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History

Starting in the 1800s integral operators arose in many settings.

o Niels Henrik Abel (1823)

e Carl G. Neumann (1877)

e Giuseppe Peano (1886, 1890)
o Emile Picard (1890)

e Ernst Lindelof (1894)

e William F. Osgood (1898)
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History

General theories were developed in the early 1900s.

e lvar Fredholm (1900, 1903)
e David Hilbert (1904)
e Erhard Schmidt (1907)

These focused on integral equations in the form

) — [ Kyl ay = ).

where [a, b] C R, and the kernel k(x, y) is continuous over [a, b]2, and
forcing f(x) is continuous over [a, b]. Hilbert and Schmidt extended their
results to some so-called singular kernels.
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History

Major advances in the theory of singular integral operators followed.

e William H. Young (1912)

e Godfrey H. Hardy, John E. Littlewood (1928, 1930)
o Sergei Sobolev (1938)

e Alberto Cauldrén, Antoni Zygmund (1956)

Here we will present some extensions of these advances.
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Integral Operators

Let (X,X,,du) and (Y, X,,dv) be positive o-finite measure spaces.

Let M(dp) and M(dv) be the spaces of all complex-valued du-measurable
and dv-measurable functions respectively.

We consider linear integral operators K in the form

Kuly) = [ Kx,y) u(x) dn(x). (1.1)

where the kernel k is a complex-valued measurable function with respect
to the o-algebra ¥ 5, .
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Integral Operators

We give conditions on k that imply the operator K is bounded or even
compact from X to ) where (X, || - ||x) and (), ] - ||) are Banach spaces
of functions that are contained within M(du) and M(dv) respectively.

We will first do this for classical Lebesgue spaces — namely, for cases
where

X = LP(dp) and Y = L9 (dv) for some p,q* € [1, 0] .

We will then extend these results to weak Lebesgue spaces — namely, to
cases where

X = [P (dp) or Y = L9 (dv) for some p,q* € (1,00).
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Lebesgue Spaces

For any positive o-finite measure space (X, X,,du) and any p € (0, 00)
we define the Lebesgue space LP(du) by

1P(dpr) = {u € M(dp) /y )P dp(x) < oo} L @2

For every p € (0,00) we define the magnitude of u € LP(du) by

e = (/1) )‘1’ . (23)

It is clear from (2.2) that for every u € M(du) we have u € LP(dpu) if and
only if [u]rr < o0.

It is also clear that [A u]p = |A|[u]Le for every u € LP(du) and every
reC.
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Lebesgue Spaces

For every p € [1,00) the Minkowski inequality implies that [-].» satisfies
the triangle inequality, and is thereby a norm. In that case LP(du) is a
Banach space equipped with the norm

Jullin = lelee = ( [ 16G01P it )’1’ . (2.4)

For every p € (0,1) it can be shown that [-].» fails to satisfy the triangle
inequality, and is thereby not a norm. However, in that case LP(du) is a
Frechét space equipped with the metric

d(u, V)i = [u = VI, = / u(x) = v()|P dp(x) - (2.5)
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Lebesgue Spaces

Finally, we define the Lebesgue space L>°(du) by

L®(dp) = {u € M(dp) : esssup {|u(x)|} < oo} . (2.6)
xeX
Then L*°(dpu) is a Banach space equipped with the norm
||ul| L= :esss)1<1p{| x|} =inf{a>0: u(E,(a)) =0}, (2.7)
S

where E () = {x € X : |u(x)| > a}. Here we adopt the usual
convention that inf{(} = co
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Weak Lebesgue Spaces

Early work did not apply to kernels over RP x RP of the form

k(x,y) = |x — y|7% for some r € (1,00) when du and dv are each
Lebesgue measure. This problem was overcome by bounds that grew out
of the pioneering work of Hardy and Littlewood. Their work led to a class
of spaces that allow the treatment of such kernels — namely, the weak
Lebesgue spaces.

For any positive o-finite measure space (X, X,,du) and any p € (0, c0)
we define the weak Lebesgue space L, (du) by

LP(du) = {u € M(du) : sup {aPu(Es(e))} < oo} : (2.8)

where E () = {x € X : |u(x)| > a}.
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Weak Lebesgue Spaces

For every p € (0,00) it is clear that LP(du) C L& (du). Indeed, for every
u € LP(du) and every a > 0 the Chebyshev inequality yields

1 1
ummnzkwmwn%ﬂL@anwngM/wwpwwz
It thereby follows that

sup {o(E,(0))} < [elfy gy < 00

whereby u € L{/(dp). In general LY, (dp) is larger than LP(du). For
example, when X = RP and dy is the unsual Lebesgue measure on RP
then it can be shown that the function u(x) = |x|7% is in Ll (dp) but it is
clearly not in LP(dpu).
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Weak Lebesgue Spaces

For every p € (0,00) we define the magnitude of every u € LY (du) by

[ul.p, = (Zig{awa(a))})‘l’ - (2.9)

It is clear from (2.8) that v € L(du) if and only if [u];p < oo.

However, [-];» is not a norm. While it satisfies [Au];» = |A|[u],» for
every u € Li(du) and X € C, it fails to satisfy the triangle inequality.

However, the next result shows there is an equivalent norm for p € (1, c0).
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Weak Lebesgue Spaces

Theorem

For every p € (1,00) and every u € M(du) we define

||u||Lp—sup{ME LGl du(x) : u(E) € (o,oo)}. (210)

For every u € M(dp) we can show that u € L,(du) if and only if
lullp < co. Moreover,

[u]pp < |lullpe < p*[u]p  for every u e Li,(dp). (2.11)1
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Weak Lebesgue Spaces

Remark. It is easily checked from definition (2.10) that || - ||;» is a norm.
The result stated above shows that the space L, (du) is characterized by
the finiteness of this norm for every p € (1, 00).

Remark. If u € LP(du) for some p € (1, 00) then by applying the Holder
inequality inside the sup of (2.10) and using the fact that

1
11|, p» = pw(E)P™ shows that
lullge, < [lullee -

Here 1£ denotes the indicator function of the set E.
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Convolution Operators

Let (G, +) be an Abelian group with Haar measure dm defined over the
o-algebra X ,. (Recall that the Haar measure is a positive measure that is
translation invariant; it is unique up to a positive constant factor.) Given
two functions w and u defined over G, we define their convolution to be
the function w * u that is formally given by

wk u(y) = / w(y — x) u(x) dm(x). (3.12)

This can be viewed as an integral operator of the form (1.1) where
X=Y=G6dp=dv=dm, ¥, =%, =%, and k(x,y) = w(y — x).
Such operators are called convolution operators. In this setting, w is called
the convolution kernel.

Here we give bounds that insure the convolution (3.12) maps between
either classical Lebesgue spaces or weak Lebesgue spaces.
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Young Convolution Inequality

We begin with the classical Young convolution inequality.
Theorem
Let p,q, r € [1,00] satisfy the relation

1 1 1
- (3.13)
p q r
For every u € LP(dm), v € L9(dm), and w € L"(dm) we have

J[[ 1wy = x) u) V) dmx) dmy) < oo 1vles Il (3:14)

4
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Hardy-Littlewood-Sobolev Inequalities

In the Young convolution inequality (3.14) the function w sits in L"(dm).
When r € (1, 00) the Hardy-Littlewood-Sobolev inequalities allows this
class to be extended to L} ,(dm). The first Hardy-Littlewood-Sobolev
inequality is as follows.

Theorem

Let r € (1,00). For every u € L*(dm) and w € L" (dm) we have

[Iw o ullig, < flull e fIwlleg, - (3.15)
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Hardy-Littlewood-Sobolev Inequalities

The second Hardy-Littlewood-Sobolev inequality is as follows.
Theorem

Let p,q,r € (1,00) that satisfy relation (3.13). Then there exists a

ositive constant C2%" such that for every u € L5,(dm) and w € L (dm
p G,W y w
we have

lw s u] g < €S [uyg [wly, (3.16)

We can establish (3.16) with

(3.17)

v
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Hardy-Littlewood-Sobolev Inequalities

The third Hardy-Littlewood-Sobolev inequality is as folows.
Theorem

Let p,q,r € (1,00) that satisfy relation (3.13). Then there exists a
positive constant CZ'%" such that for every u € LP(dm), v € L9(dm), and
w € L, (dm) we have

/ ‘W(y X) X) ()‘dm(x)dm(y)<cpq,

|uller [II[ca [W]eg, - (3-18)

We can establish (3.18) with

1, _r Qo
cpar — I (p*>’+"*’* (" >’+ <P (319)
¢ pq \ r r ~pqr?
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Calderon-Zygmund Inequality

We specialize to the case in which G = RP and dm is the usual Lebesgue
measure on RP. Calderon-Zygmund theory implies the following.

Let w be a complex-valued function over RP that has the factored form

w(z) = h(|z|)f(;|> : (3.20)

where h is Lipschitz continuous away from z = 0 and satisfies

sup{|z|P|h(|z])| : |z] > 0} < oo, while j is Lipschitz continuous over SP~1
and satisfies the cancellation condition

/ i(0)dS(0) = 0. (3.21)
SD-1

Here dS denotes the usual Lebesgue surface measure on SP~1
€ > 0 define w, by w,(z) = 14|,/ w(z), and K. by

Keuly) = / wely — x) u(x) dm(x). (3.22)

. For every
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Calderon-Zygmund Inequality

Then for every p € (1,00) there exists a positive constant C, that is

independent of € such that for every ¢ > 0 the operator K. satisfies the
bound

|ICeul|rr < Cp||ul|re  for every u € LP(dm), (3.23)

Moreover, for every u € LP(dm) the limit
Ku=lim KCcu exists in LP(dm), (3.24)
e—0
and the operator K so defined satisfies the bound

|Kullte < Cp |lul|r for every u € LP(dm). (3.25)
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Summary of Convolution Inequalities

Our results regarding the convolution of two functions are summarized in
the following table.

[Pxl9 CL" forp,q,re[l,oo]suchthat%—i—%:l—i—%.
L« LY Ly,  forre(l,00).
L« L3 C Ly, forp,q,re(l,oo)suchthat%%—%:14—%.
[P xL9 CL" forp,q,re(l,oo)suchthat%—i—%:l—i—%.
CZx«L" ClL" for r € (1,00).

The first item follows from the Young convolution inequality, the second
from the first Hardy-Littlewood-Sobolev inequality, the third from the
second Hardy-Littlewood-Sobolev inequality, the fourth from the third
Hardy-Littlewood-Sobolev inequality, and the last from the
Calderon-Zygmund inequality, where CZ denotes all functions of the
Calderon-Zygmund form (3.20).
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Poisson Equation

For D > 2 the Green function g of —A, over RP is given by

1 —D+2
800 = oy M.
If uis the solution of the Poisson equation —A,u = f for some
f € LP(dm) then formally

u=gxf, Viu=(Vig)xf, Viu=(Vig)xf,

where

D-2

D—s—1].
] 1) ] e

-~ - e 2
goa X Vet =

vxg(X) ==
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Poisson Equation

Because
D-2 (b-2)(D-1), ,_
IVxg(x)| = S| x| 7P, VZg(x)| = W' =P,
we see that
D D
g e Lb?(dm), Vig € LE7(dm), Vg e CZ(dm),

where CZ(dm) denotes the set of all functions that have the
Calderon-Zygmund form (3.20).
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Poisson Equation

Hence, if f € LP(dm) then
uc Ln%p(dm) when p € (1, %)7
V,ou € L%(dm) when p € (1,D),
V2u € LP(dm) when p € (1,00).

The last result shows that solutions of the Poisson equation gain two
derivatives.
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Helmholtz Equation

The Green function g of —A, + k2 over R3 is given by

1 e rlxl

47 |x|

g(x) =

If u is the solution of the Helmholtz equation —A,u + k?u = f for some
f € LP(dm) then formally

u=gxf, Viu=(Vig)xf, Viu=(V2g)xf,

where
1 e Xl
vxg(x):_ | ’2 (1+R|X‘)| |
1 e*"|x| X ® x k2 e Xl x @ x
2
= — — (1 3——— — 1 _——
VR0 = 4 g () (30 ) 0 S T
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Helmholtz Equation

Because
V. L e 1
Vg (x)| = i W( + K|x]),
we see that
g € L9(dm) for every q € [1,3) and g L3(dm),

3
Veg € L9(dm) for every g € [1,3) and Vxg € Ly(dm).
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Helmholtz Equation

Hence, if f € LP(dm) then

ue L (dm)

Viu € L"(dm)

for every r € [p, ]
for every r € [p, o0)
f *
or every r € [p, m)

for every r € [1,3)

for every r € [p, ]

for every r € [p, >0)

for every r € [p, 33_—pp)

for every r € [1, 3)

Nlw

when p € (5,00),

Nlw

when p =

9

[y
Nw

)7

when p € (

when p=1,
when p € (3,00),
when p =3,
when p € (1,3),
when p=1,

In particular, we see that u € LP(dm) and Viu € LP(dm).
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Helmholtz Equation

Finally, notice that V2g = Hi(x) + Ha(x) where H; and H, are the
matrix-valued functions

1 e "M (14 klx]) /,x®x K2 e "Xl x @ x
Hi(x) = — 1), H(x) =& T Xex
N N E (3 e ) = X WP

Because

1 e (14 kx|
= — H =
(] = 5 S, Ha)

K2 efn|x|
4 |x| 7

we see that H; € CZ(dm) while

H, € L9(dm) for every q € [1,3), and Hy € L3(dm).
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Helmholtz Equation

In particular, we see that if f € LP(dm) then
V2u=Hy+f+Hoxf €lP(dm),  when pec(1,00).

Therefore, as with the Poisson equation, solutions of —A,u + ku = f
gain two derivatives.
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General Integral Operators

We return to general linear integral operators K in the form

Kuly) = [ K(x,y) u(x) dn(x). (5.26)

where the kernel k is a complex-valued measurable function with respect
to the o-algebra ¥, .

Recall that (X,X,,du) and (Y, X,,dv) are positive o-finite measure
spaces.

Recall too that M(du) and M(dv) are the spaces of all complex-valued
dp-measurable and dv-measurable functions respectively.
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Adjoint Operator

Let IC* denote formal adjoint of C, which is given by
Kv(x) = [ KOy v(y) duly). (527)

The operator K is bounded from LP(du) to L9°(dv) if and only if K* is
bounded from L9(dv) to LP"(dp) where p*, g € [1,00] are determined by
the duality relations

+%:1, and +?£:1. (5.28)

T

Moreover, [|K* || g(za(avy,(an)) = Kl (Lo (au),Lo(av))-
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Paired Bounds

Lemma

Let k € M(dpdv) and C € [0, 00) such that for every u € LP(du) and
v € L9(dv) we have

J[ 1K) u) VN du) dvly) < Cllalislvlls. (529)

Then K € B(LP(dy), L9°(dv)) and K* € B(L9(dv), LP'(dp)) with

H]C”B(LP,L‘?*) = HK*HB(LCI,LP*) <C. (5.30)

V.

Remark. The measures dix and dv will be dropped from the notation for
norms when there is no confusion about what measures are involved.
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I[terated Norm Bounds

Lemma

Let p,q € [1,00]. Let the kernel k satisfy the bound

*

lusaam = (( [1Kx P au)” i) <o, G20

Then for every u € LP(du) and v € L9(dv) we have

/ |k(x, y) u(x) v(y)| dp(x) dv(y) < [kl ooy lullee Vs . (5.32)

V.
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I[terated Norm Bounds

Lemma
Similarly, let the kernel k satisfy the bound

HkHLP (dp;La*(dv)) = ((/\k X,y |q dv(y ))

Then for every u € LP(dp) and v € L9(dv) we have

"u
* %

1
¥

e )) <oo. (533)

[ K(x,9) ) V)| dulx) dy) < WKl ey s Vs - (5:34)
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I[terated Norm Bounds

Remark. The spaces L9 (dv; LP"(dy)) and LP'(dy; L9°(dv)) are called
iterated spaces. They are equipped with the so-called iterated norms
|+ I o (aw; e*(apy) @nd || - [l o*(dpsLa(ary) defined above by (5.31) and
(5.33). The bounds (5.32) and (5.34) are called iterated norm bounds.

Remark. The Minkowski inequality for integrals implies that

HkHLQ*(dy;LP*(dH)) < HkHLP*(d,u;Lq*(dy)) whenever p* < q*, (5.35)
&Nl o (apsearavy) < kIl Lov(avsermapy) whenever g* < p*.
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I[terated Norm Bounds

In the first case we can conclude that the first iterated norm bound (5.32)
is the sharper one, whereby we conclude by Lemma 6 that IC € B(LP, L9")
and K* € B(L9,LP") with

HIC”B(LP,L‘?*) = HIC*HB(LQ,LP*) < HkHLq*(Lp*) for every k € L9 (dv; LP"(dp)).
(5.36)
In the second case we can conclude that the second iterated norm bound

(5.34) is the sharper one, whereby we conclude by Lemma 6 that
K € B(LP,L97) and K* € B(L9, LP") with

HICHB(LP,Lq*) = H’C*HB(L‘?,LP*) < HkHLP*(Lq*) for every k € LP'(dy; LY (dv)).
(5.37)
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I[terated Norm Bounds

Remark: When either 1 < p* < g* < oo and k € L9 (dv; LP"(du)) or

1< g* <p* <ooand k € LP(du; L9(dr)) then we can conclude that the
bounded operators K and £* from (5.36) and (5.37) are moreover
compact. This is because one can show that the finite-rank kernels are
dense in the spaces L9 (dv; LP'(dy)) and LP'(dy; L9°(dv)). The classical
Hilbert-Schmidt compactness criterion is the special case p = g = 2.

September 10, 2018
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I[terated Norm Bounds

Remark: When p = g in the iterated spaces LP"(dv; LP"(du)) and
LP"(dp; LP(dv)) coincide with

LP'(dv; LP (dp)) = LP (dp; LP (dv)) = LP(dpdv).
Moreover, the iterated norms given by (5.31) and (5.33) also coincide with
||k||LP*(dV;LP*(du)) = ||k||LP*(d,u;LP*(dV)) = ||k||LP*(du dv) -

If these are finite then K is bounded from LP(dy) to LP(dv) and K* is
bounded from LP(dv) to LP'(du). If moreover p* < oo then K and K* are
also compact by the previous remark.
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I[terated Norm Bounds

Remark: In some cases the iterated norm bounds (5.32) and (5.34) are
sharp. Specifically, it can be shown that when p € [1,00] and g = 1 one
has

1K B(r i) = K lg(ur,evy = IKll oo (upvy  for every k € L(dv; LP'(dp))
while when p =1 and g € [1, ] one has

1Kl g(r 0y = 1K |B(ra ey = Ikl oo (rary  for every k € L®(dp; L9 (dv)).
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Young Integral Operator Bound

The results of the previous section include the following. If k € L*°(dpdv)
then for every u € L}(dp) and v € L!(dv) we have

[ 1K) w6 VO] i) duly) < Kl s V1L

(5.38)
If k € L°°(dp; L"(dv)) for some r € [1,00) then for every u € L}(du) and
v € L"(dv) we have

[ 1K) w6 VO] i) duly) < Kol vl

(5.39)
If k € L>°(dv; L"(dy)) for some r € [1,00) then for every u € L™ (du) and
v € L}(dv) we have

/ k¢, y) u(x) v(y)| du(x) dv(y) < 1kl oo avser @ 1l VI
(5.40)
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Young Integral Operator Bound

If k € L°(L")(dp,dv) = L>°(dv; L"(dp)) N L®(dp; L7 (dv)) for some
r € [1,00) then, in addition to the bounds (5.39) and (5.40), we have an
entire family of Young integral operator bounds.

Theorem
Let k € L*°(L")(dp,dv) for some r € [1,00). Let p,q € [1, r*] satisfy the
relation
1.1, (5.41)
p q r
Then for every u € LP(dp) and v € L9(dv) we have

) a0 ¥ o vty
B (5.42)

< IKlE:

Lo (apistr (@) 1Kl Lo ausrqauy 1l e [TV o -
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Young Integral Operator Bound

Theorem

Moreover, we have K € B(LP(du), L9 (dv)) and K* € B(L9(dv), LP"(du))
with

1Kl gae 1oy = I laus 15ty < 0oty I ey - (5:43)

Remark. The case r = oo is already covered by (5.38) because in that
case relation (5.41) would require that p=q = 1. The case r € [1,0)
and p = 1 is already covered by (5.39) because in that case relation (5.41)
would require that g = r*. The case r € [1,00) and g = 1 is already
covered by (5.40) because in that case relation (5.41) would require that

p=r*.
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Interpolation Bounds

The family of Young integral bounds (5.42) belongs to the larger class of
interpolation bounds. We will give interpolation bounds in the following

setting. Suppose that for some po, qo, p1, g1 € [1, 0] the kernel k satisfies
the bounds

[ Kx.9) u0 V) dnlx) dly) < Gollullm vl
for every u € LP°(du) and v € L9(dv),
y u e L2(dn) (av) (6.40)
[ Kx.9) u) v) dua(x) dwty) < G lluluo ]
for every u € LP*(du) and v € L9 (dv),

These bounds imply the operator K belongs to B(LP°(du), L%(dv)) and to
B(LP*(dp), L9(dv)), where the usual duality relations - + chg =1and

% + q—l* =1 hold. Interpolation will allow us to extend all of these results
1
to other spaces.
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Interpolation Bounds

Lemma

If the kernel k satisfies the bounds (6.44) for some py, qo, p1, g1 € [1, 0]
then for every t € [1, 00| it satisfies the interpolation bound

I 1K) ) VO ) () = € € s

(6.45)
for every u € LP(du) and v € L9(dv),

where t* € [1, 00| satisfies % + t% =1, and p, q € [1, <] satisfy the
interpolation relations

1 1 1 1 1 1

= 5 = + .
p  t'po  tp1 qg t'qo tq

(6.46)
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Interpolation Bounds

Lemma

Moreover, we have K € B(LP(du), L9 (dv)) and K* € B(L9(dv), LP"(dw))
with

11
1Kl g(re,iay = K" g(ra,o) < G5~ G - (6.47)

Here the usual duality relations % + p—l* =1, and % + q—l* =1 hold.
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Interpolation Bounds

We now apply the Interpolation Lemma 11 to a kernel k which for some
r,s € [1, 00] satisfies the bounds

e = ([ ([ ran) a)’ <o

&l Ls(apsLr(dv)) = (/ (/ ]k(x,y)\rdu(y)fdu(x))i < 00.

Without loss of generality we can assume r < s because in that case

| kl[Ls(ery < [Ikllr(Ls) for each of the above norms. We can assume
moreover that r < s because when r = s the bounds in (6.48) coincide, so
the Interpolation Lemma cannot yield further boundedness results.

(6.48)
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Interpolation Bounds

The iterated norm bounds show that the bounds (6.48) on k imply the
following. Because k € LS(dv; L"(du)), then for every u € L (du) and
v € L5(dv) we have

/ |k(x, y) u(x) v(y)] dp(x) dvy) < (1Kl savcer @ lull e (VI s -
(6.49)
Because k € L5(dyu; L"(dv)), then for every u € L5 (du) and v € L™ (dv)
we have

] 1ty a6 V) i) amy) < s any

VHL'* .

(6.50)

Ls*

In this section we show that because
k e L*(L")(du, dv) = L°(dv; L"(dp)) N L3(dy; L7(dv)) then, in addition to
the bounds (6.49) and (6.50), we have a family of interpolation bounds.
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Interpolation Bounds

Theorem

Let k € L*(L")(dpdv) for some r,s € [1,00] such that r <s. Let
p, q € [s*, r*] satisfy the relation

1 1 1 1
+o+-+-=2. (6.51)

Then for every u € LP(dp) and v € L9(dv) we have the interpolation
bound

/\kxy (x) v(y)| du(x) du(y)
1 (6.52)

< HkHT; dy;Lr(dH))HkHZs(dM;Lr(dy))H“”LPHVHU )
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Interpolation Bounds

Theorem
where t* and t are given by

1 01 1 1 1 1 1 1

1 s p g r* 1 p r s g

= =1 1 -1 1° =1 1-1 1 (6.53)
pe pe

Moreover, we have K € B(LP(du), L9 (dv)) and K* € B(L9(dv), LP"(du))
with

1 1
1K g(er,cavy = 1K 1 g(ea,o%y < WKl s(av;er(ap 16N Lo qapusirqanyy - (6-54)

When s < oo the operators KC and K* are also compact.
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Interpolation Bounds

Remark: When s = co this reduces to the Young Integral Operator
Theorem.

Remark: When r € [1,2] (so that r < r*) and s = r* then for every
p € [r, r*] one sees that K € B(LP(du), LP(dv)) and

K* € B(LP'(dv), LP"(dp)) with

1 1
1Koty = 1K N ) < 1K Eazrtan ¥ sty

ES

where t is given by (6.53). In this case g = p*.
Remark: Let p satisfy % = %* + Si Notice that p is the harmonic mean

of r* and s*, so that p € [s*, r*]. One sees that K € B(LP(du), LP"(dv))
and K* € B(LP(dv), LP"(du)) with

1 1
1K g(ee ey = 1K 1 Bee,eovy < WK Esqamsira 1K s @pierany) -

In this case g = p.
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First Hardy-Littlewood Inequality

Theorem
Let r € (1,00). For every kernel k that satisfies

1
I &l Loo (dpait, (dv)) = eSSSllp{ sup { — / |k(x,y)ldv(y) : v(E) € (0,9
v(E)~ JE

xexX | Eex,
(7.55)
the integral operator K defined by (5.26) satisfies the bound

IKulleg, (avy < Ikl oo apsg, (@v)) Null gy for every u € L*(dp). (7.56)

4

Remark. Bound (7.56) shows that the operator K is bounded from
LY(dpu) into LT (dv) with

Kllseg) < WKl for every k € L2(ps L (dv)).  (7.57)
This result should be compared to (5.37) with p =1 and q = r*.
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Second Hardy-Littlewood Inequality

Theorem
Let p,q,r € (1,00) satisfy the relation

1 1 1
—— -2 (7.58)
p q r

Let the kernel k satisfy

1
1
w(E)™

JL k)l dux) : () € 0.k

k|| foo(dy-Lr = esssups sup
[ &l oo (s Lr, (dpe)) o {EEZH{

< 00,

1
Mleantzian = sssuof s {1 [l - wE) € 0.
xeX |Eex, \v(E)™ JE

< 0.
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Second Hardy-Littlewood Inequality

Theorem

Then there exists a positive Cly"" such that the integral operator K
defined by (5.26) satisfies the bound

1KCull g < G Wl Eoe v ) TNy (i, 7 6y

for every k € L>°(L!,)(du,dv) and u € LY, (dp).

v

Remark. We can establish (7.60) with

cpar_ P A’
w

Py =p'r'+q-. (7.61)

This CL'?" is universal in the sense that it is independent of the underlying
measure spaces (X, X,,du) and (Y, X,,dv).
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Third Hardy-Littlewood Inequality

Theorem

Let p,q,r € (1,00) satisfy the relation
1 1 1
p q r

Let k € L>°(L},)(dp,dv). Then there exists a positive CP*?" such that for
every u € LP(du) and v € L9(dv)

/|’<xy v(y)| du(x) dv(y)

< Cp7q7r

(7.63)

‘kHZ:o(dy;ch(dM)) Hk”z;(dp,;Lgv(du)) e [[v]lLa -
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Third Hardy-Littlewood Inequality

Remark. We can establish (7.63) with

* N - *\ L * kK
r r r r r r
CPa:r — ba <pr> ) <q> < F; Z m (7.64)

This CP9" is universal in the sense that it is independent of the underlying
measure spaces (X, X,,du) and (Y, X,,dv).
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Third Hardy-Littlewood Inequality

Remark. Bound (7.63) shows that for every k € L*°(L},)(du,dv) the
operator K defined by (5.26) is bounded from LP(dyu) into L9°(dv) with

1Kl o, Lavy < CP9" ”kazo(du;Lgv(d#)) HkHZ:O(d,u;Lg,(dz/)) : (7.65)
Remark. This should be compared with bound (5.43) obtained from the
Young integral operator bound (5.42). For each r € (1, 00) that bound
requires the kernel k to be in the more restrictive class L*°(L")(dy, dv),
but includes the cases p =1 or ¢ = 1. From (7.62) and (7.64) we see that
CP9" — oo as either (p,g*) — (1,r) or (p,g*) — (r*, 00), whereby
bound (7.65) breaks down in these limits. The breakdown at (1, r) should
be contrasted with bound (7.57), in which the range of K is L}, (dv) rather
than L"(dv).
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