nxI will remain in this span and will grow unboundedly
as n → ∞. This span is called the repelling subspace of g(hA).

• When xI lies in the subspace spanned by the eigenvectors of A whose eigenvalues λ sat-
isfy |g(hλ)| = 1 then xn = g(hA)nxI will remain in this span and will be a quasiperiodic
orbit. This span is called the center subspace of g(hA).

Motivated by the foregoing discussion, you might think that the explicit one-step method
(5.3) with step size h should be consistent with the dynamical stability of (5.2) in the sense that
the attracting, repelling, and center subspaces of g(hA) should coincide with the attracting,
repelling, and center subspaces of etA respectively. However this objective is unrealizable when
etA has a nontrivial center subspace because the polynomials g(ζ) generally will not map points
on the imaginary axis to the unit circle. Therefore we adopt a less stringent notion.

Definition 5.1. The explicit one-step method (5.3) with step size h is said to have consistent
dynamical stability with (5.2) when:

• the attracting subspace of g(hA) contains the attracting and center subspaces of etA;
• the repelling subspace of g(hA) coincides with the repelling subspace of etA.

Remark. The reason that we require the center subspace of etA to be contained within the
attracting subspace of g(hA) is to dampen the discretization and round-off errors that otherwise
would accumulate proportional to the number of time steps.

The following lemma is a consequence of the above definition and the foregoing discussion.

Lemma 5.1. The explicit one-step method (5.3) with uniform step size h has consistent stability
with (5.2) if and only if A satisfies the spectral condition

λ ∈ Sp(A) and Re(λ) ≤ 0 =⇒ |g(hλ)| < 1 ,(5.4a)

λ ∈ Sp(A) and Re(λ) > 0 =⇒ |g(hλ)| > 1 .(5.4b)

Proof. Exercise. �

5.2. Stability Regions. In order to use Lemma 5.1 we need to know something about the
spectrum of A and the region in the complex plane given by

(5.5) Stab =
{

ζ ∈ C : |g(ζ)| < 1
}

.

This is called the stability region of the explicit one-step method (5.3). The spectral condition
(5.4) in Lemma 5.1 can be recast as

λ ∈ Sp(A) and Re(λ) ≤ 0 =⇒ hλ ∈ Stab ,(5.6a)

λ ∈ Sp(A) and Re(λ) > 0 =⇒ hλ ∈ (C − Stab)o ,(5.6b)

where (C−Stab)o denotes the interior of the complement of the set Stab. Here we consider how
(5.6) is verified when the set Stab is associated with certain polynomials g(ζ) of low degree.
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For the explicit Euler method we have g(ζ) = 1 + ζ , so its stability region is given by

(5.7) Stab1 =
{

ζ ∈ C : |1 + ζ | < 1
}

.

If we let ζ = ξ + iη with (ξ, η) ∈ R2 then the boundary of this region satisfies

1 = |1 + ζ |2 = (1 + ξ)2 + η2 .

Clearly Stab1 is the unit ball centered at ζ = −1. Because this region does not intersect the
imaginary axis, this shows that the explicit Euler method can never have consistent stability
with (5.2) when etA has a center subspace. When etA has no center subspace, condition (5.6)
will be satisfied if and only if hλ ∈ Stab1 for every λ ∈ Sp(A) with Re(λ) < 0. This gives an
upper bound on h whenever etA has an attracting subspace, and no restriction on h whenever
etA has only a repelling subspace.

For the second-order Taylor-based method or a second-order, two-stage explicit Runge-Kutta
method we have g(ζ) = 1 + ζ + 1

2
ζ2, so the associated stability region is given by

(5.8) Stab2 =
{

ζ ∈ C :
∣

∣1 + ζ + 1
2
ζ2
∣

∣ < 1
}

.

If we let ζ = ξ + iη with (ξ, η) ∈ R2 then the boundary of this region satisfies

1 =
∣

∣1 + ζ + 1
2
ζ2
∣

∣

2

=
(

1 + ξ + 1
2
ξ2 − 1

2
η2
)2

+ (η + ξη)2

= 1 + 2ξ + 2ξ2 + ξ3 + 1
4
ξ4 + (ξ + 1

2
ξ2)η2 + 1

4
η4

For the third-order Taylor-based method or a third-order, three-stage explicit Runge-Kutta
method we have g(ζ) = 1 + ζ + 1

2
ζ2 + 1

6
ζ3, so the associated stability region is given by

(5.9) Stab3 =
{

ζ ∈ C :
∣

∣1 + ζ + 1
2
ζ2 + 1

6
ζ3
∣

∣ < 1
}

.

If we let ζ = ξ + iη with (ξ, η) ∈ R2 then the boundary of this region satisfies

1 =
∣

∣1 + ζ + 1
2
ζ2 + 1

6
ζ3
∣

∣

2

=
(

1 + ξ + 1
2
ξ2 − 1

2
η2 + 1

6
ξ3 − 1

2
ξη2
)2

+
(

η + ξη + 1
2
ξ2η − 1

6
η3
)2

For the fourth-order Taylor-based method or a fourth-order, four-stage explicit Runge-Kutta
method we have g(ζ) = 1 + ζ + 1

2
ζ2 + 1

6
ζ3 + 1

24
ζ4, so the associated stability region is given by

(5.10) Stab4 =
{

ζ ∈ C :
∣

∣1 + ζ + 1
2
ζ2 + 1

6
ζ3 + 1

24
ζ4
∣

∣ < 1
}

.

If we let ζ = ξ + iη with (ξ, η) ∈ R2 then the boundary of this region satisfies

1 =
∣

∣1 + ζ + 1
2
ζ2 + 1

6
ζ3 + 1

24
ζ4
∣

∣

2

=
(

1 + ξ + 1
2
ξ2 − 1

2
η2 + 1

6
ξ3 − 1

2
ξη2 + 1

24
ξ4 − 1

4
ξ2η2 + 1

24
η4
)2

+
(

η + ξη + 1
2
ξ2η − 1

6
η3 + 1

6
ξ3η − 1

5
ξη3
)2

Example. For example, if A is Hermitian then we know that Sp(A) is real. Suppose an
explicit one-step method with uniform step size h for solving (5.2) has the form (5.3) with
g(ζ) = 1 + ζ + 1

2
ζ2. Suppose that Sp(A) is real with Sp(A) ⊂ [λmin, λmax]. Then the method

will have consistent stability if and only if −2 < hλmin. This gives a bound on the step size
when λmin is negative.
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5.3. Linearized Stability for Nonlinear Systems. We say that x∗ ∈ RN is a stationary
solution of system (5.1) if f(x∗) = 0. Now let x∗ be a stationary solution of (5.1). Then any
other solution x(t) can be written as x(t) = x∗ + y(t) where y(t) satisfies

(5.11) y′ = f(x∗ + y) .

When f(x) is twice differentiable near x∗ we have the expansion

f(x∗ + y) = f(x∗) + y · ∂xf(x∗) + O(|y|2) .

Because f(x∗) = 0, when y is small we can hope that solutions of (5.11) are approximated well
by the solutions of the so-called linearized system

ỹ′ = ỹ · ∂xf(x∗) .

This system can be written in the usual matrix-vector form

(5.12) ỹ′ = Aỹ , where A =





∂x1
f1(x∗) · · · ∂xN

f1(x∗)
...

. . .
...

∂x1
fN(x∗) · · · ∂xN

fN(x∗)



 .

The theory of linearized stability for ordinary differential systems applied to system (5.1)
tells us that the solutions y(t) of system (5.11) behave “like” solutions ỹ(t) of the linearized
system (5.12) provided

• the eigenvalues of A are distinct,
• every eigenvalue of A has a nonzero real part.

We will restrict our attention to such matrices. Below we will explain what we mean by the
solutions of system (5.11) behave “like” solutions of the linearized system (5.12).

The theory of linearized stability for ordinary differential systems applied to system (5.11)
tells us that there exists an invariant stable manifold through y = 0 whose tangent space is
the stable subspace of A such that every y(t) on this manifold will decay to zero as t → ∞.
Similarly, it tells us there exists an invariant unstable manifold through y = 0 whose tangent
space is the unstable subspace of A such that every y(t) on this manifold will move away from
zero as t → ∞.

The picture for the solutions of system (5.1) is obtained from the above picture for the
solutions of system (5.11) by translating the origin to x∗. In particular, when the matrix A has
distinct eigenvalues that lie in the left-half plane then every solution of (5.1) that are sufficiently
near x∗ will decay to x∗ as t → ∞. In that case x∗ is said to be attracting. Similarly, when the
matrix A has distinct eigenvalues that lie in the right-half plane then every solution of (5.1)
that are sufficiently near x∗ will move away from x∗ as t → ∞. In that case x∗ is said to be
repelling.

5.4. Linearized Stability for Explicit One-Step Methods. Now we consider solving the
autonomous system (5.1) numerically by an explict one-step method in the form

(5.13) xn+1 = xn + K(hn, xn) .

We will assume that K(h, x) preserves all stationary solutions of system (5.1). This means that
K(h, x) has the property

(5.14) f(x∗) = 0 =⇒ K(h, x∗) = 0 ∀h > 0 .

In other words, if x∗ is a stationary solution of (5.1) then it is a stationary solution of (5.13).
All reasonable explicit first-order methods for system (5.1) have this property.
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Exercise. Show that every explicit Taylor-based method for system (5.1) in the form (5.13)
has property (5.14).

Exercise. Show that every explicit Runge-Kutta method for system (5.1) in the form (5.13)
has property (5.14).

Now let x∗ be a stationary solution of (5.1). By property (5.14) x∗ is also a stationary
solution of (5.13). Then any other solution xn of (5.13) can be written as xn = x∗ + yn where
yn satisfies

(5.15) yn+1 = yn + K(hn, x∗ + yn) .

When K(h, x) is twice differentiable near x∗ we have the expansion

K(h, x∗ + y) = K(h, x∗) + y · ∂xK(h, x∗) + O(|y|2) .

Because K(h, x∗) = 0, when y is small we can hope that solutions of (5.15) are approximated
well by the solutions of the so-called linearized equation

ỹn+1 = ỹn + ỹn · ∂xK(hn, x∗) .

This equation can be written in the matrix-vector form

(5.16) ỹn+1 =
(

I + B(hn)
)

ỹn , where B(h) =





∂x1
K1(h, x∗) · · · ∂xN

K1(h, x∗)
...

. . .
...

∂x1
KN (h, x∗) · · · ∂xN

KN(h, x∗)



 .

We will see for explicit one-step methods that B(h) is a polynomial of hA where A is the matrix
given in (5.12). Moreover, this polynomial is independent of x∗ and h.

Exercise. Show that every mth-order explicit Taylor-based method for system (5.1) in the
form (5.13) we have

B(h) = hA + 1
2
h2A2 + · · · + 1

m!
hmAm .

Exercise. Show that for the Runge-trapezoidal and Runge-midpoint methods for system (5.1)
we have

B(h) = hA + 1
2
h2A2 .

Remark. We will find B(h) for general explicit Runge-Kutta methods in the next subsection.

We will assume that the linearized equation (5.16) has the form

(5.17) ỹn+1 = g(hA)ỹn ,

where g(z) is a polynomial with g(0) = 1 and g′(0) = 1. The theory of linearized stability for
mappings applied to the mapping in the nonlinear equation (5.15) tells us that the solutions
yn of equation (5.15) behave “like” solutions ỹn of the linearized equation (5.17) provided

• the eigenvalues of A are distinct,
• every eigenvalue of g(hA) lies off the unit circle.

Below we will explain what we mean by the solutions of equation (5.5) behave “like” solutions
of the linearized equation (5.17).

The theory of linearized stability for nonlinear mappings applied to the mapping in equation
(5.15) tells us that there exists an invariant stable manifold through y = 0 whose tangent space
is the stable subspace of g(hA) such that every yn on this manifold will decay to zero as n → ∞.
Similarly, it tells us there exists an invariant unstable manifold through y = 0 whose tangent
space is the unstable subspace of g(hA) such that every yn on this manifold will move away
from zero as n → ∞.
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The picture for the solutions of equation (5.13) is obtained from the above picture for the
solutions of equation (5.15) by translating the origin to x∗. In particular, when the matrix A has
distinct eigenvalues λ that satisfy |g(hλ)| < 1 then every solution of (5.13) that are sufficiently
near x∗ will decay to x∗ as n → ∞. In that case x∗ is said to be attracting. Similarly, when
the matrix A has distinct eigenvalues λ that satisfy |g(hλ)| > 1 then every solution of (5.13)
that are sufficiently near x∗ will move away from x∗ as t → ∞. In that case x∗ is said to be
repelling.

Motivated by the foregoing discussion, we make the following definition.

Definition 5.2. The explicit one-step method (5.13) with step size h is said to have consistent
linearized stability with (5.1) at a stationary solution x∗ when the stable and unstable subspaces
of g(hA) coincide with the stable and unstable subspaces of A respectively. If it has consistent
linearized stability with (5.1) at every stationary solution then it is said to have consistent
linearized stability with (5.1).

When a numerical method has consistent linearized stability with (5.1) then the solutions it
generates will behave like the solutions of (5.1) near every stationary solution. This does not
mean that the stable and unstable manifolds of the numerical method will coincide with the
stable and unstable manifolds near every stationary solution. Indeed, generally they will not.
However it does mean they will have the same tangent space at every stationary solution.

The following lemma follows from the above definition and the foregoing discussion.

Lemma 5.2. The explicit one-step method (5.13) with step size h has consistent linearized
stability with (5.1) if at every stationary solution the coefficient matrix A satisfies the spectral
condition

(5.18)
λ ∈ Sp(A) and Re(λ) ≤ 0 =⇒ |g(hA)| < 1 ,

λ ∈ Sp(A) and Re(λ) > 0 =⇒ |g(hA)| > 1 ,

where g(hA) is the coefficeint matrix of the linearization of method (5.13) with step size h.

Proof. Exercise. �

In order to use this lemma we need to know something about the spectrum of A. For example,
if we know that A is Hermitian then Sp(A) is real.

Example. Suppose that system (5.1) has the property that the coefficient matrix A of the
linearization at every every

5.5. Linearized Stability for Explicit Runge-Kutta Methods.


